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FEYNMAN 1981:

Motivated and shaped the 
field of quantum computing 
which hopes to revolutionize 
computation through 
exploitation of  quantum 
mechanical effects 



FEYNMAN 1981:
Motivated the field  

of quantum computing

Feynman concludes: 

This is all still true today and 
is fundamentally linked to 
the notion of quantum speed-
up in quantum computing.   



WE CAN’T SIMULATE QUANTUM 
STATES AND DYNAMICS EXACTLY 

USING PROBABILITY, BUT CAN 
WE DO IT APPROXIMATELY? 



TEXT GENERATION USING NEURAL LANGUAGE MODELS

Prompt

Output

https://openai.com/blog/better-language-models/

Pretty coherent 

over a page of  

text

https://openai.com/blog/better-language-models/


TEXT GENERATION USING NEURAL LANGUAGE MODELS

Output

P (output text|input text)
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generating samples from a 
variety of inputs —>close to 
human quality and long-range 
coherence over a page or 
more of text

Reproducing correctly strong 
correlations present in 
language (power law)

Prompt

These techniques are based on powerful neural probabilistic language models

https://talktotransformer.com/

https://talktotransformer.com/


NEURAL LANGUAGE MODELS

➤ A neural network language model is a language model based 
on neural networks 

➤ Neural networks are powerful universal function 
approximators and can in principle compute any function 

➤ It is natural to ask whether these models represent complex 
quantum states 3
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FIG. 1. Machine learning the ferromagnetic Ising model. (A) The trained neural network learns

representations of the low- and high-temperature Ising states. The average output layer (B) and

accuracy (C) over the test sets vs. temperature. (D) Toy model of a neural network for the Ising

model. (E) The average output layer and accuracy of the toy model are displayed in (E) and

(F), respectively. The orange lines signal Tc of the model in the thermodynamic limit, Tc/J =

2/ ln
�
1 +

p
2
�
[11].
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DIMENSIONALITY OF QUANTUM SYSTEMS VS NEURAL MACHINE TRANSLATION

➤ Today's best 
supercomputers can solve 
the wave equation exactly 
for systems with a 
maximum of ~45 spins. 

| i vector with 2N

2N ⇠ 3.5⇥ 1013
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Storage of these distributions 
requires a computer with a 
memory which exceeds in size a 
number of universes bigger than 
there are atoms in the known 
universe. 

➤ Language translation models 
live in very high dimensional 
spaces too (example from 
“Attention is all you need”)

Vocab. SizeMax length of sentence ⇠ 8000100 ⇠ 2.03⇥ 10390
<latexit sha1_base64="LCFHQu7AOnSxZdcJ2FeLw1pYaSU="></latexit><latexit sha1_base64="LCFHQu7AOnSxZdcJ2FeLw1pYaSU="></latexit><latexit sha1_base64="LCFHQu7AOnSxZdcJ2FeLw1pYaSU="></latexit><latexit sha1_base64="LCFHQu7AOnSxZdcJ2FeLw1pYaSU="></latexit>



QUANTUM STATES, NATURAL IMAGES, NATURAL LANGUAGES ARE “PHYSICAL” 

➤ The amount of information for 
quan tum s t a t e s , l anguage 
modelling, computer vision,  is 
smaller than the maximum 
capacity 

➤ Quantum Monte Carlo and other 
numerical methods based on 
Tensor Networks exploit this fact. 

➤ Both quantum and ML problems 
have a lot of (shared) structure 
and symmetry that we can exploit
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FIGURE 57. Linked vertex storage of the configuration in Fig. 55. In the graphical representation to
the left, constant spin states between operators have been replaced by lines (links) connecting the spins
just before and after the operator acts. The links can be stored in a list X(v), where the four elements
v= 4p+ l, l = 0,1,2,3, correspond to the legs (with the numbering convention shown in Fig. 58) of the
vertex at position p in the sequence SL. For two linked legs v and v′, X(v) = v′ and X(v′) = v.
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FIGURE 58. Allowed vertices for the isotropic S= 1/2 Heisenberg model. The numbering l = 0,1,2,3
of the vertex legs corresponds to the position v= 4p+ l, in linked-list storage illustrated in Fig. 57.

will continue to use also the open and solid bars in pictures, to indicate diagonal and
off-diagonal vertices, respectively, for added clarity.
For a given position p in the operator sequence SL, the corresponding list element

s(p) tells us the operator type (diagonal or off-diagonal) and the bond b on which it
acts (as explained in Fig. 55). As will become clear below, along with this information,
we only have to store the connectivity of the vertices, not their spin states. The links
allowing us to jump between connected vertex legs are stored as a list X(v), as explained
in Fig. 57. For clarity of the illustration, the one dimensional list has here been arranged
in four columns, with elements labeled v = 4p+ l, corresponding to each type of leg,
l = 0,1,2,3, with the labeling specified in Fig. 58. We will later describe an efficient
way to construct this linked list, given the operator sequence. For now, it is sufficient to
know that for a given operator at location p in the sequence, the position of its l:th leg
in the linked vertex list is v = 4p+ l. This leg is linked to another vertex leg with list
address v′ = X(v). This kind of structure constitutes a doubly-linked (bi-directional) list,
with X [X(v)] = v, in which we can move both “up” and “down”. From a position v in the
list we can extract the corresponding operator location in SL, p = v/4 (its integer part)
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FIGURE 57. Linked vertex storage of the configuration in Fig. 55. In the graphical representation to
the left, constant spin states between operators have been replaced by lines (links) connecting the spins
just before and after the operator acts. The links can be stored in a list X(v), where the four elements
v= 4p+ l, l = 0,1,2,3, correspond to the legs (with the numbering convention shown in Fig. 58) of the
vertex at position p in the sequence SL. For two linked legs v and v′, X(v) = v′ and X(v′) = v.
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FIGURE 58. Allowed vertices for the isotropic S= 1/2 Heisenberg model. The numbering l = 0,1,2,3
of the vertex legs corresponds to the position v= 4p+ l, in linked-list storage illustrated in Fig. 57.

will continue to use also the open and solid bars in pictures, to indicate diagonal and
off-diagonal vertices, respectively, for added clarity.
For a given position p in the operator sequence SL, the corresponding list element

s(p) tells us the operator type (diagonal or off-diagonal) and the bond b on which it
acts (as explained in Fig. 55). As will become clear below, along with this information,
we only have to store the connectivity of the vertices, not their spin states. The links
allowing us to jump between connected vertex legs are stored as a list X(v), as explained
in Fig. 57. For clarity of the illustration, the one dimensional list has here been arranged
in four columns, with elements labeled v = 4p+ l, corresponding to each type of leg,
l = 0,1,2,3, with the labeling specified in Fig. 58. We will later describe an efficient
way to construct this linked list, given the operator sequence. For now, it is sufficient to
know that for a given operator at location p in the sequence, the position of its l:th leg
in the linked vertex list is v = 4p+ l. This leg is linked to another vertex leg with list
address v′ = X(v). This kind of structure constitutes a doubly-linked (bi-directional) list,
with X [X(v)] = v, in which we can move both “up” and “down”. From a position v in the
list we can extract the corresponding operator location in SL, p = v/4 (its integer part)
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CAN WE USE THE POWER OF GENERATIVE 
MODELS FOR THE SIMULATION OF QUANTUM 

SYSTEMS?  

CAN WE BRING QUANTUM THEORY CLOSER TO 
MACHINE LEARNING?



IN THIS TALK 

➤ I will introduce a formulation of quantum theory that 
brings quantum mechanics and machine learning close 
to each other 

➤ We use generative models, in particular RNNs and 
transformers to parametrize quantum states.  

➤ I will show an example to motivate why this may be a 
good idea in the context of quantum state 
reconstruction 

➤ I will show you a heuristic to simulate a quantum 
circuits



QUANTUM STATES, 
MEASUREMENTS, AND 

PROBABILITY DISTRIBUTIONS



HOW IS A QUANTUM STATE TRADITIONALLY DESCRIBED?

➤ A density matrix describes the statistical state of a system 
in quantum mechanics. Everything we can possibly know 
about a quantum system is encoded in the density matrix. 

➤  A quantum state is a positive semidefinite, Hermitian 
operator of trace 1 acting on the state space. 

➤ The family of quantum states forms a convex set. For one 
qubit: Bloch sphere. 
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y
<latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit>

z
<latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit>

⇢
<latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit>

⇢
<latexit sha1_base64="cshFBL47E9e0vBLdZTKkb1EqN2A=">AAAB+nicbVBNS8NAEJ34WeNXqkcvi0XwVBIR9Fj04rGC/YC2lM120y7d7IbdjVJif4oXD4p49Zd489+4aQNq64OBx3szzMwLE8608f0vZ2V1bX1js7Tlbu/s7u175YOmlqkitEEkl6odYk05E7RhmOG0nSiK45DTVji+zv3WPVWaSXFnJgntxXgoWMQINlbqe+WuGkkX/cDtexW/6s+AlklQkAoUqPe9z+5AkjSmwhCOte4EfmJ6GVaGEU6nbjfVNMFkjIe0Y6nAMdW9bHb6FJ1YZYAiqWwJg2bq74kMx1pP4tB2xtiM9KKXi/95ndREl72MiSQ1VJD5oijlyEiU54AGTFFi+MQSTBSztyIywgoTY9PKQwgWX14mzbNq4FeD2/NK7aqIowRHcAynEMAF1OAG6tAAAg/wBC/w6jw6z86b8z5vXXGKmUP4A+fjG8pCkG4=</latexit><latexit sha1_base64="cshFBL47E9e0vBLdZTKkb1EqN2A=">AAAB+nicbVBNS8NAEJ34WeNXqkcvi0XwVBIR9Fj04rGC/YC2lM120y7d7IbdjVJif4oXD4p49Zd489+4aQNq64OBx3szzMwLE8608f0vZ2V1bX1js7Tlbu/s7u175YOmlqkitEEkl6odYk05E7RhmOG0nSiK45DTVji+zv3WPVWaSXFnJgntxXgoWMQINlbqe+WuGkkX/cDtexW/6s+AlklQkAoUqPe9z+5AkjSmwhCOte4EfmJ6GVaGEU6nbjfVNMFkjIe0Y6nAMdW9bHb6FJ1YZYAiqWwJg2bq74kMx1pP4tB2xtiM9KKXi/95ndREl72MiSQ1VJD5oijlyEiU54AGTFFi+MQSTBSztyIywgoTY9PKQwgWX14mzbNq4FeD2/NK7aqIowRHcAynEMAF1OAG6tAAAg/wBC/w6jw6z86b8z5vXXGKmUP4A+fjG8pCkG4=</latexit><latexit sha1_base64="cshFBL47E9e0vBLdZTKkb1EqN2A=">AAAB+nicbVBNS8NAEJ34WeNXqkcvi0XwVBIR9Fj04rGC/YC2lM120y7d7IbdjVJif4oXD4p49Zd489+4aQNq64OBx3szzMwLE8608f0vZ2V1bX1js7Tlbu/s7u175YOmlqkitEEkl6odYk05E7RhmOG0nSiK45DTVji+zv3WPVWaSXFnJgntxXgoWMQINlbqe+WuGkkX/cDtexW/6s+AlklQkAoUqPe9z+5AkjSmwhCOte4EfmJ6GVaGEU6nbjfVNMFkjIe0Y6nAMdW9bHb6FJ1YZYAiqWwJg2bq74kMx1pP4tB2xtiM9KKXi/95ndREl72MiSQ1VJD5oijlyEiU54AGTFFi+MQSTBSztyIywgoTY9PKQwgWX14mzbNq4FeD2/NK7aqIowRHcAynEMAF1OAG6tAAAg/wBC/w6jw6z86b8z5vXXGKmUP4A+fjG8pCkG4=</latexit><latexit sha1_base64="cshFBL47E9e0vBLdZTKkb1EqN2A=">AAAB+nicbVBNS8NAEJ34WeNXqkcvi0XwVBIR9Fj04rGC/YC2lM120y7d7IbdjVJif4oXD4p49Zd489+4aQNq64OBx3szzMwLE8608f0vZ2V1bX1js7Tlbu/s7u175YOmlqkitEEkl6odYk05E7RhmOG0nSiK45DTVji+zv3WPVWaSXFnJgntxXgoWMQINlbqe+WuGkkX/cDtexW/6s+AlklQkAoUqPe9z+5AkjSmwhCOte4EfmJ6GVaGEU6nbjfVNMFkjIe0Y6nAMdW9bHb6FJ1YZYAiqWwJg2bq74kMx1pP4tB2xtiM9KKXi/95ndREl72MiSQ1VJD5oijlyEiU54AGTFFi+MQSTBSztyIywgoTY9PKQwgWX14mzbNq4FeD2/NK7aqIowRHcAynEMAF1OAG6tAAAg/wBC/w6jw6z86b8z5vXXGKmUP4A+fjG8pCkG4=</latexit>



HOW TO REPRESENT A 
QUANTUM STATE WITH 
ONLY PROBABILITY?



➤ POVM elements 

➤ Positive semidefinite operators 
➤  Born Rule

MEASUREMENTS: POSITIVE OPERATOR-VALUED MEASURE (POVM)

P (a) = Tr ⇢Ma
<latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit>

INFORMATIONALLY COMPLETE POVM
•The measurement statistics          contains all of the 

information about the state. 

•Relation between      and distribution            can be inverted.  ⇢
<latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit>

P (a)
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TAKE A SINGLE QUBIT POVM AND MAKE A TENSOR PRODUCT
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FIG. 1. Tensor-network schematics of the representation. (a) The single-qubit measurement M = {M (a)}a (red), single-qubit

overlap matrix Ta,a0 and its inverse (light blue). (b) The N -qubit measurement M =
�
M (a1) ⌦ M (a2) ⌦ . . .M (aN )

 
a1,...aN

corresponds to the same local measurement on each qubit while the the overlap matrix and its inverse correspond to tensor

products of single-qubit overlap matrices Ta,a0 and inverse. (c) The Born rule relates the probability P (a) (green tensor

depicted as an N -index tensor where the indices encode the measurement outcome of each qubit.) to the quantum state % (blue

tensor) and the POVM elements. (d) A generic density matrix % is given by a contraction of P , T�1
, and M over the outcome

indices.

=<latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit>

U
<latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit>

U
†

<latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit>

swS
<latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit>

=<latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit>

U
<latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit>
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FIG. 2. Tensor-network schematics of local swS gates.

Finally, although the representation of the quan-
tum state already provides the measurement statis-
tics of the factorized POVM M

(a), the statistics
of other POVMs ⇧(b), e.g. a POVM describ-
ing standard measurements in the computational ba-
sis and other experimentally relevant operators, are
related to M

(a) via the Born rule: P (b) =P
a,a0 P (a0) T

�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

=
P

a0 q(b|a0)P (a0),

where q(b|a0) =
P

a T
�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

can be charac-
terized as a somewhat conditional probability since its
entries can either be positive or negative but its trace
over b is the identity 11a0 . Due to its evocative resem-
blance with the law of total probability, the relation
between measurement statistics P (b) and P (a) is often
called the quantum law of total probability in quantum

Bayesianism11.

IV. SIMULATING QUANTUM CIRCUITS
WITH RECURRENT NEURAL NETWORKS

In its simplest incarnation, a quantum circuit is a gen-
eralization of the circuit model of classical computation
where a simple initial input state, typically a product
state in the computational basis on N qubits, is evolved
through a series of unitary operations or set of quantum
gates, U

(1)
, U

(2)
, · · · , U

(r), which act nontrivially on a
constant number k of the N qubits. This is followed by
a projective measurement of all qubits. The outcome of
this measurement is the result of the quantum computa-
tion.

Translated to our POVM representation, a quantum
circuit translates into the preparation of a prod-
uct distribution of statistically independent sets of
variables P (a) = P (a1)P (a2) · · ·P (aN ) followed by
its contraction with a series of local probabilistic
swS gates of the form depicted in Fig.2. The mea-
surement statistics after unitary evolution is thus
given by Pr = O

(r)
O

(r�1)
· · ·O

(2)
O

(1)P0. Note that
the application of each subsequent gate U

(i) defines
a series of intermediate probability distributions
Pi = O

(i)
O

(i�1)
· · ·O

(2)
O

(1)P0 with i = 1, · · · , r.
The strategy to learn the output distribution Pr

consists in constructing a probabilistic model P✓i
based on neural networks with parameters ✓i whose



GRAPHICAL NOTATION AND INVERSE
P (a) = Tr ⇢Ma
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Born rule

⇢ =
X

a,a0

T�1
a,a0P (a0)M (a), with Ta,b = Tr(M (a)M (b))
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FIG. 1. Tensor-network schematics of the representation. (a) The single-qubit measurement M = {M (a)}a (red), single-qubit

overlap matrix Ta,a0 and its inverse (light blue). (b) The N -qubit measurement M =
�
M (a1) ⌦ M (a2) ⌦ . . .M (aN )

 
a1,...aN

corresponds to the same local measurement on each qubit while the the overlap matrix and its inverse correspond to tensor

products of single-qubit overlap matrices Ta,a0 and inverse. (c) The Born rule relates the probability P (a) (green tensor

depicted as an N -index tensor where the indices encode the measurement outcome of each qubit.) to the quantum state % (blue

tensor) and the POVM elements. (d) A generic density matrix % is given by a contraction of P , T�1
, and M over the outcome

indices.
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FIG. 2. Tensor-network schematics of local swS gates.

Finally, although the representation of the quan-
tum state already provides the measurement statis-
tics of the factorized POVM M

(a), the statistics
of other POVMs ⇧(b), e.g. a POVM describ-
ing standard measurements in the computational ba-
sis and other experimentally relevant operators, are
related to M

(a) via the Born rule: P (b) =P
a,a0 P (a0) T

�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

=
P

a0 q(b|a0)P (a0),

where q(b|a0) =
P

a T
�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

can be charac-
terized as a somewhat conditional probability since its
entries can either be positive or negative but its trace
over b is the identity 11a0 . Due to its evocative resem-
blance with the law of total probability, the relation
between measurement statistics P (b) and P (a) is often
called the quantum law of total probability in quantum

Bayesianism11.

IV. SIMULATING QUANTUM CIRCUITS
WITH RECURRENT NEURAL NETWORKS

In its simplest incarnation, a quantum circuit is a gen-
eralization of the circuit model of classical computation
where a simple initial input state, typically a product
state in the computational basis on N qubits, is evolved
through a series of unitary operations or set of quantum
gates, U

(1)
, U

(2)
, · · · , U

(r), which act nontrivially on a
constant number k of the N qubits. This is followed by
a projective measurement of all qubits. The outcome of
this measurement is the result of the quantum computa-
tion.

Translated to our POVM representation, a quantum
circuit translates into the preparation of a prod-
uct distribution of statistically independent sets of
variables P (a) = P (a1)P (a2) · · ·P (aN ) followed by
its contraction with a series of local probabilistic
swS gates of the form depicted in Fig.2. The mea-
surement statistics after unitary evolution is thus
given by Pr = O

(r)
O

(r�1)
· · ·O

(2)
O

(1)P0. Note that
the application of each subsequent gate U

(i) defines
a series of intermediate probability distributions
Pi = O

(i)
O

(i�1)
· · ·O

(2)
O

(1)P0 with i = 1, · · · , r.
The strategy to learn the output distribution Pr

consists in constructing a probabilistic model P✓i
based on neural networks with parameters ✓i whose

If the POVM is informationally complete then 

⇢ =
X

a

O⇢(a)M
(a)

<latexit sha1_base64="FiyBufYPo3SVCb7REqy/J+rHrlw=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBHqpeyKoBeh6MWLWMH+QHddsmm2DU02S5IVyrIP4MVX8eJBEa8+gDffxmy7B20dCBlm5iP5JogZVdq2v62FxaXlldXSWnl9Y3Nru7Kz21YikZi0sGBCdgOkCKMRaWmqGenGkiAeMNIJRpe533kgUlER3elxTDyOBhENKUbaSH6l6sqhgOfQVQn3U5TBGz/NpayGjuD1fWquzKTsuj0BnCdOQaqgQNOvfLl9gRNOIo0ZUqrn2LH2UiQ1xYxkZTdRJEZ4hAakZ2iEOFFeOlkmg4dG6cNQSHMiDSfq74kUcaXGPDBJjvRQzXq5+J/XS3R45qU0ihNNIjx9KEwY1ALmzcA+lQRrNjYEYUnNXyEeIomwNv2VTQnO7MrzpH1cd+y6c3tSbVwUdZTAPjgANeCAU9AAV6AJWgCDR/AMXsGb9WS9WO/WxzS6YBUze+APrM8fxVuaJg==</latexit><latexit sha1_base64="FiyBufYPo3SVCb7REqy/J+rHrlw=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBHqpeyKoBeh6MWLWMH+QHddsmm2DU02S5IVyrIP4MVX8eJBEa8+gDffxmy7B20dCBlm5iP5JogZVdq2v62FxaXlldXSWnl9Y3Nru7Kz21YikZi0sGBCdgOkCKMRaWmqGenGkiAeMNIJRpe533kgUlER3elxTDyOBhENKUbaSH6l6sqhgOfQVQn3U5TBGz/NpayGjuD1fWquzKTsuj0BnCdOQaqgQNOvfLl9gRNOIo0ZUqrn2LH2UiQ1xYxkZTdRJEZ4hAakZ2iEOFFeOlkmg4dG6cNQSHMiDSfq74kUcaXGPDBJjvRQzXq5+J/XS3R45qU0ihNNIjx9KEwY1ALmzcA+lQRrNjYEYUnNXyEeIomwNv2VTQnO7MrzpH1cd+y6c3tSbVwUdZTAPjgANeCAU9AAV6AJWgCDR/AMXsGb9WS9WO/WxzS6YBUze+APrM8fxVuaJg==</latexit><latexit sha1_base64="FiyBufYPo3SVCb7REqy/J+rHrlw=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBHqpeyKoBeh6MWLWMH+QHddsmm2DU02S5IVyrIP4MVX8eJBEa8+gDffxmy7B20dCBlm5iP5JogZVdq2v62FxaXlldXSWnl9Y3Nru7Kz21YikZi0sGBCdgOkCKMRaWmqGenGkiAeMNIJRpe533kgUlER3elxTDyOBhENKUbaSH6l6sqhgOfQVQn3U5TBGz/NpayGjuD1fWquzKTsuj0BnCdOQaqgQNOvfLl9gRNOIo0ZUqrn2LH2UiQ1xYxkZTdRJEZ4hAakZ2iEOFFeOlkmg4dG6cNQSHMiDSfq74kUcaXGPDBJjvRQzXq5+J/XS3R45qU0ihNNIjx9KEwY1ALmzcA+lQRrNjYEYUnNXyEeIomwNv2VTQnO7MrzpH1cd+y6c3tSbVwUdZTAPjgANeCAU9AAV6AJWgCDR/AMXsGb9WS9WO/WxzS6YBUze+APrM8fxVuaJg==</latexit><latexit sha1_base64="FiyBufYPo3SVCb7REqy/J+rHrlw=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBHqpeyKoBeh6MWLWMH+QHddsmm2DU02S5IVyrIP4MVX8eJBEa8+gDffxmy7B20dCBlm5iP5JogZVdq2v62FxaXlldXSWnl9Y3Nru7Kz21YikZi0sGBCdgOkCKMRaWmqGenGkiAeMNIJRpe533kgUlER3elxTDyOBhENKUbaSH6l6sqhgOfQVQn3U5TBGz/NpayGjuD1fWquzKTsuj0BnCdOQaqgQNOvfLl9gRNOIo0ZUqrn2LH2UiQ1xYxkZTdRJEZ4hAakZ2iEOFFeOlkmg4dG6cNQSHMiDSfq74kUcaXGPDBJjvRQzXq5+J/XS3R45qU0ihNNIjx9KEwY1ALmzcA+lQRrNjYEYUnNXyEeIomwNv2VTQnO7MrzpH1cd+y6c3tSbVwUdZTAPjgANeCAU9AAV6AJWgCDR/AMXsGb9WS9WO/WxzS6YBUze+APrM8fxVuaJg==</latexit>

Insert this relation into Born’s rule P (a) =
X

a0

O⇢(a
0)Tr[M (a)

M
(a0)] =

X

a0

O⇢(a
0)Ta0a
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⇢ =
X

a,a0

T�1
a,a0P (a0)M (a), with Ta,b = Tr(M (a)M (b))
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FIG. 1. Tensor-network schematics of the representation. (a) The single-qubit measurement M = {M (a)}a (red), single-qubit

overlap matrix Ta,a0 and its inverse (light blue). (b) The N -qubit measurement M =
�
M (a1) ⌦ M (a2) ⌦ . . .M (aN )

 
a1,...aN

corresponds to the same local measurement on each qubit while the the overlap matrix and its inverse correspond to tensor

products of single-qubit overlap matrices Ta,a0 and inverse. (c) The Born rule relates the probability P (a) (green tensor

depicted as an N -index tensor where the indices encode the measurement outcome of each qubit.) to the quantum state % (blue

tensor) and the POVM elements. (d) A generic density matrix % is given by a contraction of P , T�1
, and M over the outcome

indices.
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FIG. 2. Tensor-network schematics of local swS gates.

Finally, although the representation of the quan-
tum state already provides the measurement statis-
tics of the factorized POVM M

(a), the statistics
of other POVMs ⇧(b), e.g. a POVM describ-
ing standard measurements in the computational ba-
sis and other experimentally relevant operators, are
related to M

(a) via the Born rule: P (b) =P
a,a0 P (a0) T

�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

=
P

a0 q(b|a0)P (a0),

where q(b|a0) =
P

a T
�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

can be charac-
terized as a somewhat conditional probability since its
entries can either be positive or negative but its trace
over b is the identity 11a0 . Due to its evocative resem-
blance with the law of total probability, the relation
between measurement statistics P (b) and P (a) is often
called the quantum law of total probability in quantum

Bayesianism11.

IV. SIMULATING QUANTUM CIRCUITS
WITH RECURRENT NEURAL NETWORKS

In its simplest incarnation, a quantum circuit is a gen-
eralization of the circuit model of classical computation
where a simple initial input state, typically a product
state in the computational basis on N qubits, is evolved
through a series of unitary operations or set of quantum
gates, U

(1)
, U

(2)
, · · · , U

(r), which act nontrivially on a
constant number k of the N qubits. This is followed by
a projective measurement of all qubits. The outcome of
this measurement is the result of the quantum computa-
tion.

