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Idea: Learn to sample intractabl@(x) by sampling tractable latent
distribution

z p(2)
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Xx=G(z;q) p(x):
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Idea: Learn to sample intractabl@(x) by sampling tractable latent
distribution
z p(2)

and perform a transformation to a desired distribution:

Xx=G(z;q) p(x):

Complex Distribution :

G feedforward neural network
train parametersq to sample from correct distribution.

Well-known neural network architectures:

Variational Autoencoders (inference net + generator net)
Generative Adversarial Networks (generator network +
discriminator network)
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Idea: Learn to sample intractabl@(x) by sampling tractable latent
distribution

z p(2)
and perform a linear transformation to a desired distribution:

Xx=G(z;q) p(x):

Example:
Left: Samples from normal distributionz N (O;l).
Right: Samples mapped througlG(z) = &+ é to form a ring.
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Idea: Learn to sample intractabl@(x) by sampling tractable latent

distribution

z p(2)

and perform a linear transformation to a desired distribution:

x=G(z;,q) p(x):

Complex Distribution :

G feedforward neural network
train parametersq to sample from correct distribution.

Well-known neural network architectures:

| Likelihood model| Network

|

None

Generative Adversarial Net (GAN

Approximate

Variational Autoencoder (VAE)

Exact

Flow-based models
Boltzmann Generation

5/54



Idea: Game in which the Generator network competes against a
Discriminator network, i.e. these two networks are adversaries.
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Idea: Game in which the Generator network competes against a
Discriminator network, i.e. these two networks are adversaries.

Generator network G: directly produces samples
x= G(z,9¢)

Discriminator network D:
Attempts to distinguish between samples drawn from the training
data and samples drawn from the generator.
Emits a probability value thatx is a true sample and not a fake:

Prrue(X) = D(X;dp)

Simplest formulation:Zero Sum Game

Discriminator receives payo v(Qg;dp)
Generator receives payo Vv(Qdg;dp)
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Discrimiator randomly receives either generated (fake) or training
(real) sample as input.

Generator tries to fake a sample and trick Discriminator into
believing it, Discriminator tries to reveal the truth.

https://deeplearning4j.org/generative-adversarial-network 7154



During learning,each player attempts to maximize its own
payo , so that at convergence:

N .
dc =argminmaxv(dg;dp):
dc dp
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During learning,each player attempts to maximize its own
payo , so that at convergence:

G =argminmaxv(qe;dp):
dc 4o
Default choice
V(A6:ap) = Ex pgaal0dD(X;0D) + Ex poge(ac) 109(1 D(X;0p))
Discriminator gets reward for correctly classifying samples as real or

fake.
Generator gets reward when fooling the classi er into believing its

samples are real.
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During learning,each player attempts to maximize its own
payo , so that at convergence:

N .
g =argminmaxv(ge;dp):
dec dp
Default choice
V(4G;dp) = Ex pgal09D(X0D) + Ex progefas) 109(1  D(X;dp))

Discriminator gets reward for correctly classifying samples as real or
fake.

Generator gets reward when fooling the classi er into believing its
samples are real.

At convergence:

The Generator's samples are indistinguishable from real data
Discriminator outputs 05 everywhere. The discriminator may then
be discarded.
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Pros:

Learning process does not require approximations such as variational
inference.
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Pros:
Learning process does not require approximations such as variational
inference.
When maxg, V(dg;dp) is convex ingp, the procedure is guaranteed

to converge.

Cons:
Learning in GANs can be di cult in practice whenG and D are
represented by neural networks anthaxy, V(qg;dp) is not convex.
Optimization seeks a saddle point. Simultaneous gradient descent on
two players' costs is not guaranteed to reach an equilibrium.
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Latent variables encode essential information about data points
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Instead of a single value for each attribute, represent each latent
attribute as a range of possible values.
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Instead of a single value for each attribute, represent each latent
attribute as a range of possible values.

E.g., what single value would you assign for the smile attribute if
you feed in a photo of the Mona Lisa?

