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The electronic structure problem

Use atomic units

Born-Oppenheimer
approximation

All non-relativistic

(but added back in)

Wavefunctions
antisymmetric and
normalized

Only discuss ground-
state electronic
problem here, but
many variations.
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Hamiltonian for N electrons in the presence of external potential v(r):
H=T+ Ve + V,

where the kinetic and elec-elec repulsion energies are

~— 7 h ZV - ZZ ri—r|
i=1 j#i Vi —Vj
and difference between systems is N and the one-body potential
A N
V = V(I‘,‘)

i=1

Often v(r) is electron-nucleus attraction

Zy
_g\r—R

where « runs over all nuclei, plus weak applied E and B fields.

(TH+Ve+VIV=FEV E = min(W|T + Ve + V)
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DFT method

1964: HK theorem: There exists F[n]

Define fictitious non-interacting electrons satisfying:

1 N
[V @} =0, Sl =t
j=1

where vg(r) is defined to yield n(r).

Define Tg as the kinetic energy of the KS electrons, U as their
Hartree energy and

F=T + Vee = Ts + U+ Exc

the remainder is the exchange-correlation energy.
Most important result of exact DFT:

0+ [Pt el el = 5

Knowing Exc[n| gives closed set of self-consistent equations.
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Papers using DFT
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FIG. 2. The number of DFT citations has exploded (as have
ab initio methods). PBE is the number of citations of of Ref.
[22], and B88 of Ref. [18]. Dark indicates papers using either
of these approximations without citing the original papers,
while other is all other DFT papers. All numbers are esti-

mates. , , ,
DFT: A Theory Full of Holes, Aurora Pribram-Jones, David A. Gross, Kieron Burke,

Annual Review of Physical Chemistry (2014).

Oct 15, 2014 Boston Area Theo Chem



[ Semiclassical work in progress

« Almost exact exchange at almost no
cost

— for 1d boxes, do LDA calculation, then

evaluate semiclassical exchange.

 Turning points

— Finally derived and proved formulas in
presence of turning points

» Asymptotic expansion for correlation

— Gives new version of PBE, more accurate
for atoms

INSTITUTE FOR PURE AND APP
Los Angeles, California

o September 4 - 6, 2013
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B. Strong correlation

* Ongoing project with Steve White at UC]
* Apply DMRG to continuum problems

 Understand limitations and failures of standard
DFT approximations

Thomas E. Baker Lucas Wagner Miles Stoudenmire Steve White
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C. Machines

mean principal basis 1

%
o

principal basis 2 principal basis 2

(a) (b)

Figure 1.10 a) 25 randomly chosen 64 x 64 pixel images from the Olivetti face database. (b) The mean
and the first three principal component basis vectors (eigenfaces). Figure generated by pcaImageDemo.
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Machine learning

Powerful branch of artificial intelligence
Essentially fitting and interpolating

Maps problem into much higher-dimension
feature space, using a simple kernel

Higher-dimension often means more linear
Perform regression in feature space
Project back to original problem



Kernel ridge regression }

® Kernel ridge regression (KRR). Given {Xj, f]}

M
fx) =) ajk(xj,x) length scale
j=1

\

k(x,x') = exp(—|lx — x'[|*/(20?))
® Minimize:
M A
Cla) = Z(f(xj) — f)? + Nlal?

g=1 \
noise level
a=(K+XNI)"'f
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[ ML applications in electronic structure }

 Most with Klaus Mueller of TU Berlin,
computer science.

* ML now being applied directly to, e.g.,
molecular energies from geometries for
drug design, many by Matthias Rupp (U.
Basel)

* Qur efforts are focused on finding T,[n]
from examples, headed by John Snyder
(Humboldt fellow at TU Berlin/MPI Halle)
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[ Demo problem in DFT }

® N non-interacting same-spin fermions confined to |d box

® Define class of potential:
3

o) = =) aiexp(—(z —b;)?/(2¢}))

=1

® Represent the density on a grid with spacing Ax = 1/(G — 1)

e ML-DFA for KE:

T(n) = TZajk(nj, n)
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Dataset

Generate 2000 potentials. Solve for up to 4 electrons.

13

IPAM ML

Feb 23, 2015



Performance for T,

N M A o |AT| |ATPY |AT|™ex
40 2.4 x107° 238 3.3 3.0 23.
60 1.0x107° 95 1.2 1.2 10.
| 80 6.7x107°% 48 043  0.54 7.1
100 34x1077 43 015  0.24 3.2
150 2.5x1077 33 0.060 0.10 1.3
200 1.7x10"7 28 0.031 0.053 0.65
2 100 1.3x10°" 52 0.13  0.20 1.8
100 20x 107" 74 012  0.18 1.8
4 100 1.4x10"" 73 0.078 0.14 2.3
1-4" 400 1.8 x 1077 47 0.12  0.20 3.6

LDA ~ 223 kcal/mol, Gradient correction ~ 159 kcal/mol
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[ functional derivative?