Translated to our POVM representation, a quantum
circuit translates into the preparation of a prod-
uct distribution of statistically independent sets of
variables P (a) = P (a1)P (a2) · · ·P (aN ) followed by
its contraction with a series of local probabilistic
swS gates of the form depicted in Fig.2. The mea-
surement statistics after unitary evolution is thus
given by Pr = O

(r)
O

(r�1)
· · ·O

(2)
O

(1)P0. Note that
the application of each subsequent gate U

(i) defines
a series of intermediate probability distributions
Pi = O

(i)
O

(i�1)
· · ·O

(2)
O

(1)P0 with i = 1, · · · , r.
The strategy to learn the output distribution Pr

consists in constructing a probabilistic model P✓i
based on neural networks with parameters ✓i whose
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FIG. 1. Tensor-network schematics of the representation. (a) The single-qubit measurement M = {M (a)}a (red), single-qubit

overlap matrix Ta,a0 and its inverse (light blue). (b) The N -qubit measurement M =
�
M (a1) ⌦ M (a2) ⌦ . . .M (aN )

 
a1,...aN

corresponds to the same local measurement on each qubit while the the overlap matrix and its inverse correspond to tensor

products of single-qubit overlap matrices Ta,a0 and inverse. (c) The Born rule relates the probability P (a) (green tensor

depicted as an N -index tensor where the indices encode the measurement outcome of each qubit.) to the quantum state % (blue

tensor) and the POVM elements. (d) A generic density matrix % is given by a contraction of P , T�1
, and M over the outcome

indices.
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FIG. 2. Tensor-network schematics of local swS gates.

Finally, although the representation of the quan-
tum state already provides the measurement statis-
tics of the factorized POVM M

(a), the statistics
of other POVMs ⇧(b), e.g. a POVM describ-
ing standard measurements in the computational ba-
sis and other experimentally relevant operators, are
related to M

(a) via the Born rule: P (b) =P
a,a0 P (a0) T

�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

=
P

a0 q(b|a0)P (a0),

where q(b|a0) =
P

a T
�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

can be charac-
terized as a somewhat conditional probability since its
entries can either be positive or negative but its trace
over b is the identity 11a0 . Due to its evocative resem-
blance with the law of total probability, the relation
between measurement statistics P (b) and P (a) is often
called the quantum law of total probability in quantum

Bayesianism11.

IV. SIMULATING QUANTUM CIRCUITS
WITH RECURRENT NEURAL NETWORKS

In its simplest incarnation, a quantum circuit is a gen-
eralization of the circuit model of classical computation
where a simple initial input state, typically a product
state in the computational basis on N qubits, is evolved
through a series of unitary operations or set of quantum
gates, U

(1)
, U

(2)
, · · · , U

(r), which act nontrivially on a
constant number k of the N qubits. This is followed by
a projective measurement of all qubits. The outcome of
this measurement is the result of the quantum computa-
tion.

Translated to our POVM representation, a quantum
circuit translates into the preparation of a prod-
uct distribution of statistically independent sets of
variables P (a) = P (a1)P (a2) · · ·P (aN ) followed by
its contraction with a series of local probabilistic
swS gates of the form depicted in Fig.2. The mea-
surement statistics after unitary evolution is thus
given by Pr = O

(r)
O

(r�1)
· · ·O

(2)
O

(1)P0. Note that
the application of each subsequent gate U

(i) defines
a series of intermediate probability distributions
Pi = O

(i)
O

(i�1)
· · ·O

(2)
O

(1)P0 with i = 1, · · · , r.
The strategy to learn the output distribution Pr

consists in constructing a probabilistic model P✓i
based on neural networks with parameters ✓i whose

T↵,� = Tr M↵M�
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FIG. 1. Tensor-network schematics of the representation. (a) The single-qubit measurement M = {M (a)}a (red), single-qubit

overlap matrix Ta,a0 and its inverse (light blue). (b) The N -qubit measurement M =
�
M (a1) ⌦ M (a2) ⌦ . . .M (aN )

 
a1,...aN

corresponds to the same local measurement on each qubit while the the overlap matrix and its inverse correspond to tensor

products of single-qubit overlap matrices Ta,a0 and inverse. (c) The Born rule relates the probability P (a) (green tensor

depicted as an N -index tensor where the indices encode the measurement outcome of each qubit.) to the quantum state % (blue

tensor) and the POVM elements. (d) A generic density matrix % is given by a contraction of P , T�1
, and M over the outcome

indices.
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FIG. 2. Tensor-network schematics of local swS gates.

Finally, although the representation of the quan-
tum state already provides the measurement statis-
tics of the factorized POVM M

(a), the statistics
of other POVMs ⇧(b), e.g. a POVM describ-
ing standard measurements in the computational ba-
sis and other experimentally relevant operators, are
related to M

(a) via the Born rule: P (b) =P
a,a0 P (a0) T

�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

=
P

a0 q(b|a0)P (a0),

where q(b|a0) =
P

a T
�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

can be charac-
terized as a somewhat conditional probability since its
entries can either be positive or negative but its trace
over b is the identity 11a0 . Due to its evocative resem-
blance with the law of total probability, the relation
between measurement statistics P (b) and P (a) is often
called the quantum law of total probability in quantum

Bayesianism11.

IV. SIMULATING QUANTUM CIRCUITS
WITH RECURRENT NEURAL NETWORKS

In its simplest incarnation, a quantum circuit is a gen-
eralization of the circuit model of classical computation
where a simple initial input state, typically a product
state in the computational basis on N qubits, is evolved
through a series of unitary operations or set of quantum
gates, U

(1)
, U

(2)
, · · · , U

(r), which act nontrivially on a
constant number k of the N qubits. This is followed by
a projective measurement of all qubits. The outcome of
this measurement is the result of the quantum computa-
tion.

Translated to our POVM representation, a quantum
circuit translates into the preparation of a prod-
uct distribution of statistically independent sets of
variables P (a) = P (a1)P (a2) · · ·P (aN ) followed by
its contraction with a series of local probabilistic
swS gates of the form depicted in Fig.2. The mea-
surement statistics after unitary evolution is thus
given by Pr = O

(r)
O

(r�1)
· · ·O

(2)
O

(1)P0. Note that
the application of each subsequent gate U

(i) defines
a series of intermediate probability distributions
Pi = O

(i)
O

(i�1)
· · ·O

(2)
O

(1)P0 with i = 1, · · · , r.
The strategy to learn the output distribution Pr

consists in constructing a probabilistic model P✓i
based on neural networks with parameters ✓i whose
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REPRESENTATION THE QUANTUM STATE

•Factorization of the state in terms of a 
probability distribution and a set of tiny 
tensors —> Wavefunction positivization 

•All the entanglement and potential 
complexity of the state comes from the 
structure of the P(a) 

•Very efficient to handle numerically for 
some tasks 

•Sign structure of the state is in the tiny 
tensors

⇢ = (T�1P )TM
<latexit sha1_base64="yN08cFw86dW4vIEwz8U9zud8WYc=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhHgwzIuhFCHrxIkTIBskk9HR6kiY9PUN3jxCH4K948aCIV//Dm39jZzlo4oOCx3tVVNXzY86UdpxvK7O0vLK6ll3PbWxube/Yu3s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfuDm7Fff6BSsUhU9DCmXoh7ggWMYG2kjn3Qkv0IXaFCpZ2euqPySbuC7jp23ik6E6BF4s5IHmYod+yvVjciSUiFJhwr1XSdWHsplpoRTke5VqJojMkA92jTUIFDqrx0cv0IHRuli4JImhIaTdTfEykOlRqGvukMse6reW8s/uc1Ex1ceikTcaKpINNFQcKRjtA4CtRlkhLNh4ZgIpm5FZE+lphoE1jOhODOv7xIamdF1ym69+f50vUsjiwcwhEUwIULKMEtlKEKBB7hGV7hzXqyXqx362PamrFmM/vwB9bnD5kLk10=</latexit><latexit sha1_base64="yN08cFw86dW4vIEwz8U9zud8WYc=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhHgwzIuhFCHrxIkTIBskk9HR6kiY9PUN3jxCH4K948aCIV//Dm39jZzlo4oOCx3tVVNXzY86UdpxvK7O0vLK6ll3PbWxube/Yu3s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfuDm7Fff6BSsUhU9DCmXoh7ggWMYG2kjn3Qkv0IXaFCpZ2euqPySbuC7jp23ik6E6BF4s5IHmYod+yvVjciSUiFJhwr1XSdWHsplpoRTke5VqJojMkA92jTUIFDqrx0cv0IHRuli4JImhIaTdTfEykOlRqGvukMse6reW8s/uc1Ex1ceikTcaKpINNFQcKRjtA4CtRlkhLNh4ZgIpm5FZE+lphoE1jOhODOv7xIamdF1ym69+f50vUsjiwcwhEUwIULKMEtlKEKBB7hGV7hzXqyXqx362PamrFmM/vwB9bnD5kLk10=</latexit><latexit sha1_base64="yN08cFw86dW4vIEwz8U9zud8WYc=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhHgwzIuhFCHrxIkTIBskk9HR6kiY9PUN3jxCH4K948aCIV//Dm39jZzlo4oOCx3tVVNXzY86UdpxvK7O0vLK6ll3PbWxube/Yu3s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfuDm7Fff6BSsUhU9DCmXoh7ggWMYG2kjn3Qkv0IXaFCpZ2euqPySbuC7jp23ik6E6BF4s5IHmYod+yvVjciSUiFJhwr1XSdWHsplpoRTke5VqJojMkA92jTUIFDqrx0cv0IHRuli4JImhIaTdTfEykOlRqGvukMse6reW8s/uc1Ex1ceikTcaKpINNFQcKRjtA4CtRlkhLNh4ZgIpm5FZE+lphoE1jOhODOv7xIamdF1ym69+f50vUsjiwcwhEUwIULKMEtlKEKBB7hGV7hzXqyXqx362PamrFmM/vwB9bnD5kLk10=</latexit><latexit sha1_base64="yN08cFw86dW4vIEwz8U9zud8WYc=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhHgwzIuhFCHrxIkTIBskk9HR6kiY9PUN3jxCH4K948aCIV//Dm39jZzlo4oOCx3tVVNXzY86UdpxvK7O0vLK6ll3PbWxube/Yu3s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfuDm7Fff6BSsUhU9DCmXoh7ggWMYG2kjn3Qkv0IXaFCpZ2euqPySbuC7jp23ik6E6BF4s5IHmYod+yvVjciSUiFJhwr1XSdWHsplpoRTke5VqJojMkA92jTUIFDqrx0cv0IHRuli4JImhIaTdTfEykOlRqGvukMse6reW8s/uc1Ex1ceikTcaKpINNFQcKRjtA4CtRlkhLNh4ZgIpm5FZE+lphoE1jOhODOv7xIamdF1ym69+f50vUsjiwcwhEUwIULKMEtlKEKBB7hGV7hzXqyXqx362PamrFmM/vwB9bnD5kLk10=</latexit>

P
<latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit>

M
<latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit><latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit><latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit><latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit>

T�1
<latexit sha1_base64="DsFOeRbRITbDc1hgXuLPSAC0+P0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0GPQi8cIeUGyhtnJbDJmHsvMrBCW/IMXD4p49X+8+TdOkj1oYkFDUdVNd1eUcGas7397K6tr6xubha3i9s7u3n7p4LBpVKoJbRDFlW5H2FDOJG1YZjltJ5piEXHaika3U7/1RLVhStbtOKGhwAPJYkawdVKz/pCdB5NeqexX/BnQMglyUoYctV7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRS7KaGJpiM8IB2HJVYUBNms2sn6NQpfRQr7UpaNFN/T2RYGDMWkesU2A7NojcV//M6qY2vw4zJJLVUkvmiOOXIKjR9HfWZpsTysSOYaOZuRWSINSbWBVR0IQSLLy+T5kUl8CvB/WW5epPHUYBjOIEzCOAKqnAHNWgAgUd4hld485T34r17H/PWFS+fOYI/8D5/AAJVjr4=</latexit><latexit sha1_base64="DsFOeRbRITbDc1hgXuLPSAC0+P0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0GPQi8cIeUGyhtnJbDJmHsvMrBCW/IMXD4p49X+8+TdOkj1oYkFDUdVNd1eUcGas7397K6tr6xubha3i9s7u3n7p4LBpVKoJbRDFlW5H2FDOJG1YZjltJ5piEXHaika3U7/1RLVhStbtOKGhwAPJYkawdVKz/pCdB5NeqexX/BnQMglyUoYctV7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRS7KaGJpiM8IB2HJVYUBNms2sn6NQpfRQr7UpaNFN/T2RYGDMWkesU2A7NojcV//M6qY2vw4zJJLVUkvmiOOXIKjR9HfWZpsTysSOYaOZuRWSINSbWBVR0IQSLLy+T5kUl8CvB/WW5epPHUYBjOIEzCOAKqnAHNWgAgUd4hld485T34r17H/PWFS+fOYI/8D5/AAJVjr4=</latexit><latexit sha1_base64="DsFOeRbRITbDc1hgXuLPSAC0+P0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0GPQi8cIeUGyhtnJbDJmHsvMrBCW/IMXD4p49X+8+TdOkj1oYkFDUdVNd1eUcGas7397K6tr6xubha3i9s7u3n7p4LBpVKoJbRDFlW5H2FDOJG1YZjltJ5piEXHaika3U7/1RLVhStbtOKGhwAPJYkawdVKz/pCdB5NeqexX/BnQMglyUoYctV7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRS7KaGJpiM8IB2HJVYUBNms2sn6NQpfRQr7UpaNFN/T2RYGDMWkesU2A7NojcV//M6qY2vw4zJJLVUkvmiOOXIKjR9HfWZpsTysSOYaOZuRWSINSbWBVR0IQSLLy+T5kUl8CvB/WW5epPHUYBjOIEzCOAKqnAHNWgAgUd4hld485T34r17H/PWFS+fOYI/8D5/AAJVjr4=</latexit><latexit sha1_base64="DsFOeRbRITbDc1hgXuLPSAC0+P0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0GPQi8cIeUGyhtnJbDJmHsvMrBCW/IMXD4p49X+8+TdOkj1oYkFDUdVNd1eUcGas7397K6tr6xubha3i9s7u3n7p4LBpVKoJbRDFlW5H2FDOJG1YZjltJ5piEXHaika3U7/1RLVhStbtOKGhwAPJYkawdVKz/pCdB5NeqexX/BnQMglyUoYctV7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRS7KaGJpiM8IB2HJVYUBNms2sn6NQpfRQr7UpaNFN/T2RYGDMWkesU2A7NojcV//M6qY2vw4zJJLVUkvmiOOXIKjR9HfWZpsTysSOYaOZuRWSINSbWBVR0IQSLLy+T5kUl8CvB/WW5epPHUYBjOIEzCOAKqnAHNWgAgUd4hld485T34r17H/PWFS+fOYI/8D5/AAJVjr4=</latexit>

Carrasquilla, Torlai, Melko, Aolita. Nature Machine Intelligence 1, 200 (2019)        



INSIGHT: PARAMETRIZE STATISTICS OF MEASUREMENTS AND INVERT 

P (a) = Tr ⇢Ma
<latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit>

=> Create a neural model of P(a) 

Pmodel (a)
<latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit><latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit><latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit><latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit>

Autoregressive models (RNNs and 
transformer) 

1. Allow for exact sampling 

2. Tractable density  

3. Traditionally used in neural machine 
translation

Pmodel (a)
<latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit><latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit><latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit><latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit>

Language model

⇢model
<latexit sha1_base64="rAtvKrNtkqe1rN4AIIQ+Pbg7WZg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0lE0GPRi8cK9gPaEDabSbt0kw27E7GE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAmu0XW/rdLa+sbmVnm7srO7t39gHx61tcwVgxaTQqpuSDUInkILOQroZgpoEgrohKObqd95AKW5TO9xnIGf0EHKY84oGimwq301lEHRR3jEIpERiMkksGtu3Z3BWSXegtTIAs3A/upHkuUJpM gE1brnuRn6BVXImYBJpZ9ryCgb0QH0DE1pAtovZsdPnFOjRE4slakUnZn6e6KgidbjJDSdCcWhXvam4n9eL8f4yi94muUIKZsvinPhoHSmSTgRV8BQjA2hTHFzq8OGVFGGJq+KCcFbfnmVtM/rnlv37i5qjetFHGVyTE7IGfHIJWmQW9IkLcLImDyTV/JmPVkv1rv1MW8tWYuZKvkD6/MH4/mVjw==</latexit><latexit sha1_base64="rAtvKrNtkqe1rN4AIIQ+Pbg7WZg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0lE0GPRi8cK9gPaEDabSbt0kw27E7GE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAmu0XW/rdLa+sbmVnm7srO7t39gHx61tcwVgxaTQqpuSDUInkILOQroZgpoEgrohKObqd95AKW5TO9xnIGf0EHKY84oGimwq301lEHRR3jEIpERiMkksGtu3Z3BWSXegtTIAs3A/upHkuUJpM gE1brnuRn6BVXImYBJpZ9ryCgb0QH0DE1pAtovZsdPnFOjRE4slakUnZn6e6KgidbjJDSdCcWhXvam4n9eL8f4yi94muUIKZsvinPhoHSmSTgRV8BQjA2hTHFzq8OGVFGGJq+KCcFbfnmVtM/rnlv37i5qjetFHGVyTE7IGfHIJWmQW9IkLcLImDyTV/JmPVkv1rv1MW8tWYuZKvkD6/MH4/mVjw==</latexit><latexit sha1_base64="rAtvKrNtkqe1rN4AIIQ+Pbg7WZg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0lE0GPRi8cK9gPaEDabSbt0kw27E7GE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAmu0XW/rdLa+sbmVnm7srO7t39gHx61tcwVgxaTQqpuSDUInkILOQroZgpoEgrohKObqd95AKW5TO9xnIGf0EHKY84oGimwq301lEHRR3jEIpERiMkksGtu3Z3BWSXegtTIAs3A/upHkuUJpM gE1brnuRn6BVXImYBJpZ9ryCgb0QH0DE1pAtovZsdPnFOjRE4slakUnZn6e6KgidbjJDSdCcWhXvam4n9eL8f4yi94muUIKZsvinPhoHSmSTgRV8BQjA2hTHFzq8OGVFGGJq+KCcFbfnmVtM/rnlv37i5qjetFHGVyTE7IGfHIJWmQW9IkLcLImDyTV/JmPVkv1rv1MW8tWYuZKvkD6/MH4/mVjw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9Liw UXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="dEiO2ZmaFAn/tdd1MvB5ulHROeo=">AAAB8XicbZBLS8NAFIVv6qvWqlGXboJFcFUSN7oU3LisYB/QhjKZ3rZDJ5kwcyOGUP+KGxeK+Gfc+W+cPhbaemDg45wZ7p0TpVIY8v1vp7SxubW9U96t7FX3Dw7do2rLqExzbHIlle5EzKAUCTZJkMROqpHFkcR2NLmd5e1H1Eao5IHyFMOYjRIxFJyRtfruSU+PVb/oET5REasByum079b8uj+Xtw7BEmqwVKPvfvUGimcxJs QlM6Yb+CmFBdMkuMRppZcZTBmfsBF2LSYsRhMW8+Wn3rl1Bt5QaXsS8ubu7xcFi43J48jejBmNzWo2M//LuhkNr8NCJGlGmPDFoGEmPVLerAlvIDRykrkFxrWwu3p8zDTjZPuq2BKC1S+vQ+uyHvj14N6HMpzCGVxAAFdwA3fQgCZwyOEF3uDdeXZenY9FXSVn2dsx/JHz+QN0mpQo</latexit><latexit sha1_base64="dEiO2ZmaFAn/tdd1MvB5ulHROeo=">AAAB8XicbZBLS8NAFIVv6qvWqlGXboJFcFUSN7oU3LisYB/QhjKZ3rZDJ5kwcyOGUP+KGxeK+Gfc+W+cPhbaemDg45wZ7p0TpVIY8v1vp7SxubW9U96t7FX3Dw7do2rLqExzbHIlle5EzKAUCTZJkMROqpHFkcR2NLmd5e1H1Eao5IHyFMOYjRIxFJyRtfruSU+PVb/oET5REasByum079b8uj+Xtw7BEmqwVKPvfvUGimcxJs QlM6Yb+CmFBdMkuMRppZcZTBmfsBF2LSYsRhMW8+Wn3rl1Bt5QaXsS8ubu7xcFi43J48jejBmNzWo2M//LuhkNr8NCJGlGmPDFoGEmPVLerAlvIDRykrkFxrWwu3p8zDTjZPuq2BKC1S+vQ+uyHvj14N6HMpzCGVxAAFdwA3fQgCZwyOEF3uDdeXZenY9FXSVn2dsx/JHz+QN0mpQo</latexit><latexit sha1_base64="y96GEeo0O0LoijfQdEQeOs22Vr4=">AAAB/HicbVBNS8NAEN34WetXtUcvwSJ4KokXPRa9eKxgP6ANYbOZtEs32bA7EUuIf8WLB0W8+kO8+W/ctjlo64OBx3szzMwLUsE1Os63tba+sbm1Xdmp7u7tHxzWjo67WmaKQYdJIVU/oBoET6CDHAX0UwU0DgT0gsnNzO89gNJcJvc4TcGL6SjhEWcUjeTX6kM1ln4+RHjEPJYhiKLwaw2n6cxhrxK3JA1Sou3XvoahZFkMCT JBtR64TopeThVyJqCoDjMNKWUTOoKBoQmNQXv5/PjCPjNKaEdSmUrQnqu/J3Iaaz2NA9MZUxzrZW8m/ucNMoyuvJwnaYaQsMWiKBM2SnuWhB1yBQzF1BDKFDe32mxMFWVo8qqaENzll1dJ96LpOk33zmm0rss4KuSEnJJz4pJL0iK3pE06hJEpeSav5M16sl6sd+tj0bpmlTN18gfW5w/iuZWL</latexit><latexit sha1_base64="rAtvKrNtkqe1rN4AIIQ+Pbg7WZg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0lE0GPRi8cK9gPaEDabSbt0kw27E7GE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAmu0XW/rdLa+sbmVnm7srO7t39gHx61tcwVgxaTQqpuSDUInkILOQroZgpoEgrohKObqd95AKW5TO9xnIGf0EHKY84oGimwq301lEHRR3jEIpERiMkksGtu3Z3BWSXegtTIAs3A/upHkuUJpM gE1brnuRn6BVXImYBJpZ9ryCgb0QH0DE1pAtovZsdPnFOjRE4slakUnZn6e6KgidbjJDSdCcWhXvam4n9eL8f4yi94muUIKZsvinPhoHSmSTgRV8BQjA2hTHFzq8OGVFGGJq+KCcFbfnmVtM/rnlv37i5qjetFHGVyTE7IGfHIJWmQW9IkLcLImDyTV/JmPVkv1rv1MW8tWYuZKvkD6/MH4/mVjw==</latexit><latexit sha1_base64="rAtvKrNtkqe1rN4AIIQ+Pbg7WZg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0lE0GPRi8cK9gPaEDabSbt0kw27E7GE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAmu0XW/rdLa+sbmVnm7srO7t39gHx61tcwVgxaTQqpuSDUInkILOQroZgpoEgrohKObqd95AKW5TO9xnIGf0EHKY84oGimwq301lEHRR3jEIpERiMkksGtu3Z3BWSXegtTIAs3A/upHkuUJpM gE1brnuRn6BVXImYBJpZ9ryCgb0QH0DE1pAtovZsdPnFOjRE4slakUnZn6e6KgidbjJDSdCcWhXvam4n9eL8f4yi94muUIKZsvinPhoHSmSTgRV8BQjA2hTHFzq8OGVFGGJq+KCcFbfnmVtM/rnlv37i5qjetFHGVyTE7IGfHIJWmQW9IkLcLImDyTV/JmPVkv1rv1MW8tWYuZKvkD6/MH4/mVjw==</latexit><latexit sha1_base64="rAtvKrNtkqe1rN4AIIQ+Pbg7WZg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0lE0GPRi8cK9gPaEDabSbt0kw27E7GE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAmu0XW/rdLa+sbmVnm7srO7t39gHx61tcwVgxaTQqpuSDUInkILOQroZgpoEgrohKObqd95AKW5TO9xnIGf0EHKY84oGimwq301lEHRR3jEIpERiMkksGtu3Z3BWSXegtTIAs3A/upHkuUJpM gE1brnuRn6BVXImYBJpZ9ryCgb0QH0DE1pAtovZsdPnFOjRE4slakUnZn6e6KgidbjJDSdCcWhXvam4n9eL8f4yi94muUIKZsvinPhoHSmSTgRV8BQjA2hTHFzq8OGVFGGJq+KCcFbfnmVtM/rnlv37i5qjetFHGVyTE7IGfHIJWmQW9IkLcLImDyTV/JmPVkv1rv1MW8tWYuZKvkD6/MH4/mVjw==</latexit><latexit sha1_base64="rAtvKrNtkqe1rN4AIIQ+Pbg7WZg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0lE0GPRi8cK9gPaEDabSbt0kw27E7GE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAmu0XW/rdLa+sbmVnm7srO7t39gHx61tcwVgxaTQqpuSDUInkILOQroZgpoEgrohKObqd95AKW5TO9xnIGf0EHKY84oGimwq301lEHRR3jEIpERiMkksGtu3Z3BWSXegtTIAs3A/upHkuUJpM gE1brnuRn6BVXImYBJpZ9ryCgb0QH0DE1pAtovZsdPnFOjRE4slakUnZn6e6KgidbjJDSdCcWhXvam4n9eL8f4yi94muUIKZsvinPhoHSmSTgRV8BQjA2hTHFzq8OGVFGGJq+KCcFbfnmVtM/rnlv37i5qjetFHGVyTE7IGfHIJWmQW9IkLcLImDyTV/JmPVkv1rv1MW8tWYuZKvkD6/MH4/mVjw==</latexit><latexit sha1_base64="rAtvKrNtkqe1rN4AIIQ+Pbg7WZg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0lE0GPRi8cK9gPaEDabSbt0kw27E7GE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAmu0XW/rdLa+sbmVnm7srO7t39gHx61tcwVgxaTQqpuSDUInkILOQroZgpoEgrohKObqd95AKW5TO9xnIGf0EHKY84oGimwq301lEHRR3jEIpERiMkksGtu3Z3BWSXegtTIAs3A/upHkuUJpM gE1brnuRn6BVXImYBJpZ9ryCgb0QH0DE1pAtovZsdPnFOjRE4slakUnZn6e6KgidbjJDSdCcWhXvam4n9eL8f4yi94muUIKZsvinPhoHSmSTgRV8BQjA2hTHFzq8OGVFGGJq+KCcFbfnmVtM/rnlv37i5qjetFHGVyTE7IGfHIJWmQW9IkLcLImDyTV/JmPVkv1rv1MW8tWYuZKvkD6/MH4/mVjw==</latexit><latexit sha1_base64="rAtvKrNtkqe1rN4AIIQ+Pbg7WZg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0lE0GPRi8cK9gPaEDabSbt0kw27E7GE+le8eFDEqz/Em//G7cdBWx8MPN6bYWZemAmu0XW/rdLa+sbmVnm7srO7t39gHx61tcwVgxaTQqpuSDUInkILOQroZgpoEgrohKObqd95AKW5TO9xnIGf0EHKY84oGimwq301lEHRR3jEIpERiMkksGtu3Z3BWSXegtTIAs3A/upHkuUJpM gE1brnuRn6BVXImYBJpZ9ryCgb0QH0DE1pAtovZsdPnFOjRE4slakUnZn6e6KgidbjJDSdCcWhXvam4n9eL8f4yi94muUIKZsvinPhoHSmSTgRV8BQjA2hTHFzq8OGVFGGJq+KCcFbfnmVtM/rnlv37i5qjetFHGVyTE7IGfHIJWmQW9IkLcLImDyTV/JmPVkv1rv1MW8tWYuZKvkD6/MH4/mVjw==</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