VAE: describe latent attributes in probabilistic terms.
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Encoder: de ne probability distribution of latent variables
Sample: latent variablesz given the encoding of inpux

Decode: z so as to reconstruct corresponding inpxt

Enforces a continuous, smooth latent space representation.
Values which are nearby to one another in latent space should
correspond to similar reconstructions.
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Kullback-Leibler divergence (KL-divergence or relative entropy)

between two distributiong(x) and q(x) measures the dissimilarity

between the two distributions:
z

Dk.(akp)= _a(x)log 20 o

p()
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Interpretation : Expectation w.r.t. q of the logarithmic di erence
between the two distributionp and q.
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Kullback-Leibler divergence (KL-divergence or relative entropy)

between two distributiong(x) and q(x) measures the dissimilarity

between the two distributions:
z

Dk.(akp)= _a(x)log 20 o

p()

Interpretation : Expectation w.r.t. q of the logarithmic di erence
between the two distributionp and q.
Properties:
Nonnegativity : Dk (gkp) 0 with equality if and only ifp g (in
the sense of probability distributions)
DkL(gkp) 6 Dk (pkqg) the KL-divergence is not symmetric in its
arguments.
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Physical system with con guratiorx and energy functioru(x).
() =2 e U

with partition function:
z

Z= e “Mdx
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p() = Z le ¥

with partition function:
z

Z= e "Mdx
Free energy:
Fo= logZp, = hu(x)i, Hp
with entropy Hp = p(x)logp(x)dx

Approximatep(x) with variational distributionq(x;q) with
variational free energy

Fq=hu(X)ig Hq
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Physical system with con guratiorx and energy functioru(x).
() =2 e U

with partition function:
z

Z= e "Mdx
Free energy:
Fo= logZp, = hu(x)i, Hp
with entropy Hp = p(x)logp(x)dx

Approximatep(x) with variational distributionq(x;q) with
variational free energy

Fq = hu(x)iq Hq
Variational free energy di erence:

z logq(x;d)
Fq(a) Fpo= qa(xa) W

KL OimplieskFq Fp! we can minimize variational free energy5/54
Fq(a).

dx = KL(g k p)



Ising model energy, spin variablgs2 f 1;+1g.

1 [} o
u(x) = > a Jij Xi Xj a hi Xi
i i
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Ising model energy, spin variablgs2 f 1;+1g.

1 [} o
u(x) = > a Jij Xi Xj a hi Xi
i i

Mean eld approximation: choose spins to be independent:
|
B

oy L 9o o _ .
q(x;q) = Zq exp ailq.xl = ci)ZcosI‘qi'
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Ising model energy, spin variablgs2 f 1;+1g.

1 [} o
u(x) = > a Jij Xi Xj a hi Xi
i i

Mean eld approximation: choose spins to be independent:
!
gy L S v = S
q(x;q) = 7, &P aax = O 2cosh

Entropy separates into one-body terms:

Ho= &diloga+(1 q)log(l a)
|

with probability of spini to be +1:

g = €i=2coshy;
26/54



Mean energy separates into one-body terms:
. 1, o
hJ(X)Iq = é a Jij mm; a hi m;
i i
with mean value of spim:

mi = Ixiq= & xgi =tanhg

xi= 1

@)
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Mean energy separates into one-body terms:
. 1, o
hJ(X)Iq = é a Jij mm; a hi m;
i i
with mean value of spim:

mi:hqiq: é XiQi:tanhqi (1)

xi= 1

Minimize variational free energliq = hu(x)iq Hg by taking
derivatives and setting to zero leads to:

g = & Jjmj(q)+ hi )
j
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Mean energy separates into one-body terms:
. 1, o
hJ(X)Iq = é a Jij mm; a hi m;
i i
with mean value of spim:

mi:hqiq: é XiQi:tanhqi (1)

xi= 1

Minimize variational free energliq = hu(x)iq Hg by taking
derivatives and setting to zero leads to:

g = & Jjmj(q)+ hi )
j

Optimize q by iterating (1-2).
27/54



Encoder: de ne probability distribution of latent variables
Sample: latent variablesz given the encoding of inpuk
Decode: z so as to reconstruct corresponding inpxt
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Variablesx are visible butz are hidden! we need to infer the
characteristics ofz from x:
p(Xj 2)p(2)

p(zixn = P
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Variablesx are visible butz are hidden! we need to infer the
characteristics ofz from x:

