DYNAMICAL
SYSTEMS

Any system that evolves (changes) in time
according to some rules
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https:/www.youtube.com/watch?v=5v5eBf2KwF8



DATA-DRIVEN
DYNAMICAL SYSTEMS |l

Magnitude
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Dynamic Mode Decomposition (DMD)

1. Collect Data

LaVision PIV

Schmid, JFM 2010.

Rowley, Mezic, Bagheri, Schlatter, Henningson, JFM 2009.
Tu, Rowley, Luchtenburg, Brunton, Kutz, JCD 2014.

Kutz, Brunton, Brunton, Proctor, SIAM 2016.




Dynamic Mode Decomposition (DMD)

1. Collect Data 2. Organize into Matrices 3. DMD

a) Diagnostics past future
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‘ Regression

Dynamic modes

Schmid, JFM 2010.

Rowley, Mezic, Bagheri, Schlatter, Henningson, JFM 20009.
Tu, Rowley, Luchtenburg, Brunton, Kutz, JCD 2014.

Kutz, Brunton, Brunton, Proctor, SIAM 2016.
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Dynamic Mode Decomposition (DMD)

1. Collect Data 2. Organize into Matrices 3. DMD

To compute DMD: X (kAt) = (I)@tb()
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Dynamic modes
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AW = WA

Eigenvalues: growth/decay, oscillations

Schmid, JFM 2010.
Rowley, Mezic, Bagheri, Schlatter, Henningson, JFM 20009.

Tu, Rowley, Luchtenburg, Brunton, Kutz, JCD 2014.
Kutz, Brunton, Brunton, Proctor, SIAM 2016.




Dynamic Mode Decomposition (DMD)

3. DMD

a) Diagnostics past
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b) Future state prediction

: Schmid, JFM 2010.
y, Mezic, Bagheri, Schlatter, Henningson, JFM 2009.
Tu, Rowley, Luchtenburg, Brunton, Kutz, JCD 2014.
Kutz, Brunton, Brunton, Proctor, SIAM 2016.




J. Fluid Mech. (2010), vol. 656, pp. 5-28. (© Cambridge University Press 2010
do1:10.1017/S0022112010001217

Dynamic mode decomposition of numerical
and experimental data

PETER J. SCHMIDT




J. Fluid Mech., page 1 of 13 (© Cambridge University Press 2009
doi:10.1017/S0022112009992059

Spectral analysis of nonlinear flows

CLARENCE W. ROWLEY!Y, IGOR MEZIC?,
SHERVIN BAGHERD, PHILIPP SCHLATTER?
AND DAN S. HENNINGSON?

Princeton University, NJ 08544, USA




Principal Components Analysis

PCA
6400-dimensional data, &
noisy and varies in time W

Independent Components Analysis
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Dynamic Mode Decomposition
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DMD/Koopman: Highly applicable

Magnitude

Phase

¥
Disease and Epidemiology
Y s =
Bing Brunton Josh Proctor

Clancy Rowley Nathan Kutz

Fluid Dynamics Weather and Climate



DISCOVERING
COORDINATE SYSTEMS
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BERNARD KOOPMAN
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HAMILIONIAN .\} STEMS AND TRANSFIORMATIONS IN
HILBE "4' SPFACE
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in recent vears the theory of Hilbert space and its Linear transiormatsxons
s come nto promanence.' It has beem recognited 1o an Eoreaseg
extent that many of the most mmportant departments of mathematical
physcs oan be subsussed under this theory, [In casocal physcs, foe
examapde in those phencenens winch are poverned by linear coadations
linenr differentaal o integral equatyoas and the hike, in those relating to
harsmotic analysis, and in many phenomens doe 10 1he operation of the
laws of chance, the essential rdle is played by certain linear transformathons
i Hilbert space. And the importance of the theory In quamtum e
chanics is known to all. It is the obywct of this note to outhine certain
mvestipations of osr own in which the domain of this theory has been
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This perspective highlights the mean ergodic theorem established by John von Neumann and the pointwise ergodic theorem established by
George Birkhoff, proofs of which were published nearly simultaneously in PNAS in 1931 and 1932. These theorems were of great significance
both in mathematics and in statistical mechanics. In statistical mechanics they provided a key insight into a 60-y-old fundamental problem of
the subject—namely, the rationale for the hypothesis that time averages can be set equal to phase averages. The evolution of this problem is
traced from the origins of statistical mechanics and Boltzman'’s ergodic hypothesis to the Ehrenfests’ quasi-ergodic hypothesis, and then to the
ergodic theorems. We discuss communications between von Neumann and Birkhoff in the Fall of 1931 leading up to the publication of these
papers and related issues of priority. These ergodic theorems initiated a new field of mathematical-research called ergodic theory that has
thrived ever since, and we discuss some of recent developments in ergodic theory that are relevant for statistical mechanics.