�
<latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit>

�
<latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�
<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>



REMARK: WAVEFUNCTION POSITIVZATION WITH AD

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>| i
<latexit sha1_base64="RBsTM/MSNyE3hfbTfGRAwNmy/Mw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0swm7G6HE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbyn/ym5r6iciiwX625dXcOskq8gtSgQLNf/fIHCctilIYJqnXPc1MT5FQZzgROK36mMaVsTIfYs1TSGHWQz2+ekjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8Xmai6yDnMs0MSrZYFGWCmITMAiADrpAZMbGEMsXtrYSNqKLM2JgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8gfP5Azqbkcs=</latexit><latexit sha1_base64="RBsTM/MSNyE3hfbTfGRAwNmy/Mw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0swm7G6HE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbyn/ym5r6iciiwX625dXcOskq8gtSgQLNf/fIHCctilIYJqnXPc1MT5FQZzgROK36mMaVsTIfYs1TSGHWQz2+ekjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8Xmai6yDnMs0MSrZYFGWCmITMAiADrpAZMbGEMsXtrYSNqKLM2JgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8gfP5Azqbkcs=</latexit><latexit sha1_base64="RBsTM/MSNyE3hfbTfGRAwNmy/Mw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0swm7G6HE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbyn/ym5r6iciiwX625dXcOskq8gtSgQLNf/fIHCctilIYJqnXPc1MT5FQZzgROK36mMaVsTIfYs1TSGHWQz2+ekjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8Xmai6yDnMs0MSrZYFGWCmITMAiADrpAZMbGEMsXtrYSNqKLM2JgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8gfP5Azqbkcs=</latexit><latexit sha1_base64="RBsTM/MSNyE3hfbTfGRAwNmy/Mw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0swm7G6HE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbyn/ym5r6iciiwX625dXcOskq8gtSgQLNf/fIHCctilIYJqnXPc1MT5FQZzgROK36mMaVsTIfYs1TSGHWQz2+ekjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8Xmai6yDnMs0MSrZYFGWCmITMAiADrpAZMbGEMsXtrYSNqKLM2JgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8gfP5Azqbkcs=</latexit>

> 0
<latexit sha1_base64="cVEHLC8EyvhLkP4y5lJ+SzQLhL4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerh2++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G0yEJozlBNLKNPC3krYiGrK0IZTsiF4yy+vktZF1XOr3v1lpX6Tx1GEEziFc/CgBnW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/wzjPw=</latexit><latexit sha1_base64="cVEHLC8EyvhLkP4y5lJ+SzQLhL4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerh2++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G0yEJozlBNLKNPC3krYiGrK0IZTsiF4yy+vktZF1XOr3v1lpX6Tx1GEEziFc/CgBnW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/wzjPw=</latexit><latexit sha1_base64="cVEHLC8EyvhLkP4y5lJ+SzQLhL4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerh2++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G0yEJozlBNLKNPC3krYiGrK0IZTsiF4yy+vktZF1XOr3v1lpX6Tx1GEEziFc/CgBnW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/wzjPw=</latexit><latexit sha1_base64="cVEHLC8EyvhLkP4y5lJ+SzQLhL4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerh2++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G0yEJozlBNLKNPC3krYiGrK0IZTsiF4yy+vktZF1XOr3v1lpX6Tx1GEEziFc/CgBnW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/wzjPw=</latexit>



EXAMPLE: LEARN A 
QUANTUM STATE FROM 

MEASUREMENTS



NEED TO GO BEYOND STANDARD QUANTUM STATE TOMOGRAPHY

•Progress in controlling large quantum 
systems. 

•Availability of arbitrary measurements 
performed with great accuracy.  

• The bottleneck limiting progress in the 
estimation of states: curse of 
dimensionality.



SYNTHETIC QUANTUM DEVICES ARE GROWING FAST



NEED TO GO BEYOND STANDARD QUANTUM STATE TOMOGRAPHY

•Prepare an unknown quantum state 

•Apply a measurement that probes 
enough information about the 
quantum state 

•Repeat and collect the statistics of the 
measurement 

•Infer a reconstruction of the state  
consistent with the measurement 
outcomes

⇢⇤
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FIG. 4. Learning ground states of local Hamiltonians. (a) (b) (c) (d)

thetic samples from the di↵erent POVM measurements (see Appendix for details ). Apart

from the classical fidelity, which, e.g., reaches FRNN (PRNN, PGHZ) ⇡ 0.98 for the modified

Pauli measurement, we observe a remarkable agreement between the correlation function

h�1 ·�ri gleaned from our reconstruction and the exact correlation function of the synthetic

state.

We use this example to emphasize that the ansatz used in our setting can be under-

stood as a factorization of the quantum state in terms of a neural function approximator

parametrizing P (a) �= 0 and a Kronecker factorized tensor network composed of local,

complex-valued three dimensional tensors. The sign structure of the state is provided by

th efactorized tensor, weighted by the experimentally observable distribution P (a). Impor-

H = J

X

i,j

�i.�j
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tum chemistry, atomic and molecular optics, and quantum computing. This class of states

exhibit a extraordinary set of intriguing phenomena, including quantum phase transitions,

exotic quantum disorder, topological order, superconductivity, and Bose-Einstein condensa-

tion, among others [29, 30]. We begin with the prototypical example of the antiferromagnetic

transverse-field Ising model in one dimension, with Hamiltonian H = J
P

ij �z
i �

z
j + h

P
i �

x
i .

This Hamiltonian is relevant for state-of-the-art quantum simulators with cold atoms and

quantum annealers [31], which have been experimentally demonstrated for 51 qubits. We

focus on the most challenging parameters for state preparation, the quantum critical point

at h/J = 1.0. For a system of 50 qubits, we first obtain synthetic data mimicking 106

experimental POVM measurements, then perform a reconstruction of the state from these

measurements using the same RNN model used for the GHZ state discussed in Fig. 3. These

reconstructions attain a fidelity FRNN (Pmodel, PGHZ) ⇡ 0.998. Furthermore, local correlation

functions, which can be obtained e�ciently for the tetrahedral and a modified Pauli POVM

(termed 4�Pauli POVM, see appendix) via stochastic sampling of the RNN model, display

good agreement with the exact synthetic state, including the total energy of the recon-

structed state which is consistent with the exact value within the error bars. In Fig.4(a)

and (b) we display the 1- and 2-body correlators from the exact state and from our RNN

model, namely h�x
i i and h�z

1�
z
i i as a function of site i.

While the above results demonstrate the power and scalability of our machine learning

technique, we note that the states thus reconstructed either lie in one dimension or other-

wise have a structure that makes them amenable to previous tomography approaches [1–5].

[Giacomo: how feasible is to apply the RBM*complexRBM to this problem before com-

mitting to this phrase?] We now investigate the applicability of our method to a case that

lies outside of conventional approaches. We thus study a two-dimensional model of frus-

trated magnetism, whose ground state possesses a highly non-trivial sign structure in the

computational basis – the antiferromagnetic Heisenberg model in the triangular lattice with

Hamiltonian H =
P

hiji �i · �j, where the Pauli vector at site i is given by �i = (�x
i , �y

i , �
z
i ).

We use a tensor network approximation to the ground state of the model to produce syn-

21
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<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>

tanh
<latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit><latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit><latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit><latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit>

ai
<latexit sha1_base64="ugNieW9JIURNRDcRaoSX6Jeqvx8=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m9cjwPWejWvYa3AFonfknqUKIVul+DWJIsocIQjrXu+15qghwrwwin89og0zTFZIJHtG+pwAnVQb5IPkcXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LJqtgR/9cvrpHPV8L2G/3hdb96VdVThDM7hEny4gSY8QAvaQGAKz/AKb07uvDjvzsdytOKUO6fwB87nDy2gk/8=</latexit><latexit sha1_base64="ugNieW9JIURNRDcRaoSX6Jeqvx8=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m9cjwPWejWvYa3AFonfknqUKIVul+DWJIsocIQjrXu+15qghwrwwin89og0zTFZIJHtG+pwAnVQb5IPkcXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LJqtgR/9cvrpHPV8L2G/3hdb96VdVThDM7hEny4gSY8QAvaQGAKz/AKb07uvDjvzsdytOKUO6fwB87nDy2gk/8=</latexit><latexit sha1_base64="ugNieW9JIURNRDcRaoSX6Jeqvx8=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m9cjwPWejWvYa3AFonfknqUKIVul+DWJIsocIQjrXu+15qghwrwwin89og0zTFZIJHtG+pwAnVQb5IPkcXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LJqtgR/9cvrpHPV8L2G/3hdb96VdVThDM7hEny4gSY8QAvaQGAKz/AKb07uvDjvzsdytOKUO6fwB87nDy2gk/8=</latexit><latexit sha1_base64="ugNieW9JIURNRDcRaoSX6Jeqvx8=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m9cjwPWejWvYa3AFonfknqUKIVul+DWJIsocIQjrXu+15qghwrwwin89og0zTFZIJHtG+pwAnVQb5IPkcXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LJqtgR/9cvrpHPV8L2G/3hdb96VdVThDM7hEny4gSY8QAvaQGAKz/AKb07uvDjvzsdytOKUO6fwB87nDy2gk/8=</latexit>

hi�1
<latexit sha1_base64="JMVnjhHjp047vZKE36jOx882WWg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN5ZEBF0W3bisYGuhDWEymbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAMIdz7mXOnCDhTGnH+bYqS8srq2vV9drG5tb2jr2711FxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNP7YHxd+PcPVCoWizs9SagX4aFgA0awNpJvH/SDmIdqEpkrG+V+xk7d3LfrTsOZAi0StyR1KNHy7a9+GJM0okITjpXquU6ivQxLzQinea2fKppgMsZD2jNU4IgqL5umz9GxUUI0iKU5QqOp+nsjw5EqAprJCOuRmvcK8T+vl+rBpZcxkaSaCjJ7aJBypGNUVIFCJinRfGIIJpKZrIiMsMREm8JqpgR3/suLpHPWcJ2Ge3teb16VdVThEI7gBFy4gCbcQAvaQOARnuEV3qwn68V6tz5moxWr3NmHP7A+fwDwUZWE</latexit><latexit sha1_base64="JMVnjhHjp047vZKE36jOx882WWg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN5ZEBF0W3bisYGuhDWEymbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAMIdz7mXOnCDhTGnH+bYqS8srq2vV9drG5tb2jr2711FxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNP7YHxd+PcPVCoWizs9SagX4aFgA0awNpJvH/SDmIdqEpkrG+V+xk7d3LfrTsOZAi0StyR1KNHy7a9+GJM0okITjpXquU6ivQxLzQinea2fKppgMsZD2jNU4IgqL5umz9GxUUI0iKU5QqOp+nsjw5EqAprJCOuRmvcK8T+vl+rBpZcxkaSaCjJ7aJBypGNUVIFCJinRfGIIJpKZrIiMsMREm8JqpgR3/suLpHPWcJ2Ge3teb16VdVThEI7gBFy4gCbcQAvaQOARnuEV3qwn68V6tz5moxWr3NmHP7A+fwDwUZWE</latexit><latexit sha1_base64="JMVnjhHjp047vZKE36jOx882WWg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN5ZEBF0W3bisYGuhDWEymbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAMIdz7mXOnCDhTGnH+bYqS8srq2vV9drG5tb2jr2711FxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNP7YHxd+PcPVCoWizs9SagX4aFgA0awNpJvH/SDmIdqEpkrG+V+xk7d3LfrTsOZAi0StyR1KNHy7a9+GJM0okITjpXquU6ivQxLzQinea2fKppgMsZD2jNU4IgqL5umz9GxUUI0iKU5QqOp+nsjw5EqAprJCOuRmvcK8T+vl+rBpZcxkaSaCjJ7aJBypGNUVIFCJinRfGIIJpKZrIiMsMREm8JqpgR3/suLpHPWcJ2Ge3teb16VdVThEI7gBFy4gCbcQAvaQOARnuEV3qwn68V6tz5moxWr3NmHP7A+fwDwUZWE</latexit><latexit sha1_base64="JMVnjhHjp047vZKE36jOx882WWg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN5ZEBF0W3bisYGuhDWEymbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAMIdz7mXOnCDhTGnH+bYqS8srq2vV9drG5tb2jr2711FxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNP7YHxd+PcPVCoWizs9SagX4aFgA0awNpJvH/SDmIdqEpkrG+V+xk7d3LfrTsOZAi0StyR1KNHy7a9+GJM0okITjpXquU6ivQxLzQinea2fKppgMsZD2jNU4IgqL5umz9GxUUI0iKU5QqOp+nsjw5EqAprJCOuRmvcK8T+vl+rBpZcxkaSaCjJ7aJBypGNUVIFCJinRfGIIJpKZrIiMsMREm8JqpgR3/suLpHPWcJ2Ge3teb16VdVThEI7gBFy4gCbcQAvaQOARnuEV3qwn68V6tz5moxWr3NmHP7A+fwDwUZWE</latexit>

hi
<latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit>

hi
<latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit>

ĥi
<latexit sha1_base64="mjYzaOpYWmdLbU984R3y8iwF+Ow=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0W3bisYB/QhDCZTNqhk5kwMxFKiBt/xY0LRdz6F+78GydtFtp6YJjDOfdy7z1hyqjSjvNt1VZW19Y36puNre2d3T17/6CnRCYx6WLBhByESBFGOelqqhkZpJKgJGSkH05uSr//QKSigt/raUr8BI04jSlG2kiBfeSFgkVqmpgv98ZI5+OiCHJaBHbTaTkzwGXiVqQJKnQC+8uLBM4SwjVmSKmh66Taz5HUFDNSNLxMkRThCRqRoaEcJUT5+eyCAp4aJYKxkOZxDWfq744cJapc0lQmSI/VoleK/3nDTMdXfk55mmnC8XxQnDGoBSzjgBGVBGs2NQRhSc2uEI+RRFib0BomBHfx5GXSO2+5Tsu9u2i2r6s46uAYnIAz4IJL0Aa3oAO6AINH8AxewZv1ZL1Y79bHvLRmVT2H4A+szx//KZff</latexit><latexit sha1_base64="mjYzaOpYWmdLbU984R3y8iwF+Ow=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0W3bisYB/QhDCZTNqhk5kwMxFKiBt/xY0LRdz6F+78GydtFtp6YJjDOfdy7z1hyqjSjvNt1VZW19Y36puNre2d3T17/6CnRCYx6WLBhByESBFGOelqqhkZpJKgJGSkH05uSr//QKSigt/raUr8BI04jSlG2kiBfeSFgkVqmpgv98ZI5+OiCHJaBHbTaTkzwGXiVqQJKnQC+8uLBM4SwjVmSKmh66Taz5HUFDNSNLxMkRThCRqRoaEcJUT5+eyCAp4aJYKxkOZxDWfq744cJapc0lQmSI/VoleK/3nDTMdXfk55mmnC8XxQnDGoBSzjgBGVBGs2NQRhSc2uEI+RRFib0BomBHfx5GXSO2+5Tsu9u2i2r6s46uAYnIAz4IJL0Aa3oAO6AINH8AxewZv1ZL1Y79bHvLRmVT2H4A+szx//KZff</latexit><latexit sha1_base64="mjYzaOpYWmdLbU984R3y8iwF+Ow=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0W3bisYB/QhDCZTNqhk5kwMxFKiBt/xY0LRdz6F+78GydtFtp6YJjDOfdy7z1hyqjSjvNt1VZW19Y36puNre2d3T17/6CnRCYx6WLBhByESBFGOelqqhkZpJKgJGSkH05uSr//QKSigt/raUr8BI04jSlG2kiBfeSFgkVqmpgv98ZI5+OiCHJaBHbTaTkzwGXiVqQJKnQC+8uLBM4SwjVmSKmh66Taz5HUFDNSNLxMkRThCRqRoaEcJUT5+eyCAp4aJYKxkOZxDWfq744cJapc0lQmSI/VoleK/3nDTMdXfk55mmnC8XxQnDGoBSzjgBGVBGs2NQRhSc2uEI+RRFib0BomBHfx5GXSO2+5Tsu9u2i2r6s46uAYnIAz4IJL0Aa3oAO6AINH8AxewZv1ZL1Y79bHvLRmVT2H4A+szx//KZff</latexit><latexit sha1_base64="mjYzaOpYWmdLbU984R3y8iwF+Ow=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0W3bisYB/QhDCZTNqhk5kwMxFKiBt/xY0LRdz6F+78GydtFtp6YJjDOfdy7z1hyqjSjvNt1VZW19Y36puNre2d3T17/6CnRCYx6WLBhByESBFGOelqqhkZpJKgJGSkH05uSr//QKSigt/raUr8BI04jSlG2kiBfeSFgkVqmpgv98ZI5+OiCHJaBHbTaTkzwGXiVqQJKnQC+8uLBM4SwjVmSKmh66Taz5HUFDNSNLxMkRThCRqRoaEcJUT5+eyCAp4aJYKxkOZxDWfq744cJapc0lQmSI/VoleK/3nDTMdXfk55mmnC8XxQnDGoBSzjgBGVBGs2NQRhSc2uEI+RRFib0BomBHfx5GXSO2+5Tsu9u2i2r6s46uAYnIAz4IJL0Aa3oAO6AINH8AxewZv1ZL1Y79bHvLRmVT2H4A+szx//KZff</latexit>
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FIG. 5. Probabilistic RNN model. (a) Graphical representation of the gated recurrent unit de-

scribed in Eq. B6 and used in our numerical experiments. (b) Our deep RNN model stacks three

GRU units (yellow blocks) followed by a fully connected layer with a softmax activation denoted by

S. (c) Enumeration and one-dimensional path along which the RNN processes the measurement

outcomes.

to 100. In one spatial dimensional there is a natural enumeration scheme for the lattice

sites (e.g. from right to left or viceversa) along which the RNN model processes the data.

In the absence of a notion of spatial dimensionality, like in the GHZ state, one can choose

an arbitrary enumeration of the qubits. In two dimensional systems, such as the triangular

Heisenberg model in the manuscript, we define an enumeration of the lattice sites which, in

turn,defines a one-dimensional path defined by this enumeration. The RNN then uses this

path to process and learn the data. This is exemplified in Fig. 5(c) for a 4 ⇥ 4 triangular

lattice. An analogous enumeration is used in our experiments in the main text.

Appendix C: Stochastic estimation of local observables and fidelity

Given a samplable model Pmodel(a) parametrizing a quantum state ⇢model, it is possible

to compute expectation value of local observables hOii = Tr [⇢modelOi].

The fact that a POVM M is IC means that its elements span the entire space of linear

operators acting on the Hilbert space H. Therefore, one can expand any observable O on

N=50 spins. P(a) is a 
deep (3 layer GRU) 
recurrent neural  network 
language  model.
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⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>

S
<latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit>

�
<latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit>

�
<latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�
<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>

ht�1
<latexit sha1_base64="SUHSvLNeIcj9hGssmx/DCzD7Yv8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7nK/88S1EbF6xGnC/YiOlAgFo2ilzniQ4YU3G1Rrbt2dg6wSryA1KNAcVL/6w5ilEVfIJDWm57kJ+hnVKJjks0o/NTyhbEJHvGepohE3fjY/d0bOrDIkYaxtKSRz9fdERiNjplFgOyOKY7Ps5eJ/Xi/F8MbPhEpS5IotFoWpJBiT/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4yy+vkvZl3XPr3sNVrXFbxFGGEziFc/DgGhpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP/ntj1E=</latexit><latexit sha1_base64="SUHSvLNeIcj9hGssmx/DCzD7Yv8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7nK/88S1EbF6xGnC/YiOlAgFo2ilzniQ4YU3G1Rrbt2dg6wSryA1KNAcVL/6w5ilEVfIJDWm57kJ+hnVKJjks0o/NTyhbEJHvGepohE3fjY/d0bOrDIkYaxtKSRz9fdERiNjplFgOyOKY7Ps5eJ/Xi/F8MbPhEpS5IotFoWpJBiT/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4yy+vkvZl3XPr3sNVrXFbxFGGEziFc/DgGhpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP/ntj1E=</latexit><latexit sha1_base64="SUHSvLNeIcj9hGssmx/DCzD7Yv8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7nK/88S1EbF6xGnC/YiOlAgFo2ilzniQ4YU3G1Rrbt2dg6wSryA1KNAcVL/6w5ilEVfIJDWm57kJ+hnVKJjks0o/NTyhbEJHvGepohE3fjY/d0bOrDIkYaxtKSRz9fdERiNjplFgOyOKY7Ps5eJ/Xi/F8MbPhEpS5IotFoWpJBiT/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4yy+vkvZl3XPr3sNVrXFbxFGGEziFc/DgGhpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP/ntj1E=</latexit><latexit sha1_base64="SUHSvLNeIcj9hGssmx/DCzD7Yv8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7nK/88S1EbF6xGnC/YiOlAgFo2ilzniQ4YU3G1Rrbt2dg6wSryA1KNAcVL/6w5ilEVfIJDWm57kJ+hnVKJjks0o/NTyhbEJHvGepohE3fjY/d0bOrDIkYaxtKSRz9fdERiNjplFgOyOKY7Ps5eJ/Xi/F8MbPhEpS5IotFoWpJBiT/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4yy+vkvZl3XPr3sNVrXFbxFGGEziFc/DgGhpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP/ntj1E=</latexit>

ht
<latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit>

ht
<latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit>

rt
<latexit sha1_base64="Bmobwtq6d1VdnrQp0oh1JwbYUlg=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfex71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AGgYjd0=</latexit><latexit sha1_base64="Bmobwtq6d1VdnrQp0oh1JwbYUlg=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfex71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AGgYjd0=</latexit><latexit sha1_base64="Bmobwtq6d1VdnrQp0oh1JwbYUlg=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfex71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AGgYjd0=</latexit><latexit sha1_base64="Bmobwtq6d1VdnrQp0oh1JwbYUlg=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfex71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AGgYjd0=</latexit>

zt
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To apply these ideas, we introduce a method for the ap-
proximate simulation of unitary circuits directly in the
language of probability. The classical simulation of quan-
tum circuits is carried out by representing the quantum
state in terms of highly expressive recurrent neural net-
works in a similar fashion as they are traditionally used
for the machine learning tasks such as language mod-
elling and neural machine translation. We demonstrate
that classical simulation of a unitary circuit comprised of
a small number of local unitary gates can be understood
as a sequence of unsupervised learning problems. We
demonstrate these ideas by preparing increasingly large
prototypical quantum states in quantum information dis-
playing entanglement.

II. REPRESENTATION OF QUANTUM STATE

We consider measurements given by information-
ally complete (IC) positive-operator valued measures.
POVMs describe the most general type of measurements
allowed by quantum theory, beyond the usual notion of
von Neumann projective measurements6. Informational
completeness means that the measurement statistics con-
tains all of the information about the state, thus specify-
ing it univocally. We consider physical systems composed
of N qubits and build our measurements starting from
an m-outcome single-qubit POVM M = {M

(a)
}a, de-

fined by positive semi-definite operators M
(a)

� 0, each
one labeled by a measurement outcome a = 0, 1, .., m�1.
These satisfy the normalization condition

P
a M

(a) = 11.
Our N -qubit measurement is given by the tensor prod-
uct of the single-qubit POVM elements M =

�
M

(a1) ⌦

M
(a2) ⌦ . . . M

(aN )
 
a1,...aN

, graphically depicted.

By virtue of Born’s rule, the probability distribu-
tion P = {P (a)}a over measurement outcomes a =
(a1, a2, ..., aN ) on a quantum state %, with P (a) � 0
and

P
a P (a) = 1, is given by the linear expression

P (a) = Tr
⇥
M

(a)
%
⇤
. Provided that the measurement

is informationally complete, this relation can formally
be inverted. In other words, the density matrix can
be unambiguously inferred from the probability distri-
bution of measurement outcomes. This can be explic-
itly expressed in a concise way when the overlap matrix

T , of elements Ta,a0 = Tr
h
M

(a)
M

(a0)
i
, is invertible:

% =
P

a,a0 P (a0) T
�1
a,a0 M

(a) = Ea0⇠P

⇣P
a T

�1
a,a0 M

(a)
⌘
,

with Ea0⇠P representing the expectation value over a0

distributed according to P

III. UNITARY EVOLUTION, DYNAMICS, AND
MEASUREMENTS

The nonequilibrium dynamics of interacting quantum
systems is described by the e↵ect of a quantum channel
on the quantum state. In the simplest case, this corre-

sponds to a unitary transformation, i.e. %U = U%U
†. If

the initial quantum state is prescribed in terms of the
outcome statistics of an IC-POVM P , we can track its
evolution directly on the probability representation:

PU (a00) = Tr
h
U%U

†
M

(a00)
i

=
X

a0

Oa00a0P (a0) (1)

where

Oa00a0 =
X

a

Tr
h
UM

(a)
U

†
M

(a00)
i

T
�1
a,a0 (2)

are somewhat stochastic (swS) matrices since the val-
ues in each column add up to 1 but their entries can be
positive or negative.7,8 These are also known as pseudo-
stochastic or quasi-stochastic matrices.9,10 We note that,
in general, these matrices also characterize quantum pro-
cesses described by completely positive trace preserving
(CPTP) maps (see appendix). Here we emphasize that
Eq.1 resembles the standard rule for stochastic evolution
commonly used to describe the transitions in a Markov
chain, where the traditional stochastic (or Markov) ma-
trix has been replaced with a somewhat stochastic ma-
trix. Despite the resemblance, a generic classical Markov
Chain Monte Carlo simulation of quantum evolution in
the probabilistic factorized POVM language remains un-
feasible due to the numerical sign problem arising from
the negative entries of the sW matrix describing the pro-
cess.