. pP(xj 2)p(2)
Zjx)= —————=
p(z]x) ()
But computing p(x) is extremely di cult:
z

pC) = p(xj2)p(z)az
Approaches:

Markov-Chain Monte Carlo (no bias, but high variance)
Variational inference (bias, no variance)
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Variablesx are visible butz are hidden! we need to infer the
characteristics ofz from x:

p(xj z)p(2)

p(zixn = P

But computing p(x) is extremely di cult:
z
NM=ZMMHNHW

Approaches:
Markov-Chain Monte Carlo (no bias, but high variance)
Variational inference (bias, no variance)
Variational inference idea: approximatep(zj x) by a tractable
distribution q(z j x;q) by optimizing parametersg| and then perform
inference withg.
29/54



Goal: Ensure that tractable distributiorg(zjx) is similar to
intractable distributionp(zjx).

30/54
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intractable distributionp(zjx).
Means: minimize KL divergence

VA

Di (akP)= D (A(Zi ) Kp(ziX) = a(ziNlog 21z

p(zjx)
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Goal: Ensure that tractable distributiorg(zjx) is similar to
intractable distributionp(zjx).
Means: minimize KL divergence

VA

Drw (akP)= Drw (aiX) kp(zix) = a(ziX)log a(zj x)

p(zjx)

dz

Direct computation is not possible because:

= P(X2)
PE0= o9

p(x) = Z|0(><;Z)0|Z
Is intractable.! We cannot directly computdy, (qkp). Can we

nd another way to minimizeDg_ (q k p) without knowing its value?
30/54



Using Bayes equation and some basic algebra:
VA

DkL(gkp) = Zq(sz) log

I {z

L

a(zj x)
p(Xx;2)

dz +log p(x)
}
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I {z

L
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dz +log p(x)
}
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Using Bayes equation and some basic algebra:
VA

DkL(gkp) = Zq(sz) log

I {z

L

a(zj x)
p(x;2)

dz +log p(x)
}

Variational free energy (upper bound to logp(x)):
VA

L= q(zjx) log
z

a(zjx)
p(x;2) dz

L: Variational Evidence Lower BOund (ELBO):

L=logp(x) DkL(akp) logp(x)
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Using Bayes equation and some basic algebra:
VA

DkL(gkp) = Zq(sz) log

I {z

L

a(zj x)
p(x;2)

dz +log p(x)
}

Variational free energy (upper bound to logp(x)):
VA

L= q(zjx) log
z

a(zjx)
p(x;2) dz

L: Variational Evidence Lower BOund (ELBO):
L=logp(x) Dki(akp) logp(x)

Maximize model likelihood by minimizinQg, (q k p) or maximizing
the ELBO:

argminDk (g k p) =argminL =argmax L 31/54



Using Bayes equation and some basic algebra:

z @i |
L= q(ij) Iog?a(] )
Z
= q(zjx)log a (J))dz g(zjx)logp(xj z)dz
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Using Bayes equation and some basic algebra:

z i) |
L= q(ZJX) Iog?o(' )
Z
= 4(zj0log X (J) ) 4z

Interpreting these terms:

L= Dk (9(zj X) kp(2))

LA(zjx)logp(x]j )dz

Ez q(zjx) Ing(Xj Z)
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Using Bayes equation and some basic algebra:

z @i |
L= q(ij) Iog?a(] )
Z
= q(zjx)log a (J))dz g(zjx)logp(xj z)dz

Interpreting these terms:

L= Dk(a(zjx) kp(2)) E; gjx logp(x| 2)

We assume that) has a tractable form (e.g. factorizes)

32/54



min  E; qzx logp(xj 2)+ Dk(a(z]j x) kp(2))

