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Motivation

Probability manipulation

● Density estimation / 

generative modelling

● Monte Carlo integration

○ Stochastic variational inference

○ Conditioning MCMC

○ …

● ...

(Kingma & Dhariwal, 2018)



Change of variable formula

Volume

Mass

Density



Applications

● Density estimation / conditioning MCMC

● Stochastic variational inference

(Hyvärinen, 2000; Rippel & Adams, 2013; Dinh et al., 2014; Hoffman et al., 2019)

(Hoffman et al., 2013; Kingma & Welling, 2013; Rezende & Mohamed, 2015)



Change of variable formula



Scalar example



Scalar example

Inverse transform sampling

(Devroye, 1986)



Multi-dimensional case



Challenges

● Jacobian determinant

● Inversion



Study case: density estimation



●

 

●  

Jacobian determinant



Determinant

Implementations range from                 to                 non-parallel

High variance unbiased estimator exists (Hutchinson estimator + Taylor series)

(Chen et al., 2019)



More tractable determinants



More tractable determinants



Deep learning with tractable Jacobian determinant
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Small invertible 
matrix Strictly increasing activation function 

(Baird et al., 2005)



Neural scalar flow

Scalar

Strictly increasing
activation function

Strictly positive 
valued matrix

(Huang et al., 2018; De Cao, 2019)



Fourier convolution

(Periodic) convolution theorem 

(Hoogeboom et al., 2019; Karami et al., 2019)



Sylvester normalizing flows

(van den Berg, Hansclever et al., 2018)

Bottleneck



Autoregressive models

(Deco & Brauer, 1995; Hyvarinen & Pajunen, 1998; Moselhy & Marzouk, 2012)



Neural autoregressive models

(Bengio², 1999; Larochelle & Murray, 2011; van den Oord et al., 2015; Uria et al., 2016)



Convolutional autoregressive models

Masked convolutions

(van den Oord et al., 2016)



Study case: density estimation



Inverting a neural network



Generation through process reversion



Reducing backprop memory footprint

(Gomez, Ren et al., 2017; MacKay et al., 2018)



Reducing backprop memory footprint

(Gomez, Ren et al., 2017; MacKay et al., 2018)



How to invert a neural net



Iterative inversion

● Bisection / binary search

● Root finding algorithm (Newton Raphson)

● Fixed point iteration



Bisection

(Ho, Chen et al., 2019)



Root finding algorithm

Newton-Raphson

Local convergence

(Song et al., 2019)



Residual flow

Global convergence

(Behrmann et al., 2019)



Closed form inverse: scalar case

Invertible piecewise functions

(Müller et al., 2019; Durkan, Bekasov et al., 2019)



Autoregressive case

Forward substitution

Non parallel



Easier inverse

=

-1



Coupling layer

Y1 = X1

Y2 = (X2 + t(X1)) * exp(s(X1))

(Dinh et al., 2014; Dinh et al., 2016)



Convolution compatible masking



Generation through process reversion



Composing flows



Composing flows

- Inversion and sampling- Inversion and sampling

- Determinant and inference



Combining coupling layers



Multi-scale architecture: downsampling
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Relate to:
- Strided convolution
- Dilated convolution



Managing the bijectivity constraint



Multi-layer architecture

(Gregor et al., 2016) 



Conceptual compression



Research in progress

● Continuous time flows

● Discrete value flows

● Adaptive sparsity structure

● Non-invertible flows

(Tran et al., 2019; Hoogeboom et al., 2019; Dinh et al., 2019) 

(Chen & Rubanova & Bettencourt et al., 2018; Grathwohl & Chen et al., 2018)



Questions?
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