Due to the Kronecker factorized nature of the POVM,
if a unitary matrix or a quantum channel acts nontriv-
ially on k qubits of the quantum system it implies that
the swS matrix Oa00a0 acts also only on k qubits. For ex-
ample, a one- or two-qubit gate unitary gate transforms
into a one- or two-qubit swS gate. The “probabilistic”
swS gates and their relation to local unitary gates are
graphically depicted in Fig. using tensor diagrams. This
also implies that quantum circuit diagrams in the prob-
abilistic language look exactly the same as they look in
the traditional quantum circuit diagram notation.

Consider now the unitary dynamics induced by Hamil-
tonian H acting on the system during an infinitesimal
time �t, i.e., U(t) = e

�i�tH. In the limit of �t ! 0,
this implies an equation of motion for the measurement
statistics

i
@P (a00

, t)

@t
=
X

a,a0

Tr
⇣h

H, M
(a)

i
M

(a00)
⌘

T
�1
a,a0P (a0

, t) ,

(3)
which is equivalent to the Liouville-Von Neumann equa-
tion i

@⇢
@t = [H, ⇢]. Here, the brackets [·, ·] de-

note commutator of two operators. A similar rela-
tion applicable the description of open quantum sys-
tems is described in the appendix. A solution to
Eqs.(3) for a time-independet Hamiltonian is given by
P (t) = e

�iAtP (0), where the matrix elements Aa00a0 =
P

a T
�1
a,a0

h
Tr

⇣⇥
H, M

(a)
⇤
M

(a00)
⌘i

.
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are somewhat stochastic (swS) matrices since the val-
ues in each column add up to 1 but their entries can be
positive or negative.7,8 These are also known as pseudo-
stochastic or quasi-stochastic matrices.9,10 We note that,
in general, these matrices also characterize quantum pro-
cesses described by completely positive trace preserving
(CPTP) maps (see appendix). Here we emphasize that
Eq.1 resembles the standard rule for stochastic evolution
commonly used to describe the transitions in a Markov
chain, where the traditional stochastic (or Markov) ma-
trix has been replaced with a somewhat stochastic ma-
trix. Despite the resemblance, a generic classical Markov
Chain Monte Carlo simulation of quantum evolution in
the probabilistic factorized POVM language remains un-
feasible due to the numerical sign problem arising from
the negative entries of the sW matrix describing the pro-
cess.

Due to the Kronecker factorized nature of the POVM,
if a unitary matrix or a quantum channel acts nontriv-
ially on k qubits of the quantum system it implies that
the swS matrix Oa00a0 acts also only on k qubits. For ex-
ample, a one- or two-qubit gate unitary gate transforms
into a one- or two-qubit swS gate. The “probabilistic”
swS gates and their relation to local unitary gates are
graphically depicted in Fig. using tensor diagrams. This
also implies that quantum circuit diagrams in the prob-
abilistic language look exactly the same as they look in
the traditional quantum circuit diagram notation.

Consider now the unitary dynamics induced by Hamil-
tonian H acting on the system during an infinitesimal
time �t, i.e., U(t) = e

�i�tH. In the limit of �t ! 0,
this implies an equation of motion for the measurement
statistics
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To apply these ideas, we introduce a method for the ap-
proximate simulation of unitary circuits directly in the
language of probability. The classical simulation of quan-
tum circuits is carried out by representing the quantum
state in terms of highly expressive recurrent neural net-
works in a similar fashion as they are traditionally used
for the machine learning tasks such as language mod-
elling and neural machine translation. We demonstrate
that classical simulation of a unitary circuit comprised of
a small number of local unitary gates can be understood
as a sequence of unsupervised learning problems. We
demonstrate these ideas by preparing increasingly large
prototypical quantum states in quantum information dis-
playing entanglement.

II. REPRESENTATION OF QUANTUM STATE

We consider measurements given by information-
ally complete (IC) positive-operator valued measures.
POVMs describe the most general type of measurements
allowed by quantum theory, beyond the usual notion of
von Neumann projective measurements6. Informational
completeness means that the measurement statistics con-
tains all of the information about the state, thus specify-
ing it univocally. We consider physical systems composed
of N qubits and build our measurements starting from
an m-outcome single-qubit POVM M = {M
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By virtue of Born’s rule, the probability distribu-
tion P = {P (a)}a over measurement outcomes a =
(a1, a2, ..., aN ) on a quantum state %, with P (a) � 0
and

P
a P (a) = 1, is given by the linear expression

P (a) = Tr
⇥
M

(a)
%
⇤
. Provided that the measurement

is informationally complete, this relation can formally
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ues in each column add up to 1 but their entries can be
positive or negative.7,8 These are also known as pseudo-
stochastic or quasi-stochastic matrices.9,10 We note that,
in general, these matrices also characterize quantum pro-
cesses described by completely positive trace preserving
(CPTP) maps (see appendix). Here we emphasize that
Eq.1 resembles the standard rule for stochastic evolution
commonly used to describe the transitions in a Markov
chain, where the traditional stochastic (or Markov) ma-
trix has been replaced with a somewhat stochastic ma-
trix. Despite the resemblance, a generic classical Markov
Chain Monte Carlo simulation of quantum evolution in
the probabilistic factorized POVM language remains un-
feasible due to the numerical sign problem arising from
the negative entries of the sW matrix describing the pro-
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Due to the Kronecker factorized nature of the POVM,
if a unitary matrix or a quantum channel acts nontriv-
ially on k qubits of the quantum system it implies that
the swS matrix Oa00a0 acts also only on k qubits. For ex-
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swS gates and their relation to local unitary gates are
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abilistic language look exactly the same as they look in
the traditional quantum circuit diagram notation.
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tonian H acting on the system during an infinitesimal
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Evolution of probability is 
somewhat classical :)

If the starting unitaries are k-local, 
the swS matrices are also k-local
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U †
<latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit>

swS
<latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit>

=<latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit>

U
<latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit>

U †
<latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit>
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To apply these ideas, we introduce a method for the ap-
proximate simulation of unitary circuits directly in the
language of probability. The classical simulation of quan-
tum circuits is carried out by representing the quantum
state in terms of highly expressive recurrent neural net-
works in a similar fashion as they are traditionally used
for the machine learning tasks such as language mod-
elling and neural machine translation. We demonstrate
that classical simulation of a unitary circuit comprised of
a small number of local unitary gates can be understood
as a sequence of unsupervised learning problems. We
demonstrate these ideas by preparing increasingly large
prototypical quantum states in quantum information dis-
playing entanglement.

II. REPRESENTATION OF QUANTUM STATE

We consider measurements given by information-
ally complete (IC) positive-operator valued measures.
POVMs describe the most general type of measurements
allowed by quantum theory, beyond the usual notion of
von Neumann projective measurements6. Informational
completeness means that the measurement statistics con-
tains all of the information about the state, thus specify-
ing it univocally. We consider physical systems composed
of N qubits and build our measurements starting from
an m-outcome single-qubit POVM M = {M

(a)
}a, de-

fined by positive semi-definite operators M
(a)

� 0, each
one labeled by a measurement outcome a = 0, 1, .., m�1.
These satisfy the normalization condition

P
a M

(a) = 11.
Our N -qubit measurement is given by the tensor prod-
uct of the single-qubit POVM elements M =

�
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(a1) ⌦

M
(a2) ⌦ . . . M
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, graphically depicted.

By virtue of Born’s rule, the probability distribu-
tion P = {P (a)}a over measurement outcomes a =
(a1, a2, ..., aN ) on a quantum state %, with P (a) � 0
and

P
a P (a) = 1, is given by the linear expression

P (a) = Tr
⇥
M

(a)
%
⇤
. Provided that the measurement

is informationally complete, this relation can formally
be inverted. In other words, the density matrix can
be unambiguously inferred from the probability distri-
bution of measurement outcomes. This can be explic-
itly expressed in a concise way when the overlap matrix

T , of elements Ta,a0 = Tr
h
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(a0)
i
, is invertible:
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with Ea0⇠P representing the expectation value over a0

distributed according to P

III. UNITARY EVOLUTION, DYNAMICS, AND
MEASUREMENTS

The nonequilibrium dynamics of interacting quantum
systems is described by the e↵ect of a quantum channel
on the quantum state. In the simplest case, this corre-

sponds to a unitary transformation, i.e. %U = U%U
†. If

the initial quantum state is prescribed in terms of the
outcome statistics of an IC-POVM P , we can track its
evolution directly on the probability representation:

PU (a00) = Tr
h
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†
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(a00)
i

=
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Oa00a0P (a0) (1)

where
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are somewhat stochastic (swS) matrices since the val-
ues in each column add up to 1 but their entries can be
positive or negative.7,8 These are also known as pseudo-
stochastic or quasi-stochastic matrices.9,10 We note that,
in general, these matrices also characterize quantum pro-
cesses described by completely positive trace preserving
(CPTP) maps (see appendix). Here we emphasize that
Eq.1 resembles the standard rule for stochastic evolution
commonly used to describe the transitions in a Markov
chain, where the traditional stochastic (or Markov) ma-
trix has been replaced with a somewhat stochastic ma-
trix. Despite the resemblance, a generic classical Markov
Chain Monte Carlo simulation of quantum evolution in
the probabilistic factorized POVM language remains un-
feasible due to the numerical sign problem arising from
the negative entries of the sW matrix describing the pro-
cess.

Due to the Kronecker factorized nature of the POVM,
if a unitary matrix or a quantum channel acts nontriv-
ially on k qubits of the quantum system it implies that
the swS matrix Oa00a0 acts also only on k qubits. For ex-
ample, a one- or two-qubit gate unitary gate transforms
into a one- or two-qubit swS gate. The “probabilistic”
swS gates and their relation to local unitary gates are
graphically depicted in Fig. using tensor diagrams. This
also implies that quantum circuit diagrams in the prob-
abilistic language look exactly the same as they look in
the traditional quantum circuit diagram notation.

Consider now the unitary dynamics induced by Hamil-
tonian H acting on the system during an infinitesimal
time �t, i.e., U(t) = e

�i�tH. In the limit of �t ! 0,
this implies an equation of motion for the measurement
statistics
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which is equivalent to the Liouville-Von Neumann equa-
tion i

@⇢
@t = [H, ⇢]. Here, the brackets [·, ·] de-

note commutator of two operators. A similar rela-
tion applicable the description of open quantum sys-
tems is described in the appendix. A solution to
Eqs.(3) for a time-independet Hamiltonian is given by
P (t) = e

�iAtP (0), where the matrix elements Aa00a0 =
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statistics
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tion applicable the description of open quantum sys-
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To apply these ideas, we introduce a method for the ap-
proximate simulation of unitary circuits directly in the
language of probability. The classical simulation of quan-
tum circuits is carried out by representing the quantum
state in terms of highly expressive recurrent neural net-
works in a similar fashion as they are traditionally used
for the machine learning tasks such as language mod-
elling and neural machine translation. We demonstrate
that classical simulation of a unitary circuit comprised of
a small number of local unitary gates can be understood
as a sequence of unsupervised learning problems. We
demonstrate these ideas by preparing increasingly large
prototypical quantum states in quantum information dis-
playing entanglement.

II. REPRESENTATION OF QUANTUM STATE

We consider measurements given by information-
ally complete (IC) positive-operator valued measures.
POVMs describe the most general type of measurements
allowed by quantum theory, beyond the usual notion of
von Neumann projective measurements6. Informational
completeness means that the measurement statistics con-
tains all of the information about the state, thus specify-
ing it univocally. We consider physical systems composed
of N qubits and build our measurements starting from
an m-outcome single-qubit POVM M = {M

(a)
}a, de-

fined by positive semi-definite operators M
(a)

� 0, each
one labeled by a measurement outcome a = 0, 1, .., m�1.
These satisfy the normalization condition

P
a M

(a) = 11.
Our N -qubit measurement is given by the tensor prod-
uct of the single-qubit POVM elements M =

�
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, graphically depicted.

By virtue of Born’s rule, the probability distribu-
tion P = {P (a)}a over measurement outcomes a =
(a1, a2, ..., aN ) on a quantum state %, with P (a) � 0
and

P
a P (a) = 1, is given by the linear expression

P (a) = Tr
⇥
M

(a)
%
⇤
. Provided that the measurement

is informationally complete, this relation can formally
be inverted. In other words, the density matrix can
be unambiguously inferred from the probability distri-
bution of measurement outcomes. This can be explic-
itly expressed in a concise way when the overlap matrix
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with Ea0⇠P representing the expectation value over a0

distributed according to P

III. UNITARY EVOLUTION, DYNAMICS, AND
MEASUREMENTS

The nonequilibrium dynamics of interacting quantum
systems is described by the e↵ect of a quantum channel
on the quantum state. In the simplest case, this corre-

sponds to a unitary transformation, i.e. %U = U%U
†. If

the initial quantum state is prescribed in terms of the
outcome statistics of an IC-POVM P , we can track its
evolution directly on the probability representation:
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are somewhat stochastic (swS) matrices since the val-
ues in each column add up to 1 but their entries can be
positive or negative.7,8 These are also known as pseudo-
stochastic or quasi-stochastic matrices.9,10 We note that,
in general, these matrices also characterize quantum pro-
cesses described by completely positive trace preserving
(CPTP) maps (see appendix). Here we emphasize that
Eq.1 resembles the standard rule for stochastic evolution
commonly used to describe the transitions in a Markov
chain, where the traditional stochastic (or Markov) ma-
trix has been replaced with a somewhat stochastic ma-
trix. Despite the resemblance, a generic classical Markov
Chain Monte Carlo simulation of quantum evolution in
the probabilistic factorized POVM language remains un-
feasible due to the numerical sign problem arising from
the negative entries of the sW matrix describing the pro-
cess.

Due to the Kronecker factorized nature of the POVM,
if a unitary matrix or a quantum channel acts nontriv-
ially on k qubits of the quantum system it implies that
the swS matrix Oa00a0 acts also only on k qubits. For ex-
ample, a one- or two-qubit gate unitary gate transforms
into a one- or two-qubit swS gate. The “probabilistic”
swS gates and their relation to local unitary gates are
graphically depicted in Fig. using tensor diagrams. This
also implies that quantum circuit diagrams in the prob-
abilistic language look exactly the same as they look in
the traditional quantum circuit diagram notation.

Consider now the unitary dynamics induced by Hamil-
tonian H acting on the system during an infinitesimal
time �t, i.e., U(t) = e

�i�tH. In the limit of �t ! 0,
this implies an equation of motion for the measurement
statistics

i
@P (a00

, t)

@t
=
X

a,a0

Tr
⇣h

H, M
(a)

i
M

(a00)
⌘

T
�1
a,a0P (a0

, t) ,

(3)
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@t = [H, ⇢]. Here, the brackets [·, ·] de-

note commutator of two operators. A similar rela-
tion applicable the description of open quantum sys-
tems is described in the appendix. A solution to
Eqs.(3) for a time-independet Hamiltonian is given by
P (t) = e

�iAtP (0), where the matrix elements Aa00a0 =
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Evolution of probability is 
somewhat classical :)

If the starting unitaries are k-local, 
the swS matrices are also k-local
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To apply these ideas, we introduce a method for the ap-
proximate simulation of unitary circuits directly in the
language of probability. The classical simulation of quan-
tum circuits is carried out by representing the quantum
state in terms of highly expressive recurrent neural net-
works in a similar fashion as they are traditionally used
for the machine learning tasks such as language mod-
elling and neural machine translation. We demonstrate
that classical simulation of a unitary circuit comprised of
a small number of local unitary gates can be understood
as a sequence of unsupervised learning problems. We
demonstrate these ideas by preparing increasingly large
prototypical quantum states in quantum information dis-
playing entanglement.

II. REPRESENTATION OF QUANTUM STATE

We consider measurements given by information-
ally complete (IC) positive-operator valued measures.
POVMs describe the most general type of measurements
allowed by quantum theory, beyond the usual notion of
von Neumann projective measurements6. Informational
completeness means that the measurement statistics con-
tains all of the information about the state, thus specify-
ing it univocally. We consider physical systems composed
of N qubits and build our measurements starting from
an m-outcome single-qubit POVM M = {M

(a)
}a, de-

fined by positive semi-definite operators M
(a)

� 0, each
one labeled by a measurement outcome a = 0, 1, .., m�1.
These satisfy the normalization condition

P
a M

(a) = 11.
Our N -qubit measurement is given by the tensor prod-
uct of the single-qubit POVM elements M =

�
M

(a1) ⌦

M
(a2) ⌦ . . . M

(aN )
 
a1,...aN

, graphically depicted.

By virtue of Born’s rule, the probability distribu-
tion P = {P (a)}a over measurement outcomes a =
(a1, a2, ..., aN ) on a quantum state %, with P (a) � 0
and

P
a P (a) = 1, is given by the linear expression

P (a) = Tr
⇥
M

(a)
%
⇤
. Provided that the measurement

is informationally complete, this relation can formally
be inverted. In other words, the density matrix can
be unambiguously inferred from the probability distri-
bution of measurement outcomes. This can be explic-
itly expressed in a concise way when the overlap matrix

T , of elements Ta,a0 = Tr
h
M

(a)
M

(a0)
i
, is invertible:

% =
P
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⌘
,

with Ea0⇠P representing the expectation value over a0

distributed according to P

III. UNITARY EVOLUTION, DYNAMICS, AND
MEASUREMENTS

The nonequilibrium dynamics of interacting quantum
systems is described by the e↵ect of a quantum channel
on the quantum state. In the simplest case, this corre-

sponds to a unitary transformation, i.e. %U = U%U
†. If

the initial quantum state is prescribed in terms of the
outcome statistics of an IC-POVM P , we can track its
evolution directly on the probability representation:

PU (a00) = Tr
h
U%U

†
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(a00)
i

=
X

a0

Oa00a0P (a0) (1)

where
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are somewhat stochastic (swS) matrices since the val-
ues in each column add up to 1 but their entries can be
positive or negative.7,8 These are also known as pseudo-
stochastic or quasi-stochastic matrices.9,10 We note that,
in general, these matrices also characterize quantum pro-
cesses described by completely positive trace preserving
(CPTP) maps (see appendix). Here we emphasize that
Eq.1 resembles the standard rule for stochastic evolution
commonly used to describe the transitions in a Markov
chain, where the traditional stochastic (or Markov) ma-
trix has been replaced with a somewhat stochastic ma-
trix. Despite the resemblance, a generic classical Markov
Chain Monte Carlo simulation of quantum evolution in
the probabilistic factorized POVM language remains un-
feasible due to the numerical sign problem arising from
the negative entries of the sW matrix describing the pro-
cess.

Due to the Kronecker factorized nature of the POVM,
if a unitary matrix or a quantum channel acts nontriv-
ially on k qubits of the quantum system it implies that
the swS matrix Oa00a0 acts also only on k qubits. For ex-
ample, a one- or two-qubit gate unitary gate transforms
into a one- or two-qubit swS gate. The “probabilistic”
swS gates and their relation to local unitary gates are
graphically depicted in Fig. using tensor diagrams. This
also implies that quantum circuit diagrams in the prob-
abilistic language look exactly the same as they look in
the traditional quantum circuit diagram notation.

Consider now the unitary dynamics induced by Hamil-
tonian H acting on the system during an infinitesimal
time �t, i.e., U(t) = e

�i�tH. In the limit of �t ! 0,
this implies an equation of motion for the measurement
statistics

i
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(3)
which is equivalent to the Liouville-Von Neumann equa-
tion i

@⇢
@t = [H, ⇢]. Here, the brackets [·, ·] de-

note commutator of two operators. A similar rela-
tion applicable the description of open quantum sys-
tems is described in the appendix. A solution to
Eqs.(3) for a time-independet Hamiltonian is given by
P (t) = e

�iAtP (0), where the matrix elements Aa00a0 =
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systems is described by the e↵ect of a quantum channel
on the quantum state. In the simplest case, this corre-

sponds to a unitary transformation, i.e. %U = U%U
†. If
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are somewhat stochastic (swS) matrices since the val-
ues in each column add up to 1 but their entries can be
positive or negative.7,8 These are also known as pseudo-
stochastic or quasi-stochastic matrices.9,10 We note that,
in general, these matrices also characterize quantum pro-
cesses described by completely positive trace preserving
(CPTP) maps (see appendix). Here we emphasize that
Eq.1 resembles the standard rule for stochastic evolution
commonly used to describe the transitions in a Markov
chain, where the traditional stochastic (or Markov) ma-
trix has been replaced with a somewhat stochastic ma-
trix. Despite the resemblance, a generic classical Markov
Chain Monte Carlo simulation of quantum evolution in
the probabilistic factorized POVM language remains un-
feasible due to the numerical sign problem arising from
the negative entries of the sW matrix describing the pro-
cess.

Due to the Kronecker factorized nature of the POVM,
if a unitary matrix or a quantum channel acts nontriv-
ially on k qubits of the quantum system it implies that
the swS matrix Oa00a0 acts also only on k qubits. For ex-
ample, a one- or two-qubit gate unitary gate transforms
into a one- or two-qubit swS gate. The “probabilistic”
swS gates and their relation to local unitary gates are
graphically depicted in Fig. using tensor diagrams. This
also implies that quantum circuit diagrams in the prob-
abilistic language look exactly the same as they look in
the traditional quantum circuit diagram notation.

Consider now the unitary dynamics induced by Hamil-
tonian H acting on the system during an infinitesimal
time �t, i.e., U(t) = e
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this implies an equation of motion for the measurement
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To apply these ideas, we introduce a method for the ap-
proximate simulation of unitary circuits directly in the
language of probability. The classical simulation of quan-
tum circuits is carried out by representing the quantum
state in terms of highly expressive recurrent neural net-
works in a similar fashion as they are traditionally used
for the machine learning tasks such as language mod-
elling and neural machine translation. We demonstrate
that classical simulation of a unitary circuit comprised of
a small number of local unitary gates can be understood
as a sequence of unsupervised learning problems. We
demonstrate these ideas by preparing increasingly large
prototypical quantum states in quantum information dis-
playing entanglement.

II. REPRESENTATION OF QUANTUM STATE

We consider measurements given by information-
ally complete (IC) positive-operator valued measures.
POVMs describe the most general type of measurements
allowed by quantum theory, beyond the usual notion of
von Neumann projective measurements6. Informational
completeness means that the measurement statistics con-
tains all of the information about the state, thus specify-
ing it univocally. We consider physical systems composed
of N qubits and build our measurements starting from
an m-outcome single-qubit POVM M = {M
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(a)

� 0, each
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be unambiguously inferred from the probability distri-
bution of measurement outcomes. This can be explic-
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positive or negative.7,8 These are also known as pseudo-
stochastic or quasi-stochastic matrices.9,10 We note that,
in general, these matrices also characterize quantum pro-
cesses described by completely positive trace preserving
(CPTP) maps (see appendix). Here we emphasize that
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commonly used to describe the transitions in a Markov
chain, where the traditional stochastic (or Markov) ma-
trix has been replaced with a somewhat stochastic ma-
trix. Despite the resemblance, a generic classical Markov
Chain Monte Carlo simulation of quantum evolution in
the probabilistic factorized POVM language remains un-
feasible due to the numerical sign problem arising from
the negative entries of the sW matrix describing the pro-
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ample, a one- or two-qubit gate unitary gate transforms
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swS gates and their relation to local unitary gates are
graphically depicted in Fig. using tensor diagrams. This
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abilistic language look exactly the same as they look in
the traditional quantum circuit diagram notation.
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To apply these ideas, we introduce a method for the ap-
proximate simulation of unitary circuits directly in the
language of probability. The classical simulation of quan-
tum circuits is carried out by representing the quantum
state in terms of highly expressive recurrent neural net-
works in a similar fashion as they are traditionally used
for the machine learning tasks such as language mod-
elling and neural machine translation. We demonstrate
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a small number of local unitary gates can be understood
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ues in each column add up to 1 but their entries can be
positive or negative.7,8 These are also known as pseudo-
stochastic or quasi-stochastic matrices.9,10 We note that,
in general, these matrices also characterize quantum pro-
cesses described by completely positive trace preserving
(CPTP) maps (see appendix). Here we emphasize that
Eq.1 resembles the standard rule for stochastic evolution
commonly used to describe the transitions in a Markov
chain, where the traditional stochastic (or Markov) ma-
trix has been replaced with a somewhat stochastic ma-
trix. Despite the resemblance, a generic classical Markov
Chain Monte Carlo simulation of quantum evolution in
the probabilistic factorized POVM language remains un-
feasible due to the numerical sign problem arising from
the negative entries of the sW matrix describing the pro-
cess.

Due to the Kronecker factorized nature of the POVM,
if a unitary matrix or a quantum channel acts nontriv-
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the swS matrix Oa00a0 acts also only on k qubits. For ex-
ample, a one- or two-qubit gate unitary gate transforms
into a one- or two-qubit swS gate. The “probabilistic”
swS gates and their relation to local unitary gates are
graphically depicted in Fig. using tensor diagrams. This
also implies that quantum circuit diagrams in the prob-
abilistic language look exactly the same as they look in
the traditional quantum circuit diagram notation.

Consider now the unitary dynamics induced by Hamil-
tonian H acting on the system during an infinitesimal
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To apply these ideas, we introduce a method for the ap-
proximate simulation of unitary circuits directly in the
language of probability. The classical simulation of quan-
tum circuits is carried out by representing the quantum
state in terms of highly expressive recurrent neural net-
works in a similar fashion as they are traditionally used
for the machine learning tasks such as language mod-
elling and neural machine translation. We demonstrate
that classical simulation of a unitary circuit comprised of
a small number of local unitary gates can be understood
as a sequence of unsupervised learning problems. We
demonstrate these ideas by preparing increasingly large
prototypical quantum states in quantum information dis-
playing entanglement.
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POVMs describe the most general type of measurements
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and
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on the quantum state. In the simplest case, this corre-

sponds to a unitary transformation, i.e. %U = U%U
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are somewhat stochastic (swS) matrices since the val-
ues in each column add up to 1 but their entries can be
positive or negative.7,8 These are also known as pseudo-
stochastic or quasi-stochastic matrices.9,10 We note that,
in general, these matrices also characterize quantum pro-
cesses described by completely positive trace preserving
(CPTP) maps (see appendix). Here we emphasize that
Eq.1 resembles the standard rule for stochastic evolution
commonly used to describe the transitions in a Markov
chain, where the traditional stochastic (or Markov) ma-
trix has been replaced with a somewhat stochastic ma-
trix. Despite the resemblance, a generic classical Markov
Chain Monte Carlo simulation of quantum evolution in
the probabilistic factorized POVM language remains un-
feasible due to the numerical sign problem arising from
the negative entries of the sW matrix describing the pro-
cess.