Encoder q(zj x) (inference network, recognition model):
Maps to latent space
Models approximate posterior distributiorg.
DkL [a(z] X) K Pmode((2)] tries to make q(zj x) and pmogef2) Similar.
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min  E; qzx logp(xj 2)+ Dk(a(z]j x) kp(2))

Encoder q(zj x) (inference network, recognition model):
Maps to latent space
Models approximate posterior distributiorg.
DkL [a(z] X) K Pmode((2)] tries to make q(zj x) and pmogef2) Similar.
Decoder p(xj z).
Decodesz! % with the aim to reconstruct the input x. 33/54
B, q(zix) 109Pmode(X ] Z) reconstruction log-likelihood



34/54



Ansatz: isotropic Gaussian generative model:

q(zjx)= N (z; m(x);diag(s %(x))) "
= p 1 exp }g i m 2
200 ;s 227 si

and standard normal latent variables:

p(2)= N (G1)
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Ansatz: isotropic Gaussian generative model:

a(zjx) = N (z; mx);diag(s *(x)))

2

ol ep 1j XU
2pOL s 227 si

and standard normal latent variables:
p(z)= N (0;1)
We can computeDk. (q(zj x) k p(z)) explicitly:

Z
D (a2 0 kP@) = alzi¥)iog qi)(‘) )tz

:zé 1+logs?(x) nf() sP(x)
=t 35/54



Ansatz: isotropic Gaussian generative model:

a(zjx) = N (z; mx);diag(s *(x)))

2

ol ep 1j XU
2pOL s 227 si

and standard normal latent variables:
p(z)= N (0;1)

We can computeDk. (q(zj x) k p(z)) explicitly:
z
Dke(a(zj x) kp(2)) = q(ZJ x)log

Q(l)
o)

=5 L8 1i0gs?) 709 700
i=1
35/54
This loss can be easily computed.



Let us write the loss explicitly with parameters:

L= E; q@zjx 109P(X] Z;0ded + Dk (A(Z] X; dend k p(2))
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Let us write the loss explicitly with parameters:

L= E; q@zjx 109P(X] Z;0ded + Dk (A(Z] X; dend k p(2))

Computing reconstruction loss involves a sampling of hidden
variablesz.

In stochastic gradient descent, it is natural to replace expectation by
a single sample for eack

logp(X] Z;dded Ez q(zx) 109P(X] Z; A ded)

However, the process of sampling a pdf itself is not di erentiable. In
order to compute derivatives, we use the reparametrization trick:

Randomly samplee from a unit Gaussian
e N (0;1)
Shift e by mean and scale it by variance of the latent distribution:

z=mx)+s(x) e
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Now we can optimize the parameters of the distribution while still
maintaining the ability to randomly sample from that distribution.

37/54
Note: To avoid negative values far, we can learnogs and takeexp



For each sample pai, z, evaluate:

logp(xj z;q)
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For each sample pai, z, evaluate:

logp(xj z;q)

Example: Binary MNIST
Use binary images 2f 0; 1g,
Use logistic (sigmoid) output layer in decoder to model

Ri(xa)=(p(xi)= 1).
Compute log-likelihood (see last lecture, logistic regression)

N
L(q)=.§1xilogm(x;q)+(l xi)log[1 % (x;q)]
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Use binary images 2f 0; 1g,
Use logistic (sigmoid) output layer in decoder to model
%i(x;a)=(p(x)= 1).
Compute log-likelihood (see last lecture, logistic regression)

N
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In practice often other reconstruction losses are used, &g. X kg.
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For each sample pai, z, evaluate:

logp(xj z;q)

Example: Binary MNIST
Use binary images 2f 0; 1g,
Use logistic (sigmoid) output layer in decoder to model
%i(x;a)=(p(x)= 1).
Compute log-likelihood (see last lecture, logistic regression)

N
L(q)=.§1xilogm(x;q)+(l x)log[L & (x;q)]

In practice often other reconstruction losses are used, &g. X kg.