George D. Birkhoff (1) and John von (a concept to be defined below). First of all, container. The molecules are in motion,
Neumann (2) published separate and vir- these two papers provided a key insight into colliding with each other and with the hard
tually simultaneous path-breaking papers a 60-y-old fundamental problem of statistical walls of the container. The molecules can be




Nonlinear Dynamics (2005) 41: 309-325 (©) Springer 2005

Spectral Properties of Dynamical Systems, Model Reduction
and Decompositions

IGOR MEZIC

Department of Mechanical and Environmental Engineering and Department of Mathematics, University of California,
Sant . AARARINS-5070, U.S.A. (e-mail: mezic@engineering.ucsb.edu, fax: +1-805-893-8651)
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Example: Koopman Linear Embedding

Nonlinear T1 = [T
dynamics: To = A2 — x%)

7 Y1 w0 0| [y Y1 K28
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Example: Koopman Linear Embedding

Nonlinear
dynamics:

Koopman
linear system:

Eigen-observables: Pa(X)

T1 = pr]
iz — )\(:1:‘2 — ZE%)
p Y1 w0 0] [y Y1 EZ8
o V2| = 0 A —=A| |y2| for |y2f = |22
Y3 0 0 2u] ys Y3 e
=£,y(x), where £ K =0,
= I and — 29 — bx® with b= A
P = L1, PN — L2 1 _)\—2;[
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Koopman Operator Optimal Control
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Dynamical Systems: Koopman and Operators

Dynamics
d to+1
X = f(x), » F.(x(tg)) = x(tg +t) = x(tg) + /t f(x(7))dr.
0
» X1 = Fe(xp), Discrete-time update

Koopman operator

Kig = goFy D Kigxi) = g(Fi(xx)) = 9(Xpt1)-

» g(Xp41) = Kig(xx)- Discrete-time update

Koopman invariant subspace:
Koopman operator [ is

infinite dimensional and linear
S g = 1Ys; T 2Ys, + T+ s,

9 = Z XL Yk - Koopman, PNAS 1931.
=

/Cg — Bl?/sl + 52?;52 + -0 Bmysm. Mezic, Nonlinear Dynamics 2005.
Mezic, ARFM 2013.

Williams, Kevrekidis, Rowley, JNS 2015.



Dynamical Systems: Koopman and Operators

Koopman invariant subspace:

_ infinite dimensional and linear
o g = 1ys; + Q2Ys, + -+ AmYs,, < SImEmIe -
g = Z YEYk- Koopman, PNAS 1931.
k=1 Kg = B1ys, + B2Ys, + -+ BmYs,, - Mezic, Nonlinear Dynamics 2005.
Mezic, ARFM 2013.
Williams, Kevrekidis, Rowley, JNS 2015.




Koopman Eigenfunctions
Define Invariant Subspaces

Linear dynamics in
eigenfunction coordinates

©o(x) = Np(x)

d

—p(x) = Vo(x) - £(x)

—

Nonlinear dynamics

in original
d
X = f(x)

Vip(x) - £(x) = Ap(x)
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FOR DYNAMICS
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NEURAL NETWORKS
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Integrate

X + Atf(x)

Xk+1
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X + Atf(x)

Integrate
Xk+1

Test
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(Variational) Autoencoder
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Pathak et al, PRL 2018






Ptolemaic System



Ptolemy
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Armillary
Sphere
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Armillary
Sphere







https:/www.youtube.com/watch?
3blue1lbrown v=r6sGWTCMz2k&feature=youtu.be



Aristotie and Galileo



Galileo




Galileo



Aristotle

Galileo




Kepler and Newton
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