Due to the Kronecker factorized nature of the POVM,
if a unitary matrix or a quantum channel acts nontriv-
ially on k qubits of the quantum system it implies that
the swS matrix Oa00a0 acts also only on k qubits. For ex-
ample, a one- or two-qubit gate unitary gate transforms
into a one- or two-qubit swS gate. The “probabilistic”
swS gates and their relation to local unitary gates are
graphically depicted in Fig. using tensor diagrams. This
also implies that quantum circuit diagrams in the prob-
abilistic language look exactly the same as they look in
the traditional quantum circuit diagram notation.

Consider now the unitary dynamics induced by Hamil-
tonian H acting on the system during an infinitesimal
time �t, i.e., U(t) = e
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ample, a one- or two-qubit gate unitary gate transforms
into a one- or two-qubit swS gate. The “probabilistic”
swS gates and their relation to local unitary gates are
graphically depicted in Fig. using tensor diagrams. This
also implies that quantum circuit diagrams in the prob-
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main objective is to closely approximate each of the
distributions in the sequence Pi. Viewed in this
way, an approximate simulation of the quantum cir-
cuit can be understood as a series of r unsupervised
learning problems. Given an approximation to Pi

in terms P✓i , the exact time evolved distribution is
Pi+1 = O

(i+1)P✓i . To construct an approximation P✓i+1

to Pi+1 we use the Kullback-Leibler (KL) divergence
between the two distributions, i.e., KL(Pi+1||P✓i+1) =
�
P

a Pi+1(a) log
�
P✓i+1(a)/Pi+1(a)

�
. Since

KL(Pi+1||P✓i+1) � 0, and the equality holds when
the model distribution coincides with the evolved one,
we choose to minimize it as our training procedure.
Although estimating the KL divergence is a dauting
task since it requires an intractable calculation of the
entropy of Pi+1 (a), the gradient of the KL divergence
with respect to the parameters ✓i+1 in the model which
can be estimated directly from a large number Ns of
samples of a ⇠ P✓i since
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By construction, the k-local unitary matrices consid-
ered here implies that the swS operators are also k-
local, which means that the calculation of the gradient
estimator is e�cient since the sum over a in the esti-
mator of r✓i+1KL(Pi+1||P✓i+1) runs over only a small
number of configurations confingurations connected to
a0 by the operator O

(i+1). Instead of manually finding
the analytical expression of the gradients in Eq.(4), we
leverage automatic di↵erentiation in the minimization of
the KL divergence. To do this, we construct and com-
pute a suitable cost function C✓i+1 whose gradient co-
incides with the estimator in Eq.(4), namely C✓i+1 =
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estimation of r✓i+1KL(Pi+1||P✓i+1) and the training pro-
cess, although this is not strictly necessary, we restrict
to models that have a tractable density P✓i+1(a) and
that allow for exact sampling: in practice we only con-
sider models commonly used in neural machine transla-
tion based on recurrent neural networks (RNN). To sum-
marize, given Ns samples a ⇠ P✓i , iteratively minimize
the the KL divergence using gradient descent algorithm
or any of its variants until convergence, namely when
P✓i+1 ⇡ Pi+1. This is procedure is then repated until
all the swS gates i = 1, · · · , r have been exhausted. The
resulting model should be a good approximation to the
statistics of the measurement outcome of the quantum
circuit, that is P✓r ⇡ Pr.

We present a proof-of-principle demonstration of the
simulation strategy through the state preparation of in-
creasingly large prototypical states in quantum informa-
tion, in particular the GHZ state and the one-dimensional
graph state. These two states serve as a testbed of our
methodology since they can be e�ciently simulated using
matrix product states of small bond dimension, so that
the benchmarking of our simulation strategy against ex-
act results is e�cient.
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Markovian but non-unitary evolution leads to the equiv-
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MEASUREMENTS
➤ Suppose we want to measure the quantum state. The measurement is 

described by some other POVM 

➤ can be characterized as a somewhat conditional probability since its 
entries can either be positive or negative but its trace over b is the 
identity.  

➤ evocative resemblance with the law of total probability—> quantum law 
of total probability in quantum Bayesianism.
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a b
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FIG. 1. Tensor-network schematics of the representation. (a) The single-qubit measurement M = {M (a)}a (red), single-qubit

overlap matrix Ta,a0 and its inverse (light blue). (b) The N -qubit measurement M =
�
M (a1) ⌦ M (a2) ⌦ . . .M (aN )

 
a1,...aN

corresponds to the same local measurement on each qubit while the the overlap matrix and its inverse correspond to tensor

products of single-qubit overlap matrices Ta,a0 and inverse. (c) The Born rule relates the probability P (a) (green tensor

depicted as an N -index tensor where the indices encode the measurement outcome of each qubit.) to the quantum state % (blue

tensor) and the POVM elements. (d) A generic density matrix % is given by a contraction of P , T�1
, and M over the outcome

indices.
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<latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit>

U
†

<latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit>

swS
<latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit>

=<latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit>

U
<latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit>

U
†

<latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit>
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FIG. 2. Tensor-network schematics of local swS gates.

Finally, although the representation of the quan-
tum state already provides the measurement statis-
tics of the factorized POVM M

(a), the statistics
of other POVMs ⇧(b), e.g. a POVM describ-
ing standard measurements in the computational ba-
sis and other experimentally relevant operators, are
related to M

(a) via the Born rule: P (b) =P
a,a0 P (a0) T

�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

=
P

a0 q(b|a0)P (a0),

where q(b|a0) =
P

a T
�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

can be charac-
terized as a somewhat conditional probability since its
entries can either be positive or negative but its trace
over b is the identity 11a0 . Due to its evocative resem-
blance with the law of total probability, the relation
between measurement statistics P (b) and P (a) is often
called the quantum law of total probability in quantum

Bayesianism11.

IV. SIMULATING QUANTUM CIRCUITS
WITH RECURRENT NEURAL NETWORKS

In its simplest incarnation, a quantum circuit is a gen-
eralization of the circuit model of classical computation
where a simple initial input state, typically a product
state in the computational basis on N qubits, is evolved
through a series of unitary operations or set of quantum
gates, U

(1)
, U

(2)
, · · · , U

(r), which act nontrivially on a
constant number k of the N qubits. This is followed by
a projective measurement of all qubits. The outcome of
this measurement is the result of the quantum computa-
tion.

Translated to our POVM representation, a quantum
circuit translates into the preparation of a prod-
uct distribution of statistically independent sets of
variables P (a) = P (a1)P (a2) · · ·P (aN ) followed by
its contraction with a series of local probabilistic
swS gates of the form depicted in Fig.2. The mea-
surement statistics after unitary evolution is thus
given by Pr = O

(r)
O

(r�1)
· · ·O

(2)
O

(1)P0. Note that
the application of each subsequent gate U

(i) defines
a series of intermediate probability distributions
Pi = O

(i)
O

(i�1)
· · ·O

(2)
O

(1)P0 with i = 1, · · · , r.
The strategy to learn the output distribution Pr

consists in constructing a probabilistic model P✓i
based on neural networks with parameters ✓i whose

P (b) =
X

a,a0

P (a0)T�1
a,a0 Tr

h
M (a)⇧(b)

i
=

X

a0

q(b|a0)P (a0)
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h
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CIRCUITS AND TENSOR NETWORKS IN OUR LANGUAGE

BORN RULE
⇢U = U⇢U†
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Quantum circuits and quantum computing

Completely positive (CP)  
trace preserving map

Tensor networks and quantum circuits

BORN RULE



QUANTUM CIRCUIT

➤ Start the quantum device in a simple product state 

➤ Apply a sequence of simple unitary matrices acting on the initial state 

➤ To obtain the result, usually measure in the computational basis.

That what a general quantum computation is. The quantum algorithms 
(set of unitaries) are designed so that measuring the evolved quantum 
state results in the solution of a computational problem 

⇢U = UN ...U1⇢0U
†
1 ...U

†
N<latexit sha1_base64="A1F+THwdQ8Rvn9vU1HuJyVlNnmo=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdSMU3biSCqYtNDFMJpN26OTBzEQoIX/ixl9x40IRcde/cZJmodUDw5w5517u3OOnjAppmjOtsbS8srrWXG9tbG5t7+i7ez2RZBwTGycs4QMfCcJoTGxJJSODlBMU+Yz0/cl16fcfCRc0ie/lNCVuhEYxDSlGUkmefubwceLldgEvoe3dQsMw1G3BSjZL+pA7ARoVylB+/Wh5ets0zArwL7Fq0gY1up7+5QQJziISS8yQEEPLTKWbIy4pZqRoOZkgKcITNCJDRWMUEeHm1X4FPFJKAMOEqxNLWKk/O3IUCTGNfFUZITkWi14p/ucNMxleuDmN00ySGM8HhRmDMoFlWDCgnGDJpoogzKn6K8RjxBGWKtIyBGtx5b+kd2JYpmHdnbY7V3UcTXAADsExsMA56IAb0AU2wOAJvIA38K49a6/ah/Y5L21odc8++AVt9g0hP5/x</latexit><latexit sha1_base64="A1F+THwdQ8Rvn9vU1HuJyVlNnmo=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdSMU3biSCqYtNDFMJpN26OTBzEQoIX/ixl9x40IRcde/cZJmodUDw5w5517u3OOnjAppmjOtsbS8srrWXG9tbG5t7+i7ez2RZBwTGycs4QMfCcJoTGxJJSODlBMU+Yz0/cl16fcfCRc0ie/lNCVuhEYxDSlGUkmefubwceLldgEvoe3dQsMw1G3BSjZL+pA7ARoVylB+/Wh5ets0zArwL7Fq0gY1up7+5QQJziISS8yQEEPLTKWbIy4pZqRoOZkgKcITNCJDRWMUEeHm1X4FPFJKAMOEqxNLWKk/O3IUCTGNfFUZITkWi14p/ucNMxleuDmN00ySGM8HhRmDMoFlWDCgnGDJpoogzKn6K8RjxBGWKtIyBGtx5b+kd2JYpmHdnbY7V3UcTXAADsExsMA56IAb0AU2wOAJvIA38K49a6/ah/Y5L21odc8++AVt9g0hP5/x</latexit><latexit sha1_base64="A1F+THwdQ8Rvn9vU1HuJyVlNnmo=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdSMU3biSCqYtNDFMJpN26OTBzEQoIX/ixl9x40IRcde/cZJmodUDw5w5517u3OOnjAppmjOtsbS8srrWXG9tbG5t7+i7ez2RZBwTGycs4QMfCcJoTGxJJSODlBMU+Yz0/cl16fcfCRc0ie/lNCVuhEYxDSlGUkmefubwceLldgEvoe3dQsMw1G3BSjZL+pA7ARoVylB+/Wh5ets0zArwL7Fq0gY1up7+5QQJziISS8yQEEPLTKWbIy4pZqRoOZkgKcITNCJDRWMUEeHm1X4FPFJKAMOEqxNLWKk/O3IUCTGNfFUZITkWi14p/ucNMxleuDmN00ySGM8HhRmDMoFlWDCgnGDJpoogzKn6K8RjxBGWKtIyBGtx5b+kd2JYpmHdnbY7V3UcTXAADsExsMA56IAb0AU2wOAJvIA38K49a6/ah/Y5L21odc8++AVt9g0hP5/x</latexit><latexit sha1_base64="A1F+THwdQ8Rvn9vU1HuJyVlNnmo=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdSMU3biSCqYtNDFMJpN26OTBzEQoIX/ixl9x40IRcde/cZJmodUDw5w5517u3OOnjAppmjOtsbS8srrWXG9tbG5t7+i7ez2RZBwTGycs4QMfCcJoTGxJJSODlBMU+Yz0/cl16fcfCRc0ie/lNCVuhEYxDSlGUkmefubwceLldgEvoe3dQsMw1G3BSjZL+pA7ARoVylB+/Wh5ets0zArwL7Fq0gY1up7+5QQJziISS8yQEEPLTKWbIy4pZqRoOZkgKcITNCJDRWMUEeHm1X4FPFJKAMOEqxNLWKk/O3IUCTGNfFUZITkWi14p/ucNMxleuDmN00ySGM8HhRmDMoFlWDCgnGDJpoogzKn6K8RjxBGWKtIyBGtx5b+kd2JYpmHdnbY7V3UcTXAADsExsMA56IAb0AU2wOAJvIA38K49a6/ah/Y5L21odc8++AVt9g0hP5/x</latexit>

PU = ON ...O2O1P0
<latexit sha1_base64="WWiJyYQIz9fLKGfI16aJKPljJ98=">AAACNXicbVDLSsNAFJ34rPUVdelmsAiuQlIE3QhFNy5EK5i20JYwmU7aoZNJmJkIJeSn3PgfrnThQhG3/oKTNkIfXhg4c8493HuPHzMqlW2/GUvLK6tr66WN8ubW9s6uubffkFEiMHFxxCLR8pEkjHLiKqoYacWCoNBnpOkPr3K9+UiEpBF/UKOYdEPU5zSgGClNeeZNJ0Rq4AdpPfNSN4MXEP4xd5l3Cy3LmvpXZ1QHTpvtrOyZFduyxwUXgVOACiiq7pkvnV6Ek5BwhRmSsu3YseqmSCiKGcnKnUSSGOEh6pO2hhyFRHbT8dUZPNZMDwaR0I8rOGanHSkKpRyFvu7M15TzWk7+p7UTFZx3U8rjRBGOJ4OChEEVwTxC2KOCYMVGGiAsqN4V4gESCCsddB6CM3/yImhULce2nPvTSu2yiKMEDsEROAEOOAM1cA3qwAUYPIFX8AE+jWfj3fgyvietS0bhOQAzZfz8Aq3kqsA=</latexit><latexit sha1_base64="WWiJyYQIz9fLKGfI16aJKPljJ98=">AAACNXicbVDLSsNAFJ34rPUVdelmsAiuQlIE3QhFNy5EK5i20JYwmU7aoZNJmJkIJeSn3PgfrnThQhG3/oKTNkIfXhg4c8493HuPHzMqlW2/GUvLK6tr66WN8ubW9s6uubffkFEiMHFxxCLR8pEkjHLiKqoYacWCoNBnpOkPr3K9+UiEpBF/UKOYdEPU5zSgGClNeeZNJ0Rq4AdpPfNSN4MXEP4xd5l3Cy3LmvpXZ1QHTpvtrOyZFduyxwUXgVOACiiq7pkvnV6Ek5BwhRmSsu3YseqmSCiKGcnKnUSSGOEh6pO2hhyFRHbT8dUZPNZMDwaR0I8rOGanHSkKpRyFvu7M15TzWk7+p7UTFZx3U8rjRBGOJ4OChEEVwTxC2KOCYMVGGiAsqN4V4gESCCsddB6CM3/yImhULce2nPvTSu2yiKMEDsEROAEOOAM1cA3qwAUYPIFX8AE+jWfj3fgyvietS0bhOQAzZfz8Aq3kqsA=</latexit><latexit sha1_base64="WWiJyYQIz9fLKGfI16aJKPljJ98=">AAACNXicbVDLSsNAFJ34rPUVdelmsAiuQlIE3QhFNy5EK5i20JYwmU7aoZNJmJkIJeSn3PgfrnThQhG3/oKTNkIfXhg4c8493HuPHzMqlW2/GUvLK6tr66WN8ubW9s6uubffkFEiMHFxxCLR8pEkjHLiKqoYacWCoNBnpOkPr3K9+UiEpBF/UKOYdEPU5zSgGClNeeZNJ0Rq4AdpPfNSN4MXEP4xd5l3Cy3LmvpXZ1QHTpvtrOyZFduyxwUXgVOACiiq7pkvnV6Ek5BwhRmSsu3YseqmSCiKGcnKnUSSGOEh6pO2hhyFRHbT8dUZPNZMDwaR0I8rOGanHSkKpRyFvu7M15TzWk7+p7UTFZx3U8rjRBGOJ4OChEEVwTxC2KOCYMVGGiAsqN4V4gESCCsddB6CM3/yImhULce2nPvTSu2yiKMEDsEROAEOOAM1cA3qwAUYPIFX8AE+jWfj3fgyvietS0bhOQAzZfz8Aq3kqsA=</latexit><latexit sha1_base64="WWiJyYQIz9fLKGfI16aJKPljJ98=">AAACNXicbVDLSsNAFJ34rPUVdelmsAiuQlIE3QhFNy5EK5i20JYwmU7aoZNJmJkIJeSn3PgfrnThQhG3/oKTNkIfXhg4c8493HuPHzMqlW2/GUvLK6tr66WN8ubW9s6uubffkFEiMHFxxCLR8pEkjHLiKqoYacWCoNBnpOkPr3K9+UiEpBF/UKOYdEPU5zSgGClNeeZNJ0Rq4AdpPfNSN4MXEP4xd5l3Cy3LmvpXZ1QHTpvtrOyZFduyxwUXgVOACiiq7pkvnV6Ek5BwhRmSsu3YseqmSCiKGcnKnUSSGOEh6pO2hhyFRHbT8dUZPNZMDwaR0I8rOGanHSkKpRyFvu7M15TzWk7+p7UTFZx3U8rjRBGOJ4OChEEVwTxC2KOCYMVGGiAsqN4V4gESCCsddB6CM3/yImhULce2nPvTSu2yiKMEDsEROAEOOAM1cA3qwAUYPIFX8AE+jWfj3fgyvietS0bhOQAzZfz8Aq3kqsA=</latexit>

BORN RULE



QUANTUM CIRCUIT

➤ Start the quantum device in a simple product state 

➤ Apply a sequence of simple unitary matrices acting on the initial state 

➤ To obtain the result, usually measure in the computational basis.

⇢U = UN ...U1⇢0U
†
1 ...U

†
N<latexit sha1_base64="A1F+THwdQ8Rvn9vU1HuJyVlNnmo=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdSMU3biSCqYtNDFMJpN26OTBzEQoIX/ixl9x40IRcde/cZJmodUDw5w5517u3OOnjAppmjOtsbS8srrWXG9tbG5t7+i7ez2RZBwTGycs4QMfCcJoTGxJJSODlBMU+Yz0/cl16fcfCRc0ie/lNCVuhEYxDSlGUkmefubwceLldgEvoe3dQsMw1G3BSjZL+pA7ARoVylB+/Wh5ets0zArwL7Fq0gY1up7+5QQJziISS8yQEEPLTKWbIy4pZqRoOZkgKcITNCJDRWMUEeHm1X4FPFJKAMOEqxNLWKk/O3IUCTGNfFUZITkWi14p/ucNMxleuDmN00ySGM8HhRmDMoFlWDCgnGDJpoogzKn6K8RjxBGWKtIyBGtx5b+kd2JYpmHdnbY7V3UcTXAADsExsMA56IAb0AU2wOAJvIA38K49a6/ah/Y5L21odc8++AVt9g0hP5/x</latexit><latexit sha1_base64="A1F+THwdQ8Rvn9vU1HuJyVlNnmo=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdSMU3biSCqYtNDFMJpN26OTBzEQoIX/ixl9x40IRcde/cZJmodUDw5w5517u3OOnjAppmjOtsbS8srrWXG9tbG5t7+i7ez2RZBwTGycs4QMfCcJoTGxJJSODlBMU+Yz0/cl16fcfCRc0ie/lNCVuhEYxDSlGUkmefubwceLldgEvoe3dQsMw1G3BSjZL+pA7ARoVylB+/Wh5ets0zArwL7Fq0gY1up7+5QQJziISS8yQEEPLTKWbIy4pZqRoOZkgKcITNCJDRWMUEeHm1X4FPFJKAMOEqxNLWKk/O3IUCTGNfFUZITkWi14p/ucNMxleuDmN00ySGM8HhRmDMoFlWDCgnGDJpoogzKn6K8RjxBGWKtIyBGtx5b+kd2JYpmHdnbY7V3UcTXAADsExsMA56IAb0AU2wOAJvIA38K49a6/ah/Y5L21odc8++AVt9g0hP5/x</latexit><latexit sha1_base64="A1F+THwdQ8Rvn9vU1HuJyVlNnmo=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdSMU3biSCqYtNDFMJpN26OTBzEQoIX/ixl9x40IRcde/cZJmodUDw5w5517u3OOnjAppmjOtsbS8srrWXG9tbG5t7+i7ez2RZBwTGycs4QMfCcJoTGxJJSODlBMU+Yz0/cl16fcfCRc0ie/lNCVuhEYxDSlGUkmefubwceLldgEvoe3dQsMw1G3BSjZL+pA7ARoVylB+/Wh5ets0zArwL7Fq0gY1up7+5QQJziISS8yQEEPLTKWbIy4pZqRoOZkgKcITNCJDRWMUEeHm1X4FPFJKAMOEqxNLWKk/O3IUCTGNfFUZITkWi14p/ucNMxleuDmN00ySGM8HhRmDMoFlWDCgnGDJpoogzKn6K8RjxBGWKtIyBGtx5b+kd2JYpmHdnbY7V3UcTXAADsExsMA56IAb0AU2wOAJvIA38K49a6/ah/Y5L21odc8++AVt9g0hP5/x</latexit><latexit sha1_base64="A1F+THwdQ8Rvn9vU1HuJyVlNnmo=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRdSMU3biSCqYtNDFMJpN26OTBzEQoIX/ixl9x40IRcde/cZJmodUDw5w5517u3OOnjAppmjOtsbS8srrWXG9tbG5t7+i7ez2RZBwTGycs4QMfCcJoTGxJJSODlBMU+Yz0/cl16fcfCRc0ie/lNCVuhEYxDSlGUkmefubwceLldgEvoe3dQsMw1G3BSjZL+pA7ARoVylB+/Wh5ets0zArwL7Fq0gY1up7+5QQJziISS8yQEEPLTKWbIy4pZqRoOZkgKcITNCJDRWMUEeHm1X4FPFJKAMOEqxNLWKk/O3IUCTGNfFUZITkWi14p/ucNMxleuDmN00ySGM8HhRmDMoFlWDCgnGDJpoogzKn6K8RjxBGWKtIyBGtx5b+kd2JYpmHdnbY7V3UcTXAADsExsMA56IAb0AU2wOAJvIA38K49a6/ah/Y5L21odc8++AVt9g0hP5/x</latexit>

PU = ON ...O2O1P0
<latexit sha1_base64="WWiJyYQIz9fLKGfI16aJKPljJ98=">AAACNXicbVDLSsNAFJ34rPUVdelmsAiuQlIE3QhFNy5EK5i20JYwmU7aoZNJmJkIJeSn3PgfrnThQhG3/oKTNkIfXhg4c8493HuPHzMqlW2/GUvLK6tr66WN8ubW9s6uubffkFEiMHFxxCLR8pEkjHLiKqoYacWCoNBnpOkPr3K9+UiEpBF/UKOYdEPU5zSgGClNeeZNJ0Rq4AdpPfNSN4MXEP4xd5l3Cy3LmvpXZ1QHTpvtrOyZFduyxwUXgVOACiiq7pkvnV6Ek5BwhRmSsu3YseqmSCiKGcnKnUSSGOEh6pO2hhyFRHbT8dUZPNZMDwaR0I8rOGanHSkKpRyFvu7M15TzWk7+p7UTFZx3U8rjRBGOJ4OChEEVwTxC2KOCYMVGGiAsqN4V4gESCCsddB6CM3/yImhULce2nPvTSu2yiKMEDsEROAEOOAM1cA3qwAUYPIFX8AE+jWfj3fgyvietS0bhOQAzZfz8Aq3kqsA=</latexit><latexit sha1_base64="WWiJyYQIz9fLKGfI16aJKPljJ98=">AAACNXicbVDLSsNAFJ34rPUVdelmsAiuQlIE3QhFNy5EK5i20JYwmU7aoZNJmJkIJeSn3PgfrnThQhG3/oKTNkIfXhg4c8493HuPHzMqlW2/GUvLK6tr66WN8ubW9s6uubffkFEiMHFxxCLR8pEkjHLiKqoYacWCoNBnpOkPr3K9+UiEpBF/UKOYdEPU5zSgGClNeeZNJ0Rq4AdpPfNSN4MXEP4xd5l3Cy3LmvpXZ1QHTpvtrOyZFduyxwUXgVOACiiq7pkvnV6Ek5BwhRmSsu3YseqmSCiKGcnKnUSSGOEh6pO2hhyFRHbT8dUZPNZMDwaR0I8rOGanHSkKpRyFvu7M15TzWk7+p7UTFZx3U8rjRBGOJ4OChEEVwTxC2KOCYMVGGiAsqN4V4gESCCsddB6CM3/yImhULce2nPvTSu2yiKMEDsEROAEOOAM1cA3qwAUYPIFX8AE+jWfj3fgyvietS0bhOQAzZfz8Aq3kqsA=</latexit><latexit sha1_base64="WWiJyYQIz9fLKGfI16aJKPljJ98=">AAACNXicbVDLSsNAFJ34rPUVdelmsAiuQlIE3QhFNy5EK5i20JYwmU7aoZNJmJkIJeSn3PgfrnThQhG3/oKTNkIfXhg4c8493HuPHzMqlW2/GUvLK6tr66WN8ubW9s6uubffkFEiMHFxxCLR8pEkjHLiKqoYacWCoNBnpOkPr3K9+UiEpBF/UKOYdEPU5zSgGClNeeZNJ0Rq4AdpPfNSN4MXEP4xd5l3Cy3LmvpXZ1QHTpvtrOyZFduyxwUXgVOACiiq7pkvnV6Ek5BwhRmSsu3YseqmSCiKGcnKnUSSGOEh6pO2hhyFRHbT8dUZPNZMDwaR0I8rOGanHSkKpRyFvu7M15TzWk7+p7UTFZx3U8rjRBGOJ4OChEEVwTxC2KOCYMVGGiAsqN4V4gESCCsddB6CM3/yImhULce2nPvTSu2yiKMEDsEROAEOOAM1cA3qwAUYPIFX8AE+jWfj3fgyvietS0bhOQAzZfz8Aq3kqsA=</latexit><latexit sha1_base64="WWiJyYQIz9fLKGfI16aJKPljJ98=">AAACNXicbVDLSsNAFJ34rPUVdelmsAiuQlIE3QhFNy5EK5i20JYwmU7aoZNJmJkIJeSn3PgfrnThQhG3/oKTNkIfXhg4c8493HuPHzMqlW2/GUvLK6tr66WN8ubW9s6uubffkFEiMHFxxCLR8pEkjHLiKqoYacWCoNBnpOkPr3K9+UiEpBF/UKOYdEPU5zSgGClNeeZNJ0Rq4AdpPfNSN4MXEP4xd5l3Cy3LmvpXZ1QHTpvtrOyZFduyxwUXgVOACiiq7pkvnV6Ek5BwhRmSsu3YseqmSCiKGcnKnUSSGOEh6pO2hhyFRHbT8dUZPNZMDwaR0I8rOGanHSkKpRyFvu7M15TzWk7+p7UTFZx3U8rjRBGOJ4OChEEVwTxC2KOCYMVGGiAsqN4V4gESCCsddB6CM3/yImhULce2nPvTSu2yiKMEDsEROAEOOAM1cA3qwAUYPIFX8AE+jWfj3fgyvietS0bhOQAzZfz8Aq3kqsA=</latexit>