There is a disconnect between the mathematical theory and common
implementations that are often based on trying to do something
similar as suggested by the intuitive interpretation of mathematic§'8/54
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min Ez q(zjx) |ng(Xj Z)+ Dk (Q(Zj X) k p(z))
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VAE advantages:
Structure is elegant, theoretically pleasing, and simple to implement.

42/54



VAE advantages:
Structure is elegant, theoretically pleasing, and simple to implement.
Excellent results, among the state of the art approaches to
generative modeling.

42/54



VAE advantages:
Structure is elegant, theoretically pleasing, and simple to implement.
Excellent results, among the state of the art approaches to
generative modeling.
Very robust! key advantage over Boltzmann machines, which
require extremely careful model design to maintain tractability. 42/54



VAE advantages:
Structure is elegant, theoretically pleasing, and simple to implement.
Excellent results, among the state of the art approaches to
generative modeling.
Very robust! key advantage over Boltzmann machines, which
require extremely careful model design to maintain tractability.
Work very well with a diverse family of di erentiable operators.

42/54



VAE disadvantages:
Image VAE samples tend to be blurry.
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VAE disadvantages:
Image VAE samples tend to be blurry.
Maximizing a lower bound on the likelihood of such a distribution is
similar to training a traditional autoencoder with mean squared error
Tends to ignore small/local features of the input. 43/54
Current VAEs tend to use only a small subset of the dimensions. of



Supervised training:

S :
min_>| E, Q(sz{Z|09p(XjZf+PKL(Q(Z{'ZX)kp(Z)i"' |<y iz } S

Reconstruction loss Regularizationloss Classi cation loss

44/54
Unsupervised training without classi cation loss.



Reconstruction:
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Input Data Generated Data
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Input Data Generated Data
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unsupervised_

. . . upervised .
Semi-supervised learnindNg, i, + Niain = 60,000)
NSupervsed T 100 400 | 1000 | 4000 | 10000 | 40000 | 60000
Test error | 0.2569 | 0.3577 | 0.7047 | 0.9291 | 0.9697 | 0.9878 | 0.9920

49/54



Interpolation. Starting from a discrete molecular representation, such as a SMILES

string, the encoder network converts each molecule into a vector in the latent space,

which is e ectively a continuous molecular representation. Given a point in the latent

space, the decoder network produces a corresponding SMILES string.

Architecture:
Encode characters strings into vectors using recurrent neural networks (RNNs).
Encoder: 1D convolutional layers, fully-connected layer
Decoder: Three layers of gated recurrent unit (GRU) networks. 50/54

The last layer of the RNN decoder de nes a probability distribution over all
possible characters at each position in the SMILES string (stochastic writeout)



Interpolation. Projection of the molecular training sets onto learned two-dimensional
latent spaces. The one-dimensional histograms show the distribution of the training
data along each dimension, overlaid with the Gaussian prior imposed in the variational
autoencoder. The points are colored along a chemical property that is relevant to
their function, and will be the target of optimization experiments. Left: A natural
library of drug-like molecules, colored by their predicted water-octanol partition

coe cient. Right: A combinatorially-generated library of organic LED molecules,
colored by their predicted delayed uorescent emission rate (KTADF in ms 1).
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Interpolation. Molecules decoded from randomly-sampled points in the latent space 52/54
of a variational autoencoder, near to a given molecule (aspirin [2-(acetyloxy)benzoic
acid], highlighted in blue).



Interpolation. Two-dimensional interpolation between four random drugs. Left:

Starting molecules, whose encodings de ned the four corners of a place in the latent

space. Right: Decodings of linearly-interpolated points between the latent 53/54
representations of the four molecules to the right.



Interpolation. Gradient-based optimization in continuous latent space. After training

a surrogate modelf (z) to predict the properties of molecules based on their latent
representation z, we can optimize f (z) with respect to z to nd new latent

representation expected to have high values of desired properties. These new latent
representations can then be decoded into SMILES strings, at which point their

properties can be tested emprically. 54/54



Boltzmann Generators: !
sampling many-body equilibrium states with deep learning

Frank NoZ (FU Berlin)
frank.noe@fu-berlin.de
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