BORN RULE

Looks similar to Green’s function Monte Carlo, but it has sign problem 

Because O are somewhat stochastic



SIMULATING QUANTUM 
CIRCUITS WITH NEURAL 
MACHINE TRANSLATION



APPLY ONE GATE

PU (a
00) =

X

a0

P (a0)Oa0,a00

<latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit><latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit><latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit><latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit>

Take an initial distribution

Multiply it by a somewhat stochastic matrix

Results in an evolved distribution Pu(a)



APPLY ONE GATE

PU (a
00) =

X

a0

P (a0)Oa0,a00

<latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit><latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit><latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit><latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit>

Introduce a model P✓(a)
<latexit sha1_base64="1rw6jPda3YOdpM9Tkxkj+B3ogB0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFqJeSiKDHohePFewHNCFstpt26WYTdidCCfHiX/HiQRGv/gtv/huTNgdtfTDweG+GmXl+LLgGy/o2Kiura+sb1c3a1vbO7p65f9DVUaIo69BIRKrvE80El6wDHATrx4qR0Bes509uCr/3wJTmkbyHaczckIwkDzglkEueedT2UgfGDEjWcEICYz9ISYbPap5Zt5rWDHiZ2CWpoxJtz/xyhhFNQiaBCqL1wLZicFOigFPBspqTaBYTOiEjNsipJCHTbjr7IMOnuTLEQaTykoBn6u+JlIRaT0M/7yyO1IteIf7nDRIIrtyUyzgBJul8UZAIDBEu4sBDrhgFMc0JoYrnt2I6JopQyEMrQrAXX14m3fOmbTXtu4t667qMo4qO0QlqIBtdoha6RW3UQRQ9omf0it6MJ+PFeDc+5q0Vo5w5RH9gfP4ApA+WVg==</latexit><latexit sha1_base64="1rw6jPda3YOdpM9Tkxkj+B3ogB0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFqJeSiKDHohePFewHNCFstpt26WYTdidCCfHiX/HiQRGv/gtv/huTNgdtfTDweG+GmXl+LLgGy/o2Kiura+sb1c3a1vbO7p65f9DVUaIo69BIRKrvE80El6wDHATrx4qR0Bes509uCr/3wJTmkbyHaczckIwkDzglkEueedT2UgfGDEjWcEICYz9ISYbPap5Zt5rWDHiZ2CWpoxJtz/xyhhFNQiaBCqL1wLZicFOigFPBspqTaBYTOiEjNsipJCHTbjr7IMOnuTLEQaTykoBn6u+JlIRaT0M/7yyO1IteIf7nDRIIrtyUyzgBJul8UZAIDBEu4sBDrhgFMc0JoYrnt2I6JopQyEMrQrAXX14m3fOmbTXtu4t667qMo4qO0QlqIBtdoha6RW3UQRQ9omf0it6MJ+PFeDc+5q0Vo5w5RH9gfP4ApA+WVg==</latexit><latexit sha1_base64="1rw6jPda3YOdpM9Tkxkj+B3ogB0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFqJeSiKDHohePFewHNCFstpt26WYTdidCCfHiX/HiQRGv/gtv/huTNgdtfTDweG+GmXl+LLgGy/o2Kiura+sb1c3a1vbO7p65f9DVUaIo69BIRKrvE80El6wDHATrx4qR0Bes509uCr/3wJTmkbyHaczckIwkDzglkEueedT2UgfGDEjWcEICYz9ISYbPap5Zt5rWDHiZ2CWpoxJtz/xyhhFNQiaBCqL1wLZicFOigFPBspqTaBYTOiEjNsipJCHTbjr7IMOnuTLEQaTykoBn6u+JlIRaT0M/7yyO1IteIf7nDRIIrtyUyzgBJul8UZAIDBEu4sBDrhgFMc0JoYrnt2I6JopQyEMrQrAXX14m3fOmbTXtu4t667qMo4qO0QlqIBtdoha6RW3UQRQ9omf0it6MJ+PFeDc+5q0Vo5w5RH9gfP4ApA+WVg==</latexit><latexit sha1_base64="1rw6jPda3YOdpM9Tkxkj+B3ogB0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFqJeSiKDHohePFewHNCFstpt26WYTdidCCfHiX/HiQRGv/gtv/huTNgdtfTDweG+GmXl+LLgGy/o2Kiura+sb1c3a1vbO7p65f9DVUaIo69BIRKrvE80El6wDHATrx4qR0Bes509uCr/3wJTmkbyHaczckIwkDzglkEueedT2UgfGDEjWcEICYz9ISYbPap5Zt5rWDHiZ2CWpoxJtz/xyhhFNQiaBCqL1wLZicFOigFPBspqTaBYTOiEjNsipJCHTbjr7IMOnuTLEQaTykoBn6u+JlIRaT0M/7yyO1IteIf7nDRIIrtyUyzgBJul8UZAIDBEu4sBDrhgFMc0JoYrnt2I6JopQyEMrQrAXX14m3fOmbTXtu4t667qMo4qO0QlqIBtdoha6RW3UQRQ9omf0it6MJ+PFeDc+5q0Vo5w5RH9gfP4ApA+WVg==</latexit>

Compute “distance” between model and evolved                  
through sampling 

PU (a)
<latexit sha1_base64="ncB6+AGtRECgd/nZ642R3IHZ2gs=">AAAB/HicbVBNS8NAFHzxs9avaI9eFotQLyURQY9FLx4rmLbQhrDZbtqlm03Y3QghxL/ixYMiXv0h3vw3Jm0O2jqwMMy8x5sdP+ZMacv6NtbWNza3tms79d29/YND8+i4p6JEEuqQiEdy4GNFORPU0UxzOoglxaHPad+f3ZZ+/5FKxSLxoNOYuiGeCBYwgnUheWaj62VO3hqFWE/9IMM5Oq97ZtNqW3OgVWJXpAkVup75NRpHJAmp0IRjpYa2FWs3w1IzwmleHyWKxpjM8IQOCypwSJWbzcPn6KxQxiiIZPGERnP190aGQ6XS0C8my5Bq2SvF/7xhooNrN2MiTjQVZHEoSDjSESqbQGMmKdE8LQgmkhVZEZliiYku+ipLsJe/vEp6F23batv3l83OTVVHDU7gFFpgwxV04A664ACBFJ7hFd6MJ+PFeDc+FqNrRrXTgD8wPn8AinGUBw==</latexit><latexit sha1_base64="ncB6+AGtRECgd/nZ642R3IHZ2gs=">AAAB/HicbVBNS8NAFHzxs9avaI9eFotQLyURQY9FLx4rmLbQhrDZbtqlm03Y3QghxL/ixYMiXv0h3vw3Jm0O2jqwMMy8x5sdP+ZMacv6NtbWNza3tms79d29/YND8+i4p6JEEuqQiEdy4GNFORPU0UxzOoglxaHPad+f3ZZ+/5FKxSLxoNOYuiGeCBYwgnUheWaj62VO3hqFWE/9IMM5Oq97ZtNqW3OgVWJXpAkVup75NRpHJAmp0IRjpYa2FWs3w1IzwmleHyWKxpjM8IQOCypwSJWbzcPn6KxQxiiIZPGERnP190aGQ6XS0C8my5Bq2SvF/7xhooNrN2MiTjQVZHEoSDjSESqbQGMmKdE8LQgmkhVZEZliiYku+ipLsJe/vEp6F23batv3l83OTVVHDU7gFFpgwxV04A664ACBFJ7hFd6MJ+PFeDc+FqNrRrXTgD8wPn8AinGUBw==</latexit><latexit sha1_base64="ncB6+AGtRECgd/nZ642R3IHZ2gs=">AAAB/HicbVBNS8NAFHzxs9avaI9eFotQLyURQY9FLx4rmLbQhrDZbtqlm03Y3QghxL/ixYMiXv0h3vw3Jm0O2jqwMMy8x5sdP+ZMacv6NtbWNza3tms79d29/YND8+i4p6JEEuqQiEdy4GNFORPU0UxzOoglxaHPad+f3ZZ+/5FKxSLxoNOYuiGeCBYwgnUheWaj62VO3hqFWE/9IMM5Oq97ZtNqW3OgVWJXpAkVup75NRpHJAmp0IRjpYa2FWs3w1IzwmleHyWKxpjM8IQOCypwSJWbzcPn6KxQxiiIZPGERnP190aGQ6XS0C8my5Bq2SvF/7xhooNrN2MiTjQVZHEoSDjSESqbQGMmKdE8LQgmkhVZEZliiYku+ipLsJe/vEp6F23batv3l83OTVVHDU7gFFpgwxV04A664ACBFJ7hFd6MJ+PFeDc+FqNrRrXTgD8wPn8AinGUBw==</latexit><latexit sha1_base64="ncB6+AGtRECgd/nZ642R3IHZ2gs=">AAAB/HicbVBNS8NAFHzxs9avaI9eFotQLyURQY9FLx4rmLbQhrDZbtqlm03Y3QghxL/ixYMiXv0h3vw3Jm0O2jqwMMy8x5sdP+ZMacv6NtbWNza3tms79d29/YND8+i4p6JEEuqQiEdy4GNFORPU0UxzOoglxaHPad+f3ZZ+/5FKxSLxoNOYuiGeCBYwgnUheWaj62VO3hqFWE/9IMM5Oq97ZtNqW3OgVWJXpAkVup75NRpHJAmp0IRjpYa2FWs3w1IzwmleHyWKxpjM8IQOCypwSJWbzcPn6KxQxiiIZPGERnP190aGQ6XS0C8my5Bq2SvF/7xhooNrN2MiTjQVZHEoSDjSESqbQGMmKdE8LQgmkhVZEZliiYku+ipLsJe/vEp6F23batv3l83OTVVHDU7gFFpgwxV04A664ACBFJ7hFd6MJ+PFeDc+FqNrRrXTgD8wPn8AinGUBw==</latexit>

Minimize distance

DKL (PU ||P✓) = �
X

a

PU (a) ln
P✓ (a)

PU (a)
<latexit sha1_base64="OKhuqzGJ8vwDvnE57T0duWKje/I="></latexit><latexit sha1_base64="OKhuqzGJ8vwDvnE57T0duWKje/I="></latexit><latexit sha1_base64="OKhuqzGJ8vwDvnE57T0duWKje/I="></latexit><latexit sha1_base64="OKhuqzGJ8vwDvnE57T0duWKje/I="></latexit>

DKL (PU ||P✓) = H(PU , P✓)�H(PU )
<latexit sha1_base64="Wk4ggWHzvFjOS2uWg/S1tnRV0PE="></latexit><latexit sha1_base64="Wk4ggWHzvFjOS2uWg/S1tnRV0PE="></latexit><latexit sha1_base64="Wk4ggWHzvFjOS2uWg/S1tnRV0PE="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="oGSJ27vtxxYLJCZsFEKH4KXws/8="></latexit><latexit sha1_base64="oGSJ27vtxxYLJCZsFEKH4KXws/8="></latexit><latexit sha1_base64="6VlzaDJe+BeKLdiSeVJ3OJzU/lI="></latexit><latexit sha1_base64="Wk4ggWHzvFjOS2uWg/S1tnRV0PE="></latexit><latexit sha1_base64="Wk4ggWHzvFjOS2uWg/S1tnRV0PE="></latexit><latexit sha1_base64="Wk4ggWHzvFjOS2uWg/S1tnRV0PE="></latexit><latexit sha1_base64="Wk4ggWHzvFjOS2uWg/S1tnRV0PE="></latexit><latexit sha1_base64="Wk4ggWHzvFjOS2uWg/S1tnRV0PE="></latexit><latexit sha1_base64="Wk4ggWHzvFjOS2uWg/S1tnRV0PE="></latexit>

H(PU , P✓) = �
X

a

PU (a) lnP✓ (a) = �
X

a,a0

P (a0)Oaa0 lnP✓ (a)

<latexit sha1_base64="6A+rMCVHlw6+ArHd6Rqi+CNHZNs="></latexit><latexit sha1_base64="6A+rMCVHlw6+ArHd6Rqi+CNHZNs="></latexit><latexit sha1_base64="6A+rMCVHlw6+ArHd6Rqi+CNHZNs="></latexit><latexit sha1_base64="6A+rMCVHlw6+ArHd6Rqi+CNHZNs="></latexit>



SIMULATING QUANTUM CIRCUITS WITH RNN

H(PU , P✓) = �
X

a

PU (a) lnP✓ (a) = �
X

a,a0

P (a0)Oaa0 lnP✓ (a)

<latexit sha1_base64="6A+rMCVHlw6+ArHd6Rqi+CNHZNs="></latexit><latexit sha1_base64="6A+rMCVHlw6+ArHd6Rqi+CNHZNs="></latexit><latexit sha1_base64="6A+rMCVHlw6+ArHd6Rqi+CNHZNs="></latexit><latexit sha1_base64="6A+rMCVHlw6+ArHd6Rqi+CNHZNs="></latexit>

H(PU , P✓) ⇡ � 1

Ns

X

a0⇠P

X

a

Oa,a0 lnP✓ (a)
<latexit sha1_base64="fcDNrUA8uowleuM/MKz1xJwp3T0="></latexit><latexit sha1_base64="fcDNrUA8uowleuM/MKz1xJwp3T0="></latexit><latexit sha1_base64="fcDNrUA8uowleuM/MKz1xJwp3T0="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="pUXDXLPlXTycOPJKEWLiL8+seh4="></latexit><latexit sha1_base64="pUXDXLPlXTycOPJKEWLiL8+seh4="></latexit><latexit sha1_base64="fr6XdrFYgRhIHcB0SZYulnC/np8="></latexit><latexit sha1_base64="fcDNrUA8uowleuM/MKz1xJwp3T0="></latexit><latexit sha1_base64="fcDNrUA8uowleuM/MKz1xJwp3T0="></latexit><latexit sha1_base64="fcDNrUA8uowleuM/MKz1xJwp3T0="></latexit><latexit sha1_base64="fcDNrUA8uowleuM/MKz1xJwp3T0="></latexit><latexit sha1_base64="fcDNrUA8uowleuM/MKz1xJwp3T0="></latexit><latexit sha1_base64="fcDNrUA8uowleuM/MKz1xJwp3T0="></latexit>

Minimize cross entropy to search for an approximation to Pu from 
samples drawn from P



RESULTS: STATE PREPARATION FOR SIMPLE STATES

GHZ state

Linear graph state

cZ =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 �1

3

775

<latexit sha1_base64="i+cLjaV60rz8hV+JJbnviBepXj0="></latexit><latexit sha1_base64="i+cLjaV60rz8hV+JJbnviBepXj0="></latexit><latexit sha1_base64="i+cLjaV60rz8hV+JJbnviBepXj0="></latexit><latexit sha1_base64="i+cLjaV60rz8hV+JJbnviBepXj0="></latexit>

a

b

|0i
<latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit>
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<latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit>
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<latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit>

|0i
<latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit>
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<latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit>
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X
<latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit>
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<latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit>

H
<latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit>

. . . 

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

H
<latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit>

H
<latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit>

H
<latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit>



TRAINING DYNAMICS OF THE BELL STATE PREPARATION
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LSTM model with two stacked  

layers with hidden states d=10  

followed by a softmax

2.4 Quantum State Tomography

2.4.1 Existing techniques

There are several established techniques for performing quantum state tomography

each with unique drawbacks and advantages.

2.4.1.1 Linear inversion

The measurement performed on a quantum system must carefully selected in order

lossless recovery of the quantum density matrix; a measurement that allows for unique

recovery of the density matrix is known as informationally complete (IC-POVM) [3].

This is equivalent to requiring the overlap matrix Taa0 , defined in Equation 2.35, to

be invertible.

One such set of matrices in the Hilbert space of a single qubit, the 4-Pauli POVM

[3], is given by
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which has an inverse overlap matrix of
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SAMPLE COMPLEXITY ANALYSIS OF THE LEARNING PROBLEM: GRAPH STATE
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<latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit>

|0i
<latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit><latexit sha1_base64="emU9ZzOfb7+5LdLhFAFWsOvPslI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXbUDbbSbt0swm7G6HE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz08OT2FJVDgZV+tebW3RnIMvEKUoMCzX71qzeIWRqhNExQrbuemxg/o8pwJnBa6aUaE8rGdIhdSyWNUPvZ7OIpObHKgISxsiUNmam/JzIaaT2JAtsZUTPSi14u/ud1UxNe+hmXSWpQsvmiMBXExCR/nwy4QmbExBLKFLe3EjaiijJjQ8pD8BZfXibts7rn1r3b81rjqoijDEdwDKfgwQU04Aaa0AIGEp7hFd4c7bw4787HvLXkFDOH8AfO5w/sxpBp</latexit>

H
<latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

H
<latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit>

H
<latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit>

H
<latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit><latexit sha1_base64="venyS6Wb6PztQ7mRn1xiaVoAroY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldqd3kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AnXmMzA==</latexit>

20 qubits with Transformer   

CF= 0.9767 +/- 0.0001 

Ns=10x106



SAMPLE COMPLEXITY ANALYSIS OF THE LEARNING PROBLEM

Linear fit gives a slope of ~ 4.0, high complexity but still looks polynomial. 

1014 ⇥ 100 6 ⇥ 100

Nq

103

104

105

N
⇤ s

Classical Fidelity–tCF = 0.95

KL divergence–tKL = 0.25



TRANSFORMER IS MUCH MORE SCALABLE



KNOWN BUGS 



THE STANDARD SIMPLEX AND QUANTUM STATES

(0, 0, 1)
<latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit><latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit><latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit><latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit>

(1, 0, 0)
<latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit><latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit><latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit><latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit>

(0, 1, 0)
<latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit>

P1
<latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit><latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit><latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit><latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit>

P2
<latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit><latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit><latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit><latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit>

P3
<latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit><latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit><latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit><latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit>

P1 + P2 + P3 = 1
<latexit sha1_base64="PcNyFAatm4uhKM1LED04CCtzGN0=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJWkE3QtGNywj2Am0Ik+mkHTqZxJlJoYQ+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfMHCWdK2/a3VVhb39jcKm6Xdnb39g/Kh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQeju1m/PaZSsVg86klCvQgPBAsZwdpYnus7F65fM1W/cfxyxa7ac6FVcHKoQC7XL3/1+jFJIyo04ViprmMn2suw1IxwOi31UkUTTEZ4QLsGBY6o8rL50VN0Zpw+CmNpSmg0d39vZDhSahIFZjLCeqiWezPzv1431eG1lzGRpJoKsngoTDnSMZolgPpMUqL5xAAmkplbERliiYk2OZVMCM7yl1ehVas6hh8uK43bPI4inMApnIMDV9CAe3ChCQSe4Ble4c0aWy/Wu/WxGC1Y+c4x/JH1+QMpcpBj</latexit><latexit sha1_base64="PcNyFAatm4uhKM1LED04CCtzGN0=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJWkE3QtGNywj2Am0Ik+mkHTqZxJlJoYQ+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfMHCWdK2/a3VVhb39jcKm6Xdnb39g/Kh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQeju1m/PaZSsVg86klCvQgPBAsZwdpYnus7F65fM1W/cfxyxa7ac6FVcHKoQC7XL3/1+jFJIyo04ViprmMn2suw1IxwOi31UkUTTEZ4QLsGBY6o8rL50VN0Zpw+CmNpSmg0d39vZDhSahIFZjLCeqiWezPzv1431eG1lzGRpJoKsngoTDnSMZolgPpMUqL5xAAmkplbERliiYk2OZVMCM7yl1ehVas6hh8uK43bPI4inMApnIMDV9CAe3ChCQSe4Ble4c0aWy/Wu/WxGC1Y+c4x/JH1+QMpcpBj</latexit><latexit sha1_base64="PcNyFAatm4uhKM1LED04CCtzGN0=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJWkE3QtGNywj2Am0Ik+mkHTqZxJlJoYQ+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfMHCWdK2/a3VVhb39jcKm6Xdnb39g/Kh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQeju1m/PaZSsVg86klCvQgPBAsZwdpYnus7F65fM1W/cfxyxa7ac6FVcHKoQC7XL3/1+jFJIyo04ViprmMn2suw1IxwOi31UkUTTEZ4QLsGBY6o8rL50VN0Zpw+CmNpSmg0d39vZDhSahIFZjLCeqiWezPzv1431eG1lzGRpJoKsngoTDnSMZolgPpMUqL5xAAmkplbERliiYk2OZVMCM7yl1ehVas6hh8uK43bPI4inMApnIMDV9CAe3ChCQSe4Ble4c0aWy/Wu/WxGC1Y+c4x/JH1+QMpcpBj</latexit><latexit sha1_base64="PcNyFAatm4uhKM1LED04CCtzGN0=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJWkE3QtGNywj2Am0Ik+mkHTqZxJlJoYQ+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfMHCWdK2/a3VVhb39jcKm6Xdnb39g/Kh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQeju1m/PaZSsVg86klCvQgPBAsZwdpYnus7F65fM1W/cfxyxa7ac6FVcHKoQC7XL3/1+jFJIyo04ViprmMn2suw1IxwOi31UkUTTEZ4QLsGBY6o8rL50VN0Zpw+CmNpSmg0d39vZDhSahIFZjLCeqiWezPzv1431eG1lzGRpJoKsngoTDnSMZolgPpMUqL5xAAmkplbERliiYk2OZVMCM7yl1ehVas6hh8uK43bPI4inMApnIMDV9CAe3ChCQSe4Ble4c0aWy/Wu/WxGC1Y+c4x/JH1+QMpcpBj</latexit>

{x 2 Rk+1 : x0 + x1 + . . .+ xk = 1, xi � 0, i = 0, 1, . . . k}
<latexit sha1_base64="fmxdqfiUp/BDe1Tr7NsEm8Sc++A="></latexit><latexit sha1_base64="fmxdqfiUp/BDe1Tr7NsEm8Sc++A="></latexit><latexit sha1_base64="fmxdqfiUp/BDe1Tr7NsEm8Sc++A="></latexit><latexit sha1_base64="fmxdqfiUp/BDe1Tr7NsEm8Sc++A="></latexit>

In probability, the points of the standard n-simplex in (n + 1)-space are 
the space of possible parameters (probabilities) of the categorical 
distribution on n + 1 possible outcomes. 

“All convex bodies behave a bit like Euclidean balls.” Keith Ball

⇢ =
X

a,a0

T�1
a,a0P (a0)M (a), with Ta,b = Tr(M (a)M (b))

<latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit>

BORN RULE

P (a) = Tr ⇢Ma
<latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit>

|0i
<latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit><latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit><latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit><latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit>

|1i
<latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit><latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit><latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit><latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit>x

<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>

y
<latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit>

z
<latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit>

⇢
<latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit>

Qplex

https://en.wikipedia.org/wiki/Categorical_distribution
https://en.wikipedia.org/wiki/Categorical_distribution


POSITIVITY AND VISUALIZING THE TRAINING IN THE Q-PLEX

P0
<latexit sha1_base64="YJl0W59PuXaXeRbHZ0Fte4uyuXA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk7mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+RgY6D</latexit><latexit sha1_base64="YJl0W59PuXaXeRbHZ0Fte4uyuXA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk7mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+RgY6D</latexit><latexit sha1_base64="YJl0W59PuXaXeRbHZ0Fte4uyuXA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk7mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+RgY6D</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="SI3p6UR65uwOSgNBiFtG+Lh0M6c=">AAAB4XicbZDNSgMxFIXv1L9aq1a3boJFcFUybnQpuHFZwWmFdiiZNNOGJpkhuSOUoc/gxoUivpQ738b0Z6GtBwIf5yTk3pPkSjqk9DuobG3v7O5V92sH9cOj48ZJveOywnIR8Uxl9ilhTihpRIQSlXjKrWA6UaKbTO7mefdZWCcz84jTXMSajYxMJWforag9KOls0GjSFl2IbEK4gias1B40vvrDjBdaGOSKOdcLaY5xySxKrsSs1i+cyBmfsJHoeTRMCxeXi2Fn5MI7Q5Jm1h+DZOH+flEy7dxUJ/6mZjh269nc/C/rFZjexKU0eYHC8OVHaaEIZmS+ORlKKziqqQfGrfSzEj5mlnH0/dR8CeH6ypvQuWqFtBU+UKjCGZzDJYRwDbdwD22IgIOEF3iD98AEr8HHsq5KsOrtFP4o+PwBbMaNLA==</latexit><latexit sha1_base64="SI3p6UR65uwOSgNBiFtG+Lh0M6c=">AAAB4XicbZDNSgMxFIXv1L9aq1a3boJFcFUybnQpuHFZwWmFdiiZNNOGJpkhuSOUoc/gxoUivpQ738b0Z6GtBwIf5yTk3pPkSjqk9DuobG3v7O5V92sH9cOj48ZJveOywnIR8Uxl9ilhTihpRIQSlXjKrWA6UaKbTO7mefdZWCcz84jTXMSajYxMJWforag9KOls0GjSFl2IbEK4gias1B40vvrDjBdaGOSKOdcLaY5xySxKrsSs1i+cyBmfsJHoeTRMCxeXi2Fn5MI7Q5Jm1h+DZOH+flEy7dxUJ/6mZjh269nc/C/rFZjexKU0eYHC8OVHaaEIZmS+ORlKKziqqQfGrfSzEj5mlnH0/dR8CeH6ypvQuWqFtBU+UKjCGZzDJYRwDbdwD22IgIOEF3iD98AEr8HHsq5KsOrtFP4o+PwBbMaNLA==</latexit><latexit sha1_base64="Xg1MrK475iSXdVVn74rIF3sdi0w=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WhJtLDHxgAQuZG8ZYMPe3mV3z4Rc+A02Fhpj6w+y89+4wBUKvmSSl/dmMjMvSqUwltJvr7SxubW9U96t7O0fHB5Vj09aJsk0x4AnMtGdiBmUQmFghZXYSTWyOJLYjiZ3c7/9hNqIRD3aaYphzEZKDAVn1klBs5/TWb9ao3W6AFknfkFqUKDZr371BgnPYlSWS2ZM16epDXOmreASZ5VeZjBlfMJG2HVUsRhNmC+OnZELpwzIMNGulCUL9fdEzmJjpnHkOmNmx2bVm4v/ed3MDm/CXKg0s6j4ctEwk8QmZP45GQiN3MqpI4xr4W4lfMw049blU3Eh+Ksvr5PWVd2ndf+B1hq3RRxlOINzuAQfrqEB99CEADgIeIZXePOU9+K9ex/L1pJXzJzCH3ifP5BBjn8=</latexit><latexit sha1_base64="YJl0W59PuXaXeRbHZ0Fte4uyuXA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk7mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+RgY6D</latexit><latexit sha1_base64="YJl0W59PuXaXeRbHZ0Fte4uyuXA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk7mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+RgY6D</latexit><latexit sha1_base64="YJl0W59PuXaXeRbHZ0Fte4uyuXA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk7mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+RgY6D</latexit><latexit sha1_base64="YJl0W59PuXaXeRbHZ0Fte4uyuXA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk7mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+RgY6D</latexit><latexit sha1_base64="YJl0W59PuXaXeRbHZ0Fte4uyuXA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk7mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+RgY6D</latexit><latexit sha1_base64="YJl0W59PuXaXeRbHZ0Fte4uyuXA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk7mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+RgY6D</latexit>

PU
<latexit sha1_base64="ayLHbs84sKfadlXFxuBzP4z4TDU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk/mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx/Juo6o</latexit><latexit sha1_base64="ayLHbs84sKfadlXFxuBzP4z4TDU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk/mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx/Juo6o</latexit><latexit sha1_base64="ayLHbs84sKfadlXFxuBzP4z4TDU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk/mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx/Juo6o</latexit><latexit sha1_base64="ayLHbs84sKfadlXFxuBzP4z4TDU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3xrk/mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx/Juo6o</latexit>

P✓
<latexit sha1_base64="nDUYPJyL/3o5UZkzNmJ2cOZ0UzE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstJjvZd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/Em5D3</latexit><latexit sha1_base64="nDUYPJyL/3o5UZkzNmJ2cOZ0UzE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstJjvZd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/Em5D3</latexit><latexit sha1_base64="nDUYPJyL/3o5UZkzNmJ2cOZ0UzE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstJjvZd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/Em5D3</latexit><latexit sha1_base64="nDUYPJyL/3o5UZkzNmJ2cOZ0UzE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstJjvZd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/Em5D3</latexit>
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Simplex

Qplex

Introducing the Qplex: A Novel Arena for Quantum Theory.  Marcus Appleby, Christopher A. Fuchs, Blake C. Stacey, Huangjun 
Zhu. arXiv:1612.03234 [quant-ph] 

In this sense probability 

theory is too general and 

Quantum theory needs 
constrains

https://arxiv.org/search/quant-ph?searchtype=author&query=Appleby%2C+M
https://arxiv.org/search/quant-ph?searchtype=author&query=Fuchs%2C+C+A
https://arxiv.org/search/quant-ph?searchtype=author&query=Stacey%2C+B+C
https://arxiv.org/search/quant-ph?searchtype=author&query=Zhu%2C+H
https://arxiv.org/search/quant-ph?searchtype=author&query=Zhu%2C+H
https://arxiv.org/abs/1612.03234


POSITIVITY AND VISUALIZING THE TRAINING IN THE QPLEX
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Simplex

Qplex

Introducing the Qplex: A Novel Arena for Quantum Theory.  Marcus Appleby, Christopher A. Fuchs, Blake C. Stacey, Huangjun 
Zhu. arXiv:1612.03234 [quant-ph] 

In this sense probability 
theory is too general and 
Quantum theory needs 
constrains

Generative models for 
high dimensional 
probability live in the 
simplex

Quantum states live in 
the qplex

https://arxiv.org/search/quant-ph?searchtype=author&query=Appleby%2C+M
https://arxiv.org/search/quant-ph?searchtype=author&query=Fuchs%2C+C+A
https://arxiv.org/search/quant-ph?searchtype=author&query=Stacey%2C+B+C
https://arxiv.org/search/quant-ph?searchtype=author&query=Zhu%2C+H
https://arxiv.org/search/quant-ph?searchtype=author&query=Zhu%2C+H
https://arxiv.org/abs/1612.03234


CLASSICAL FIDELITY IS NOT A STRONG METRIC OF FIDELITY

➤                   Classical fidelity is overconfident 

➤ Not a bug but a feature (?) since these probabilistic 
measurements of distance guarantee only that “most” 
measurements are correct.  

➤ Perhaps a better measurement of fidelity for current quantum 
devices or approximate quantum computing

CF  F
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CAN WE SIMULATE QUANTUM SYSTEMS WITH PROBABILITY?

Answer is still NO (duh), since evolving these distributions 
remains a challenge (eg circuits evolution has a sign problem). 
However we have introduced a heuristic to do it using RNNs



CONCLUSIONS

➤ Can quantum systems be probabilistically simulated in a classical computer? No 

➤ But our reformulation of quantum theory + ML can help. A similar formulation 
is used in quantum Bayesian theory.  

➤ Heuristic using language translation models to simulate quantum circuits. 

➤ Good: Optimization problem is relatively easy 

➤ But: requires a lot of samples/tricks to improve variance in the gradients 

➤ Parallelize over GPUs 

➤ Would like to find generative models directly living in the qplex 

OUTLOOK 
➤ Run other simple quantum algorithms on the transformer 

➤ Real-time dynamics, Linblad equation, etc 



NOTATION SLIDE: PENROSE NOTATION

Wi,j
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S
<latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit>
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<latexit sha1_base64="S3J5gQNdpGN8MoiqnlxXrYZY1o4=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4kJKIoBuh2I3LCvYBbQiT6bSddjIJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXzpxzL3PvCWLOlHacb2tldW19Y7OwVdze2d3btw8OmypKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKxrWp33qgUrFI3OtJTL0QDwTrM4K1kXy7VPPTcYauUVcloT9CLfM8G2VNPx1lvl12Ks4MaJm4OSlDjrpvf3V7EUlCKjThWKmO68TaS7HUjHCaFbuJojEmYzygHUMFDqny0tkRGToxSg/1I2lKaDRTf0+kOFRqEgamM8R6qBa9qfif10l0/8pLmYgTTQWZf9RPONIRmiaCekxSovnEEEwkM7siMsQSE21yK5oQ3MWTl0nzvOI6Fffuoly9yeMoQAmO4RRcuIQq3EIdGkDgEZ7hFd6sJ+vFerc+5q0rVj5zBH9gff4A4YuXmw==</latexit><latexit sha1_base64="S3J5gQNdpGN8MoiqnlxXrYZY1o4=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4kJKIoBuh2I3LCvYBbQiT6bSddjIJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXzpxzL3PvCWLOlHacb2tldW19Y7OwVdze2d3btw8OmypKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKxrWp33qgUrFI3OtJTL0QDwTrM4K1kXy7VPPTcYauUVcloT9CLfM8G2VNPx1lvl12Ks4MaJm4OSlDjrpvf3V7EUlCKjThWKmO68TaS7HUjHCaFbuJojEmYzygHUMFDqny0tkRGToxSg/1I2lKaDRTf0+kOFRqEgamM8R6qBa9qfif10l0/8pLmYgTTQWZf9RPONIRmiaCekxSovnEEEwkM7siMsQSE21yK5oQ3MWTl0nzvOI6Fffuoly9yeMoQAmO4RRcuIQq3EIdGkDgEZ7hFd6sJ+vFerc+5q0rVj5zBH9gff4A4YuXmw==</latexit><latexit sha1_base64="S3J5gQNdpGN8MoiqnlxXrYZY1o4=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4kJKIoBuh2I3LCvYBbQiT6bSddjIJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXzpxzL3PvCWLOlHacb2tldW19Y7OwVdze2d3btw8OmypKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKxrWp33qgUrFI3OtJTL0QDwTrM4K1kXy7VPPTcYauUVcloT9CLfM8G2VNPx1lvl12Ks4MaJm4OSlDjrpvf3V7EUlCKjThWKmO68TaS7HUjHCaFbuJojEmYzygHUMFDqny0tkRGToxSg/1I2lKaDRTf0+kOFRqEgamM8R6qBa9qfif10l0/8pLmYgTTQWZf9RPONIRmiaCekxSovnEEEwkM7siMsQSE21yK5oQ3MWTl0nzvOI6Fffuoly9yeMoQAmO4RRcuIQq3EIdGkDgEZ7hFd6sJ+vFerc+5q0rVj5zBH9gff4A4YuXmw==</latexit><latexit sha1_base64="S3J5gQNdpGN8MoiqnlxXrYZY1o4=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4kJKIoBuh2I3LCvYBbQiT6bSddjIJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXzpxzL3PvCWLOlHacb2tldW19Y7OwVdze2d3btw8OmypKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKxrWp33qgUrFI3OtJTL0QDwTrM4K1kXy7VPPTcYauUVcloT9CLfM8G2VNPx1lvl12Ks4MaJm4OSlDjrpvf3V7EUlCKjThWKmO68TaS7HUjHCaFbuJojEmYzygHUMFDqny0tkRGToxSg/1I2lKaDRTf0+kOFRqEgamM8R6qBa9qfif10l0/8pLmYgTTQWZf9RPONIRmiaCekxSovnEEEwkM7siMsQSE21yK5oQ3MWTl0nzvOI6Fffuoly9yeMoQAmO4RRcuIQq3EIdGkDgEZ7hFd6sJ+vFerc+5q0rVj5zBH9gff4A4YuXmw==</latexit>
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<latexit sha1_base64="iJ5RRKEsV5PQXtiNma2uDp5ffiU=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEBclKYJuhGI2LivYC7RpmEwn7ZDJhZmJUNJs3Pgqblwo4tZ3cOfbOGmz0NYfBj7+cw5nzu/GjAppGN9aaWV1bX2jvFnZ2t7Z3dP3D9oiSjgmLRyxiHddJAijIWlJKhnpxpygwGWk4/pWXu88EC5oFN7LSUzsAI1C6lGMpLIc/XhqTQf1675IAseHlpP6GbQG6XmWk6NXjZoxE1wGs4AqKNR09K/+MMJJQEKJGRKiZxqxtFPEJcWMZJV+IkiMsI9GpKcwRAERdjq7IoOnyhlCL+LqhRLO3N8TKQqEmASu6gyQHIvFWm7+V+sl0ruyUxrGiSQhni/yEgZlBPNI4JBygiWbKECYU/VXiMeIIyxVcBUVgrl48jK06zXTqJl3F9XGTRFHGRyBE3AGTHAJGuAWNEELYPAInsEreNOetBftXfuYt5a0YuYQ/JH2+QO2QZgQ</latexit><latexit sha1_base64="iJ5RRKEsV5PQXtiNma2uDp5ffiU=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEBclKYJuhGI2LivYC7RpmEwn7ZDJhZmJUNJs3Pgqblwo4tZ3cOfbOGmz0NYfBj7+cw5nzu/GjAppGN9aaWV1bX2jvFnZ2t7Z3dP3D9oiSjgmLRyxiHddJAijIWlJKhnpxpygwGWk4/pWXu88EC5oFN7LSUzsAI1C6lGMpLIc/XhqTQf1675IAseHlpP6GbQG6XmWk6NXjZoxE1wGs4AqKNR09K/+MMJJQEKJGRKiZxqxtFPEJcWMZJV+IkiMsI9GpKcwRAERdjq7IoOnyhlCL+LqhRLO3N8TKQqEmASu6gyQHIvFWm7+V+sl0ruyUxrGiSQhni/yEgZlBPNI4JBygiWbKECYU/VXiMeIIyxVcBUVgrl48jK06zXTqJl3F9XGTRFHGRyBE3AGTHAJGuAWNEELYPAInsEreNOetBftXfuYt5a0YuYQ/JH2+QO2QZgQ</latexit><latexit sha1_base64="iJ5RRKEsV5PQXtiNma2uDp5ffiU=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEBclKYJuhGI2LivYC7RpmEwn7ZDJhZmJUNJs3Pgqblwo4tZ3cOfbOGmz0NYfBj7+cw5nzu/GjAppGN9aaWV1bX2jvFnZ2t7Z3dP3D9oiSjgmLRyxiHddJAijIWlJKhnpxpygwGWk4/pWXu88EC5oFN7LSUzsAI1C6lGMpLIc/XhqTQf1675IAseHlpP6GbQG6XmWk6NXjZoxE1wGs4AqKNR09K/+MMJJQEKJGRKiZxqxtFPEJcWMZJV+IkiMsI9GpKcwRAERdjq7IoOnyhlCL+LqhRLO3N8TKQqEmASu6gyQHIvFWm7+V+sl0ruyUxrGiSQhni/yEgZlBPNI4JBygiWbKECYU/VXiMeIIyxVcBUVgrl48jK06zXTqJl3F9XGTRFHGRyBE3AGTHAJGuAWNEELYPAInsEreNOetBftXfuYt5a0YuYQ/JH2+QO2QZgQ</latexit><latexit sha1_base64="iJ5RRKEsV5PQXtiNma2uDp5ffiU=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEBclKYJuhGI2LivYC7RpmEwn7ZDJhZmJUNJs3Pgqblwo4tZ3cOfbOGmz0NYfBj7+cw5nzu/GjAppGN9aaWV1bX2jvFnZ2t7Z3dP3D9oiSjgmLRyxiHddJAijIWlJKhnpxpygwGWk4/pWXu88EC5oFN7LSUzsAI1C6lGMpLIc/XhqTQf1675IAseHlpP6GbQG6XmWk6NXjZoxE1wGs4AqKNR09K/+MMJJQEKJGRKiZxqxtFPEJcWMZJV+IkiMsI9GpKcwRAERdjq7IoOnyhlCL+LqhRLO3N8TKQqEmASu6gyQHIvFWm7+V+sl0ruyUxrGiSQhni/yEgZlBPNI4JBygiWbKECYU/VXiMeIIyxVcBUVgrl48jK06zXTqJl3F9XGTRFHGRyBE3AGTHAJGuAWNEELYPAInsEreNOetBftXfuYt5a0YuYQ/JH2+QO2QZgQ</latexit>
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<latexit sha1_base64="KWNaVx8sUrkV3jo6IwtP2iLKImo=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjZC0MYmECHJBrLLMjuZJJPMPpi5K4Zlf8PGX7GxUMRSK//GyaPQxAOXezjnXmbu8WPBFZjmt5FbWV1b38hvFra2d3b3ivsHLRUlkrImjUQk2z5RTPCQNYGDYO1YMhL4gtn+6Gbi2/dMKh6FDRjHzA1IP+Q9TgloySuaDrAHSBsyw07ZKWMb1zC+wo5KAi8dlYcZtme95qXD8ijDXrFkVswp8DKx5qSE5qh7xU+nG9EkYCFQQZTqWGYMbkokcCpYVnASxWJCR6TPOpqGJGDKTaeXZfhEK13ci6SuEPBU/b2RkkCpceDryYDAQC16E/E/r5NA79JNeRgnwEI6e6iXCAwRnsSEu1wyCmKsCaGS679iOiCSUNBhFnQI1uLJy6R1VrHMinV3Xqpez+PIoyN0jE6RhS5QFd2iOmoiih7RM3pFb8aT8WK8Gx+z0Zwx3zlEf2B8/QB6R564</latexit><latexit sha1_base64="KWNaVx8sUrkV3jo6IwtP2iLKImo=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjZC0MYmECHJBrLLMjuZJJPMPpi5K4Zlf8PGX7GxUMRSK//GyaPQxAOXezjnXmbu8WPBFZjmt5FbWV1b38hvFra2d3b3ivsHLRUlkrImjUQk2z5RTPCQNYGDYO1YMhL4gtn+6Gbi2/dMKh6FDRjHzA1IP+Q9TgloySuaDrAHSBsyw07ZKWMb1zC+wo5KAi8dlYcZtme95qXD8ijDXrFkVswp8DKx5qSE5qh7xU+nG9EkYCFQQZTqWGYMbkokcCpYVnASxWJCR6TPOpqGJGDKTaeXZfhEK13ci6SuEPBU/b2RkkCpceDryYDAQC16E/E/r5NA79JNeRgnwEI6e6iXCAwRnsSEu1wyCmKsCaGS679iOiCSUNBhFnQI1uLJy6R1VrHMinV3Xqpez+PIoyN0jE6RhS5QFd2iOmoiih7RM3pFb8aT8WK8Gx+z0Zwx3zlEf2B8/QB6R564</latexit><latexit sha1_base64="KWNaVx8sUrkV3jo6IwtP2iLKImo=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjZC0MYmECHJBrLLMjuZJJPMPpi5K4Zlf8PGX7GxUMRSK//GyaPQxAOXezjnXmbu8WPBFZjmt5FbWV1b38hvFra2d3b3ivsHLRUlkrImjUQk2z5RTPCQNYGDYO1YMhL4gtn+6Gbi2/dMKh6FDRjHzA1IP+Q9TgloySuaDrAHSBsyw07ZKWMb1zC+wo5KAi8dlYcZtme95qXD8ijDXrFkVswp8DKx5qSE5qh7xU+nG9EkYCFQQZTqWGYMbkokcCpYVnASxWJCR6TPOpqGJGDKTaeXZfhEK13ci6SuEPBU/b2RkkCpceDryYDAQC16E/E/r5NA79JNeRgnwEI6e6iXCAwRnsSEu1wyCmKsCaGS679iOiCSUNBhFnQI1uLJy6R1VrHMinV3Xqpez+PIoyN0jE6RhS5QFd2iOmoiih7RM3pFb8aT8WK8Gx+z0Zwx3zlEf2B8/QB6R564</latexit><latexit sha1_base64="KWNaVx8sUrkV3jo6IwtP2iLKImo=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjZC0MYmECHJBrLLMjuZJJPMPpi5K4Zlf8PGX7GxUMRSK//GyaPQxAOXezjnXmbu8WPBFZjmt5FbWV1b38hvFra2d3b3ivsHLRUlkrImjUQk2z5RTPCQNYGDYO1YMhL4gtn+6Gbi2/dMKh6FDRjHzA1IP+Q9TgloySuaDrAHSBsyw07ZKWMb1zC+wo5KAi8dlYcZtme95qXD8ijDXrFkVswp8DKx5qSE5qh7xU+nG9EkYCFQQZTqWGYMbkokcCpYVnASxWJCR6TPOpqGJGDKTaeXZfhEK13ci6SuEPBU/b2RkkCpceDryYDAQC16E/E/r5NA79JNeRgnwEI6e6iXCAwRnsSEu1wyCmKsCaGS679iOiCSUNBhFnQI1uLJy6R1VrHMinV3Xqpez+PIoyN0jE6RhS5QFd2iOmoiih7RM3pFb8aT8WK8Gx+z0Zwx3zlEf2B8/QB6R564</latexit>
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NOTATION SLIDE: DIRAC NOTATION

Matrix Product States (MPS) Matrix Product Operators (MPO)
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<latexit sha1_base64="4w4ugnztsgnMABe0nkm9UFkY29U=">AAACPnicbVBNS8NAEN34WetX1KOXxSJ4KokIehGKXjxWsB/QlLLZTNqlm03Y3Ygl9pd58Td48+jFgyJePbptA62tDxbevJnHzjw/4Uxpx3m1lpZXVtfWCxvFza3tnV17b7+u4lRSqNGYx7LpEwWcCahppjk0Ewkk8jk0/P71qN+4B6lYLO70IIF2RLqChYwSbaSOXXt0PElElwO+xJ4PXSYyPyJasodhEU/hYs+brZ252gMRTI0du+SUnTHwInFzUkI5qh37xQtimkYgNOVEqZbrJLqdEakZ5TAseqmChNA+6ULLUEEiUO1sfP4QHxslwGEszRMaj9VZR0YipQaRbybNgj013xuJ//VaqQ4v2hkTSapB0MlHYcqxjvEoSxwwCVTzgSGESmZ2xbRHJKHaJD4KwZ0/eZHUT8uuU3Zvz0qVqzyOAjpER+gEuegcVdANqqIaougJvaEP9Gk9W+/Wl/U9GV2ycs8B+gPr5xdXj6Ym</latexit><latexit sha1_base64="4w4ugnztsgnMABe0nkm9UFkY29U=">AAACPnicbVBNS8NAEN34WetX1KOXxSJ4KokIehGKXjxWsB/QlLLZTNqlm03Y3Ygl9pd58Td48+jFgyJePbptA62tDxbevJnHzjw/4Uxpx3m1lpZXVtfWCxvFza3tnV17b7+u4lRSqNGYx7LpEwWcCahppjk0Ewkk8jk0/P71qN+4B6lYLO70IIF2RLqChYwSbaSOXXt0PElElwO+xJ4PXSYyPyJasodhEU/hYs+brZ252gMRTI0du+SUnTHwInFzUkI5qh37xQtimkYgNOVEqZbrJLqdEakZ5TAseqmChNA+6ULLUEEiUO1sfP4QHxslwGEszRMaj9VZR0YipQaRbybNgj013xuJ//VaqQ4v2hkTSapB0MlHYcqxjvEoSxwwCVTzgSGESmZ2xbRHJKHaJD4KwZ0/eZHUT8uuU3Zvz0qVqzyOAjpER+gEuegcVdANqqIaougJvaEP9Gk9W+/Wl/U9GV2ycs8B+gPr5xdXj6Ym</latexit><latexit sha1_base64="4w4ugnztsgnMABe0nkm9UFkY29U=">AAACPnicbVBNS8NAEN34WetX1KOXxSJ4KokIehGKXjxWsB/QlLLZTNqlm03Y3Ygl9pd58Td48+jFgyJePbptA62tDxbevJnHzjw/4Uxpx3m1lpZXVtfWCxvFza3tnV17b7+u4lRSqNGYx7LpEwWcCahppjk0Ewkk8jk0/P71qN+4B6lYLO70IIF2RLqChYwSbaSOXXt0PElElwO+xJ4PXSYyPyJasodhEU/hYs+brZ252gMRTI0du+SUnTHwInFzUkI5qh37xQtimkYgNOVEqZbrJLqdEakZ5TAseqmChNA+6ULLUEEiUO1sfP4QHxslwGEszRMaj9VZR0YipQaRbybNgj013xuJ//VaqQ4v2hkTSapB0MlHYcqxjvEoSxwwCVTzgSGESmZ2xbRHJKHaJD4KwZ0/eZHUT8uuU3Zvz0qVqzyOAjpER+gEuegcVdANqqIaougJvaEP9Gk9W+/Wl/U9GV2ycs8B+gPr5xdXj6Ym</latexit><latexit sha1_base64="4w4ugnztsgnMABe0nkm9UFkY29U=">AAACPnicbVBNS8NAEN34WetX1KOXxSJ4KokIehGKXjxWsB/QlLLZTNqlm03Y3Ygl9pd58Td48+jFgyJePbptA62tDxbevJnHzjw/4Uxpx3m1lpZXVtfWCxvFza3tnV17b7+u4lRSqNGYx7LpEwWcCahppjk0Ewkk8jk0/P71qN+4B6lYLO70IIF2RLqChYwSbaSOXXt0PElElwO+xJ4PXSYyPyJasodhEU/hYs+brZ252gMRTI0du+SUnTHwInFzUkI5qh37xQtimkYgNOVEqZbrJLqdEakZ5TAseqmChNA+6ULLUEEiUO1sfP4QHxslwGEszRMaj9VZR0YipQaRbybNgj013xuJ//VaqQ4v2hkTSapB0MlHYcqxjvEoSxwwCVTzgSGESmZ2xbRHJKHaJD4KwZ0/eZHUT8uuU3Zvz0qVqzyOAjpER+gEuegcVdANqqIaougJvaEP9Gk9W+/Wl/U9GV2ycs8B+gPr5xdXj6Ym</latexit>
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<latexit sha1_base64="BTOevonM4n3IfSI+K2hPW4SGRTI=">AAACPnicbVBNS8NAEN34WetX1KOXxSJ4KokIehGKXjxWsB/QlLLZTNqlm03Y3Ygl9pd58Td48+jFgyJePbptA62tDxbevJnHzjw/4Uxpx3m1lpZXVtfWCxvFza3tnV17b7+u4lRSqNGYx7LpEwWcCahppjk0Ewkk8jk0/P71qN+4B6lYLO70IIF2RLqChYwSbaSOXXt0PUlElwO+xJ4PXSYyPyJasodhEU/hYM+brd252gMRTI0du+SUnTHwInFzUkI5qh37xQtimkYgNOVEqZbrJLqdEakZ5TAseqmChNA+6ULLUEEiUO1sfP4QHxslwGEszRMaj9VZR0YipQaRbybNgj013xuJ//VaqQ4v2hkTSapB0MlHYcqxjvEoSxwwCVTzgSGESmZ2xbRHJKHaJD4KwZ0/eZHUT8uuU3Zvz0qVqzyOAjpER+gEuegcVdANqqIaougJvaEP9Gk9W+/Wl/U9GV2ycs8B+gPr5xdZVqYn</latexit><latexit sha1_base64="BTOevonM4n3IfSI+K2hPW4SGRTI=">AAACPnicbVBNS8NAEN34WetX1KOXxSJ4KokIehGKXjxWsB/QlLLZTNqlm03Y3Ygl9pd58Td48+jFgyJePbptA62tDxbevJnHzjw/4Uxpx3m1lpZXVtfWCxvFza3tnV17b7+u4lRSqNGYx7LpEwWcCahppjk0Ewkk8jk0/P71qN+4B6lYLO70IIF2RLqChYwSbaSOXXt0PUlElwO+xJ4PXSYyPyJasodhEU/hYM+brd252gMRTI0du+SUnTHwInFzUkI5qh37xQtimkYgNOVEqZbrJLqdEakZ5TAseqmChNA+6ULLUEEiUO1sfP4QHxslwGEszRMaj9VZR0YipQaRbybNgj013xuJ//VaqQ4v2hkTSapB0MlHYcqxjvEoSxwwCVTzgSGESmZ2xbRHJKHaJD4KwZ0/eZHUT8uuU3Zvz0qVqzyOAjpER+gEuegcVdANqqIaougJvaEP9Gk9W+/Wl/U9GV2ycs8B+gPr5xdZVqYn</latexit><latexit sha1_base64="BTOevonM4n3IfSI+K2hPW4SGRTI=">AAACPnicbVBNS8NAEN34WetX1KOXxSJ4KokIehGKXjxWsB/QlLLZTNqlm03Y3Ygl9pd58Td48+jFgyJePbptA62tDxbevJnHzjw/4Uxpx3m1lpZXVtfWCxvFza3tnV17b7+u4lRSqNGYx7LpEwWcCahppjk0Ewkk8jk0/P71qN+4B6lYLO70IIF2RLqChYwSbaSOXXt0PUlElwO+xJ4PXSYyPyJasodhEU/hYM+brd252gMRTI0du+SUnTHwInFzUkI5qh37xQtimkYgNOVEqZbrJLqdEakZ5TAseqmChNA+6ULLUEEiUO1sfP4QHxslwGEszRMaj9VZR0YipQaRbybNgj013xuJ//VaqQ4v2hkTSapB0MlHYcqxjvEoSxwwCVTzgSGESmZ2xbRHJKHaJD4KwZ0/eZHUT8uuU3Zvz0qVqzyOAjpER+gEuegcVdANqqIaougJvaEP9Gk9W+/Wl/U9GV2ycs8B+gPr5xdZVqYn</latexit><latexit sha1_base64="BTOevonM4n3IfSI+K2hPW4SGRTI=">AAACPnicbVBNS8NAEN34WetX1KOXxSJ4KokIehGKXjxWsB/QlLLZTNqlm03Y3Ygl9pd58Td48+jFgyJePbptA62tDxbevJnHzjw/4Uxpx3m1lpZXVtfWCxvFza3tnV17b7+u4lRSqNGYx7LpEwWcCahppjk0Ewkk8jk0/P71qN+4B6lYLO70IIF2RLqChYwSbaSOXXt0PUlElwO+xJ4PXSYyPyJasodhEU/hYM+brd252gMRTI0du+SUnTHwInFzUkI5qh37xQtimkYgNOVEqZbrJLqdEakZ5TAseqmChNA+6ULLUEEiUO1sfP4QHxslwGEszRMaj9VZR0YipQaRbybNgj013xuJ//VaqQ4v2hkTSapB0MlHYcqxjvEoSxwwCVTzgSGESmZ2xbRHJKHaJD4KwZ0/eZHUT8uuU3Zvz0qVqzyOAjpER+gEuegcVdANqqIaougJvaEP9Gk9W+/Wl/U9GV2ycs8B+gPr5xdZVqYn</latexit>

| i = ↵|0i+ �|1i
<latexit sha1_base64="5TsSkUXTK5LR5VwXQU2BWRlbqes=">AAACG3icbZBNS8NAEIY39avWr6pHL4tFEISSFEEvQtGLxwq2FZpQJttpu3SzCbsboaT9H178K148KOJJ8OC/MW0jaOsLCy/PzDA7rx8Jro1tf1m5peWV1bX8emFjc2t7p7i719BhrBjWWShCdeeDRsEl1g03Au8ihRD4Apv+4GpSb96j0jyUt2YYoRdAT/IuZ2BS1C5WRm5Nc+oqkD2B9IK6IKI+jOwfckJdHw3QkZORQrtYssv2VHTROJkpkUy1dvHD7YQsDlAaJkDrlmNHxktAGc4EjgturDECNoAetlIrIUDtJdPbxvQoJR3aDVX6pKFT+nsigUDrYeCnnQGYvp6vTeB/tVZsuudewmUUG5RstqgbC2pCOgmKdrhCZsQwNcAUT/9KWR8UMJPGOQnBmT950TQqZccuOzenpeplFkeeHJBDckwcckaq5JrUSJ0w8kCeyAt5tR6tZ+vNep+15qxsZp/8kfX5DdscoAc=</latexit><latexit sha1_base64="5TsSkUXTK5LR5VwXQU2BWRlbqes=">AAACG3icbZBNS8NAEIY39avWr6pHL4tFEISSFEEvQtGLxwq2FZpQJttpu3SzCbsboaT9H178K148KOJJ8OC/MW0jaOsLCy/PzDA7rx8Jro1tf1m5peWV1bX8emFjc2t7p7i719BhrBjWWShCdeeDRsEl1g03Au8ihRD4Apv+4GpSb96j0jyUt2YYoRdAT/IuZ2BS1C5WRm5Nc+oqkD2B9IK6IKI+jOwfckJdHw3QkZORQrtYssv2VHTROJkpkUy1dvHD7YQsDlAaJkDrlmNHxktAGc4EjgturDECNoAetlIrIUDtJdPbxvQoJR3aDVX6pKFT+nsigUDrYeCnnQGYvp6vTeB/tVZsuudewmUUG5RstqgbC2pCOgmKdrhCZsQwNcAUT/9KWR8UMJPGOQnBmT950TQqZccuOzenpeplFkeeHJBDckwcckaq5JrUSJ0w8kCeyAt5tR6tZ+vNep+15qxsZp/8kfX5DdscoAc=</latexit><latexit sha1_base64="5TsSkUXTK5LR5VwXQU2BWRlbqes=">AAACG3icbZBNS8NAEIY39avWr6pHL4tFEISSFEEvQtGLxwq2FZpQJttpu3SzCbsboaT9H178K148KOJJ8OC/MW0jaOsLCy/PzDA7rx8Jro1tf1m5peWV1bX8emFjc2t7p7i719BhrBjWWShCdeeDRsEl1g03Au8ihRD4Apv+4GpSb96j0jyUt2YYoRdAT/IuZ2BS1C5WRm5Nc+oqkD2B9IK6IKI+jOwfckJdHw3QkZORQrtYssv2VHTROJkpkUy1dvHD7YQsDlAaJkDrlmNHxktAGc4EjgturDECNoAetlIrIUDtJdPbxvQoJR3aDVX6pKFT+nsigUDrYeCnnQGYvp6vTeB/tVZsuudewmUUG5RstqgbC2pCOgmKdrhCZsQwNcAUT/9KWR8UMJPGOQnBmT950TQqZccuOzenpeplFkeeHJBDckwcckaq5JrUSJ0w8kCeyAt5tR6tZ+vNep+15qxsZp/8kfX5DdscoAc=</latexit><latexit sha1_base64="5TsSkUXTK5LR5VwXQU2BWRlbqes=">AAACG3icbZBNS8NAEIY39avWr6pHL4tFEISSFEEvQtGLxwq2FZpQJttpu3SzCbsboaT9H178K148KOJJ8OC/MW0jaOsLCy/PzDA7rx8Jro1tf1m5peWV1bX8emFjc2t7p7i719BhrBjWWShCdeeDRsEl1g03Au8ihRD4Apv+4GpSb96j0jyUt2YYoRdAT/IuZ2BS1C5WRm5Nc+oqkD2B9IK6IKI+jOwfckJdHw3QkZORQrtYssv2VHTROJkpkUy1dvHD7YQsDlAaJkDrlmNHxktAGc4EjgturDECNoAetlIrIUDtJdPbxvQoJR3aDVX6pKFT+nsigUDrYeCnnQGYvp6vTeB/tVZsuudewmUUG5RstqgbC2pCOgmKdrhCZsQwNcAUT/9KWR8UMJPGOQnBmT950TQqZccuOzenpeplFkeeHJBDckwcckaq5JrUSJ0w8kCeyAt5tR6tZ+vNep+15qxsZp/8kfX5DdscoAc=</latexit>
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<latexit sha1_base64="fQrsjgLHaIY/Kdn4AtkkpX5tfsI=">AAACTnicbVHLSgMxFM3UV62vUZdugkVwISUjgm6EohuXFewDOkPJpLdtaCYzJBmxDP1CN+LOz3DjQhFNH9DaekLgcM69yc1JmAiuDSFvTm5ldW19I79Z2Nre2d1z9w9qOk4VgyqLRawaIdUguISq4UZAI1FAo1BAPezfjvz6IyjNY/lgBgkEEe1K3uGMGiu1XGjga+yH0OUyCyNqFH8aFvAMBGP/bLKwh31/3vPmPLLg+SDbswNbbpGUyBh4mXhTUkRTVFruq9+OWRqBNExQrZseSUyQUWU4EzAs+KmGhLI+7ULTUkkj0EE2jmOIT6zSxp1Y2S0NHqvzHRmNtB5Eoa20A/b0ojcS//OaqelcBRmXSWpAsslFnVRgE+NRtrjNFTAjBpZQpridFbMeVZQZ+wOjELzFJy+T2nnJIyXv/qJYvpnGkUdH6BidIg9dojK6QxVURQw9o3f0ib6cF+fD+XZ+JqU5Z9pziP4gl/8FBemn/w==</latexit><latexit sha1_base64="fQrsjgLHaIY/Kdn4AtkkpX5tfsI=">AAACTnicbVHLSgMxFM3UV62vUZdugkVwISUjgm6EohuXFewDOkPJpLdtaCYzJBmxDP1CN+LOz3DjQhFNH9DaekLgcM69yc1JmAiuDSFvTm5ldW19I79Z2Nre2d1z9w9qOk4VgyqLRawaIdUguISq4UZAI1FAo1BAPezfjvz6IyjNY/lgBgkEEe1K3uGMGiu1XGjga+yH0OUyCyNqFH8aFvAMBGP/bLKwh31/3vPmPLLg+SDbswNbbpGUyBh4mXhTUkRTVFruq9+OWRqBNExQrZseSUyQUWU4EzAs+KmGhLI+7ULTUkkj0EE2jmOIT6zSxp1Y2S0NHqvzHRmNtB5Eoa20A/b0ojcS//OaqelcBRmXSWpAsslFnVRgE+NRtrjNFTAjBpZQpridFbMeVZQZ+wOjELzFJy+T2nnJIyXv/qJYvpnGkUdH6BidIg9dojK6QxVURQw9o3f0ib6cF+fD+XZ+JqU5Z9pziP4gl/8FBemn/w==</latexit><latexit sha1_base64="fQrsjgLHaIY/Kdn4AtkkpX5tfsI=">AAACTnicbVHLSgMxFM3UV62vUZdugkVwISUjgm6EohuXFewDOkPJpLdtaCYzJBmxDP1CN+LOz3DjQhFNH9DaekLgcM69yc1JmAiuDSFvTm5ldW19I79Z2Nre2d1z9w9qOk4VgyqLRawaIdUguISq4UZAI1FAo1BAPezfjvz6IyjNY/lgBgkEEe1K3uGMGiu1XGjga+yH0OUyCyNqFH8aFvAMBGP/bLKwh31/3vPmPLLg+SDbswNbbpGUyBh4mXhTUkRTVFruq9+OWRqBNExQrZseSUyQUWU4EzAs+KmGhLI+7ULTUkkj0EE2jmOIT6zSxp1Y2S0NHqvzHRmNtB5Eoa20A/b0ojcS//OaqelcBRmXSWpAsslFnVRgE+NRtrjNFTAjBpZQpridFbMeVZQZ+wOjELzFJy+T2nnJIyXv/qJYvpnGkUdH6BidIg9dojK6QxVURQw9o3f0ib6cF+fD+XZ+JqU5Z9pziP4gl/8FBemn/w==</latexit><latexit sha1_base64="fQrsjgLHaIY/Kdn4AtkkpX5tfsI=">AAACTnicbVHLSgMxFM3UV62vUZdugkVwISUjgm6EohuXFewDOkPJpLdtaCYzJBmxDP1CN+LOz3DjQhFNH9DaekLgcM69yc1JmAiuDSFvTm5ldW19I79Z2Nre2d1z9w9qOk4VgyqLRawaIdUguISq4UZAI1FAo1BAPezfjvz6IyjNY/lgBgkEEe1K3uGMGiu1XGjga+yH0OUyCyNqFH8aFvAMBGP/bLKwh31/3vPmPLLg+SDbswNbbpGUyBh4mXhTUkRTVFruq9+OWRqBNExQrZseSUyQUWU4EzAs+KmGhLI+7ULTUkkj0EE2jmOIT6zSxp1Y2S0NHqvzHRmNtB5Eoa20A/b0ojcS//OaqelcBRmXSWpAsslFnVRgE+NRtrjNFTAjBpZQpridFbMeVZQZ+wOjELzFJy+T2nnJIyXv/qJYvpnGkUdH6BidIg9dojK6QxVURQw9o3f0ib6cF+fD+XZ+JqU5Z9pziP4gl/8FBemn/w==</latexit>
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MEASUREMENTS: POSITIVE OPERATOR VALUED MEASURES (POVM)

CONSTRUCTING POVMS: TAKE A SINGLE QUBIT POVM AND MAKE A TENSOR PRODUCT OF MANY

2

This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
�
M (1) :=

1

4
(11 + s(1) · �),

M (2) :=
1

4
(11 + s(2) · �),

M (3) :=
1

4
(11 + s(3) · �),

M (4) :=
1

4
(11 + s(4) · �)

 
, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1

2
|0ih0|), s(2) :=

( 2
p
2

3
, 0,� 1

3
), s(3) := (�

p
2

3
,
q

2

3
,� 1

3
), and s(4) :=

(�
p
2

3
,�

q
2

3
,� 1

3
). Similarly to MPauli, each element of

MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
h
M (a0

) M (a)
i
, one has, for MTetra,

TTetra =

2
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In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,

TPauli =
1

9

2

666664

1 0 1/2 1/2 1/2 1/2
0 1 1/2 1/2 1/2 1/2
1/2 1/2 1 0 1/2 1/2
1/2 1/2 0 1 1/2 1/2
1/2 1/2 1/2 1/2 1 0
1/2 1/2 1/2 1/2 0 1

3

777775
(11)

I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,

Pauli measurement for one qubit

•Choose a random direction (x,y,z) with probability 1/3 

•Measure along the chosen direction 

•6 possible outcomes: If x -> + or -; if y -> r or l; if z 0 or 1

Experimental realization:



MEASUREMENTS: POSITIVE OPERATOR VALUED MEASURES (POVM)

Experimental realization: pick a random direction with 
probability 1/3, then measure in that direction on each qubit 
independently

CONSTRUCTING POVMS: TAKE A SINGLE QUBIT POVM AND MAKE A TENSOR PRODUCT OF MANY

2

This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
�
M (1) :=

1

4
(11 + s(1) · �),

M (2) :=
1

4
(11 + s(2) · �),

M (3) :=
1

4
(11 + s(3) · �),

M (4) :=
1

4
(11 + s(4) · �)

 
, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1

2
|0ih0|), s(2) :=

( 2
p
2

3
, 0,� 1

3
), s(3) := (�

p
2

3
,
q

2

3
,� 1

3
), and s(4) :=

(�
p
2

3
,�

q
2

3
,� 1

3
). Similarly to MPauli, each element of

MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
h
M (a0

) M (a)
i
, one has, for MTetra,

TTetra =

2
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In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,

TPauli =
1

9

2

666664

1 0 1/2 1/2 1/2 1/2
0 1 1/2 1/2 1/2 1/2
1/2 1/2 1 0 1/2 1/2
1/2 1/2 0 1 1/2 1/2
1/2 1/2 1/2 1/2 1 0
1/2 1/2 1/2 1/2 0 1

3

777775
(11)

I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,

For multiqubit systems 

we will consider 
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a1,...aN

<latexit sha1_base64="oWJNQamk8PWxAx0koTVfX1AVjBU="></latexit><latexit sha1_base64="oWJNQamk8PWxAx0koTVfX1AVjBU="></latexit><latexit sha1_base64="oWJNQamk8PWxAx0koTVfX1AVjBU="></latexit><latexit sha1_base64="oWJNQamk8PWxAx0koTVfX1AVjBU="></latexit>

2

This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
�
M (1) :=

1

4
(11 + s(1) · �),

M (2) :=
1

4
(11 + s(2) · �),

M (3) :=
1

4
(11 + s(3) · �),

M (4) :=
1

4
(11 + s(4) · �)

 
, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1

2
|0ih0|), s(2) :=

( 2
p
2

3
, 0,� 1

3
), s(3) := (�

p
2

3
,
q

2

3
,� 1

3
), and s(4) :=

(�
p
2

3
,�

q
2

3
,� 1

3
). Similarly to MPauli, each element of

MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
h
M (a0

) M (a)
i
, one has, for MTetra,

TTetra =

2
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In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,

TPauli =
1

9

2

666664

1 0 1/2 1/2 1/2 1/2
0 1 1/2 1/2 1/2 1/2
1/2 1/2 1 0 1/2 1/2
1/2 1/2 0 1 1/2 1/2
1/2 1/2 1/2 1/2 1 0
1/2 1/2 1/2 1/2 0 1

3

777775
(11)

I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,
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This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
�
M (1) :=

1

4
(11 + s(1) · �),

M (2) :=
1

4
(11 + s(2) · �),

M (3) :=
1

4
(11 + s(3) · �),

M (4) :=
1

4
(11 + s(4) · �)

 
, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1

2
|0ih0|), s(2) :=

( 2
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). Similarly to MPauli, each element of

MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
h
M (a0

) M (a)
i
, one has, for MTetra,

TTetra =

2
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In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,

TPauli =
1

9

2
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1/2 1/2 1 0 1/2 1/2
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1/2 1/2 1/2 1/2 1 0
1/2 1/2 1/2 1/2 0 1

3

777775
(11)

I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it
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MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
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solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)
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I have checked that TTetra is invertible, whereas TPauli
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on the uniqueness of the expansion of states (and observ-
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The physical implementation of MTetra is a bit more
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sentially states that any pure-state POVM with d out-
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ment in an extended Hilbert space Hext with dimension
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MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
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% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,

2

This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
�
M (1) :=

1

4
(11 + s(1) · �),

M (2) :=
1

4
(11 + s(2) · �),

M (3) :=
1

4
(11 + s(3) · �),

M (4) :=
1

4
(11 + s(4) · �)

 
, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1

2
|0ih0|), s(2) :=

( 2
p
2

3
, 0,� 1

3
), s(3) := (�

p
2

3
,
q

2

3
,� 1

3
), and s(4) :=

(�
p
2

3
,�

q
2

3
,� 1

3
). Similarly to MPauli, each element of

MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
h
M (a0

) M (a)
i
, one has, for MTetra,

TTetra =

2

664

1

8

1

12

1

12

1

12
1

12

1

8

1

12

1

12
1

12

1

12

1

8

1

12
1

12

1

12

1

12

1

8

3

775 (10)

In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,

TPauli =
1

9

2

666664

1 0 1/2 1/2 1/2 1/2
0 1 1/2 1/2 1/2 1/2
1/2 1/2 1 0 1/2 1/2
1/2 1/2 0 1 1/2 1/2
1/2 1/2 1/2 1/2 1 0
1/2 1/2 1/2 1/2 0 1

3

777775
(11)

I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,

2

This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
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measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
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Pauli measurement for one qubit

   Easy to implement in gate-based QC (Qiskit, Cirq, Rigetti, etc. )



HOW IS THIS USEFUL 
FOR QUANTUM 
TECHNOLOGY? 



MEASUREMENTS
➤ Suppose we want to measure the quantum state. The measurement is 

described by some other POVM 

➤ can be characterized as a somewhat conditional probability since its 
entries can either be positive or negative but its trace over b is the 
identity.  

➤ evocative resemblance with the law of total probability—> quantum law 
of total probability in quantum Bayesianism.
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FIG. 1. Tensor-network schematics of the representation. (a) The single-qubit measurement M = {M (a)}a (red), single-qubit

overlap matrix Ta,a0 and its inverse (light blue). (b) The N -qubit measurement M =
�
M (a1) ⌦ M (a2) ⌦ . . .M (aN )

 
a1,...aN

corresponds to the same local measurement on each qubit while the the overlap matrix and its inverse correspond to tensor

products of single-qubit overlap matrices Ta,a0 and inverse. (c) The Born rule relates the probability P (a) (green tensor

depicted as an N -index tensor where the indices encode the measurement outcome of each qubit.) to the quantum state % (blue

tensor) and the POVM elements. (d) A generic density matrix % is given by a contraction of P , T�1
, and M over the outcome

indices.

=<latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit>

U
<latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit>

U
†

<latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit>

swS
<latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit>

=<latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit>

U
<latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit>

U
†

<latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit><latexit sha1_base64="swQnmIOKt1qPLWnGN/trdo/IGJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtIU2ls1m2y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0M/VbT1wbkah7HKc8iOlAib5gFK3U9h/ybkQHk16l6tbcGcgy8QpShQKNXuWrGyUsi7lCJqkxHc9NMcipRsEkn5S7meEpZSM64B1LFY25CfLZvRNyapWI9BNtSyGZqb8nchobM45D2xlTHJpFbyr+53Uy7F8FuVBphlyx+aJ+JgkmZPo8iYTmDOXYEsq0sLcSNqSaMrQRlW0I3uLLy6R5XvPcmnd3Ua1fF3GU4BhO4Aw8uIQ63EIDfGAg4Rle4c15dF6cd+dj3rriFDNH8AfO5w8XGI/9</latexit>

swS
<latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit><latexit sha1_base64="MxXQbCUYD+yF5JNK0kRWqbAc5rE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjRfmAbyma7aZduNmF3opbQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwauI3H7g2IlZ3OEq4H9G+EqFgFK1030H+hJl5vB13S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m148JsdW6ZEw1rYUkqn6eyKjkTGjKLCdEcWBmfcm4n9eO8Xwws+ESlLkis0WhakkGJPJ+6QnNGcoR5ZQpoW9lbAB1ZShDaloQ/DmX14kjdOK51a8m7Ny9TKPowCHcAQn4ME5VOEaalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fIq6RNA==</latexit>

a b

FIG. 2. Tensor-network schematics of local swS gates.

Finally, although the representation of the quan-
tum state already provides the measurement statis-
tics of the factorized POVM M

(a), the statistics
of other POVMs ⇧(b), e.g. a POVM describ-
ing standard measurements in the computational ba-
sis and other experimentally relevant operators, are
related to M

(a) via the Born rule: P (b) =P
a,a0 P (a0) T

�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

=
P

a0 q(b|a0)P (a0),

where q(b|a0) =
P

a T
�1
a,a0 Tr

⇥
M

(a)⇧(b)
⇤

can be charac-
terized as a somewhat conditional probability since its
entries can either be positive or negative but its trace
over b is the identity 11a0 . Due to its evocative resem-
blance with the law of total probability, the relation
between measurement statistics P (b) and P (a) is often
called the quantum law of total probability in quantum

Bayesianism11.

IV. SIMULATING QUANTUM CIRCUITS
WITH RECURRENT NEURAL NETWORKS

In its simplest incarnation, a quantum circuit is a gen-
eralization of the circuit model of classical computation
where a simple initial input state, typically a product
state in the computational basis on N qubits, is evolved
through a series of unitary operations or set of quantum
gates, U

(1)
, U

(2)
, · · · , U

(r), which act nontrivially on a
constant number k of the N qubits. This is followed by
a projective measurement of all qubits. The outcome of
this measurement is the result of the quantum computa-
tion.

Translated to our POVM representation, a quantum
circuit translates into the preparation of a prod-
uct distribution of statistically independent sets of
variables P (a) = P (a1)P (a2) · · ·P (aN ) followed by
its contraction with a series of local probabilistic
swS gates of the form depicted in Fig.2. The mea-
surement statistics after unitary evolution is thus
given by Pr = O

(r)
O

(r�1)
· · ·O

(2)
O

(1)P0. Note that
the application of each subsequent gate U

(i) defines
a series of intermediate probability distributions
Pi = O

(i)
O

(i�1)
· · ·O

(2)
O

(1)P0 with i = 1, · · · , r.
The strategy to learn the output distribution Pr

consists in constructing a probabilistic model P✓i
based on neural networks with parameters ✓i whose

P (b) =
X

a,a0

P (a0)T�1
a,a0 Tr

h
M (a)⇧(b)

i
=

X

a0

q(b|a0)P (a0)
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q(b|a0) =
X

a

T�1
a,a0 Tr

h
M (a)⇧(b)

i
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(c) view 3

Figure 3.2: Visualization of the set of non-negative density matrices in the proba-
bility simplex for the tetrahedral POVM. The yellow volume is the simplex of valid
probability mass functions and the blue ellipsoid represents the set of non-negative
matrices under inversion with the tetrahedral POVM.

negativity. It was determined that the non-negative set using the 4-Pauli POVM

occupies approximately 12% of the simplex and the tetrahedral POVM occupies ap-

proximately 30% of the simplex. The relative size of the sets can be inferred from

Figures 3.1 and 3.2. It can be seen that from Figure 3.1 that the set using the tetra-

hedral POVM is maximal in some sense with the ellipsoid being tangent to all sides

of the simplex. From this we see that the choice of POVM can be important for

e↵ective, non-negative matrix recovery.

The fraction of the volume occupied by the set of valid states rapidly drops to

zero as the number of qubits is increased. Even for two qubits, the fraction is too

small to be estimated by uniform samplining in the probability simplex.

The code for the uniform sampling is provided in positivity probability.py

(A.4).
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Figure 3.1: Visualization of the set of non-negative density matrices in the probability
simplex for the 4-Pauli POVM. The yellow volume is the simplex of valid probability
mass functions and the blue ellipsoid represents the set of non-negative matrices under
inversion with the 4-Pauli POVM.

parameterize that grows exponentially with the system size. It appears that, given

a probability distribution, determining membership in the non-negative matrix set is

asymptotically as di�cult as recovering the density matrix itself.

3.2.4 Estimating the fraction of the simplex representing valid

density matrices

In order to get a sense of the significance of the issue of non-negativity when searching

in the probability simplex, it is interesting to determine the fraction of the probability

simplex that represents a valid, non-negative matrix. For one qubit, this is equiva-

lent to determining the fraction of the three-dimensional probability simplex that is

occupied by the ellipsoid in Figures 3.1 and 3.2. This fraction is dependent on the

POVM being considered.

A naive simulation was used to determine this fraction numerically for the case of

one qubit.

A number of samples were drawn uniformly from the simplex (L1 ball) using the

technique described in [2], inverted using the selected POVM, and checked for non-
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