 Functionals are
defined on infinite-

Exact ML-DFA dimensional spaces
(ST[TL] _ 1 7~ - /
5n(z) =pu—vr) — EVHT(H) z;aj(nj —n)k(n;,n) . o
o) =a5/(*az) o \With finite
150f | : interpolation, can
. A ﬂ {\ always find bad
4 7 /\ directions
g JHHAAN A
>= - VVV VA
75 : « Can we make a
—ML-DFA e o,
R Exact cruder definition
0 0.5 1

that will work for
our purposes?
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Principal component analysis

Feb 23, 2015

155
A
X = (n;, —n,..., n; —n)' :
C=—X'X
m n

% i
j N
T
Fne(n) =VV g
V = (x1,..., xe)T

IPAM ML
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Projected functional derivative
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Constrained optimized density }

® Gradient descent search:

nU+) — ) _ EPm,e(n(j))(V 4+ an(n(j))/Ax)

1.3x 107

1 AT; = 0.154 kcal/mol
| AT7¢ = 6.53 keal /mol

Ratio = 43

: m=15,£ =25
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SC density movie
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First ‘"ML makes a functional’ paper
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Finding Density Functionals with Machine Learning John C.
Snyder, Matthias Rupp, Katja Hansen, Klaus-Robert Miiller,
Kieron Burke, Phys. Rev. Lett. 108, 253002 (2012)
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Understanding Machine-learned Density

Li Li* (Z=77), John C. Snyder, Isabelle M. Pelaschier, Jessica Huang, Uma-Naresh Niranjan, Paul Duncan, Matthias Rupp, Klaus-Robert Miiller, Kieron Burke

*li.li@uci.edu | Department of Physics and Astronomy, University of California, Irvine, CA 92697

Functionals

INTRODUCTION

BB PBE LY
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T3 VW Burke K. JCP, 2012, 136(15): 150901.

Is there a data-driven method that can be
applied to approximate density functionals?

Density functional theory (DFT) is the most popular electronic
structure calculation method in the world. In principle, the
mapping of the electron density to energy is exact, but in practice,
both the kinetic energy and the energy of the interaction between
electrons must be approximated.

In the past few decades, development of both empirical and non-
empirical functionals requires great intuition built on years of
experience, as well as painstaking trial and error. Recently, some of
us have approached this problem by a completely new data-driven
method called machine learning approximation (MLA). Comparing
to traditional approximation, MLA has (i) lower computational cost
and (ii) significantly higher accuracy.

OPTIMIZATION

k-fold cross validation R 7 N e B
training * [

| ;

- . 06

. i s

choose median — A, o

logyy @

The ML model is built from the training set and the hyperparameters
are optimized by minimizing the error on the validation set. The test
set is never touched until the weights and hyperparameters have been
determined. Then and only then, the generalization ability of the
model can be assessed with the test data.

Consider N non-interacting same-spin fermions subject to a
smooth external potential in one dimension,
u 1< <10
= —(@—b;)*/(2c})  04<b <06
(@) J;n] exp(—(x = b;)*/(2¢})) odashsot
with hard wall on both side. We are going to approximate the
kinetic energy function T[n].
« Local density approximation (LDA): [7%<[n] — T'n]| = 217 keal/mol

* MLA: [7¥Cfn] - T(n)] < 1 keal/mol Chemical Accaracy
flatbox T = 3390 keal /mol
0. T

MACHINE RNING

Kernel Ridge Regression is a powerful kernel-based ML method to
find non-linear pattern in high dimensional space.

e : Nr
training set - {n, T(n1}, j=12,...N; mmp TNV = 3" ajk{n, n;)
=

kernel trick
we define a mapping for input space
to feature space: & : x — F'
kernel is defined as a inner product:
k(z,y) = (B(2), 8(y))

alow dimensional nonlinear fitting
is tranfered to a high dimensional linear
fitting problem.
Gaussian kernel:

klni,n;) = exp (~[lni = njl|*/20%)
cost function

¥
C(@) =™ [n;] - Tln,])? + Ao Ka

‘ju:(K+/\I)"T .
g! CAUTION OVERFITTING

[

* Hyperparameters
< noise level A
<> length scale o

)
T
1
oors| |

1
0.0000,
3000 ' 4200

3600
7 (kealjmol)

%0 05 10

* Evaluate the functional derivative

SEVU) _ ST

@ - @ ' an=n.

+ Compute projection operator by
Principal Component Analysis (PCA)

.
Pl =3 wu]

« Gradient descent on tangent space
S5 )

ni(e) = nu(a) - Pl bnlz)

« correction

nea(@) = nife) ~ (1~ Pinf))(n} — flnf])
J/

RESULTS

\T"[n)=T[nll 1T [A]-T[n]l
Axi0% mean max mean max
40 50 4.2 1.9 30 15 120

60 10 1.8 0.62 11 3.0 19

80 54 15 0.23 31 11 11

100 1.0 2.2 0.14 17 1.25 5.0

100 1.9 2.5 0.13 1.7 111 83

N
1
1
1
1 100 4.5 1.6 0.13 3.5 14 16
2
3
4

100 14 2.7 0.08 2.6 1.12 9.8

1-4 400 17 2.2 0.12 3.0 128 126

*energy unit: kcal/mol

CHALLENGE OF FINDING DENSITY

Thus far, we have focused on the discussion of the performance of the
MLA evaluated on exact densities. However, in order for a functional
to be useful, it must also predict the ground-state density. An accurate
functional derivative is necessary in order to solve Euler equation and
yield an accurate density.

)

()

]
zos s

[ |

TR -

raw functional derivative prhjected functional derivative

We used a simple model as a proof of principle, to investigate how
standard methods from ML can be applied to DFT.

This novel method works to produce highly accurate approximate
functionals. The performance of MLA increases with larger training set.

With a modified orbital-free DFT, we can also obtain highly accurate
self-consistent densities and energies.

The authors thank for the support from NSF Grant No. CHE-1240252 (JS,
KB). KRM thanks the BK21 Plus Program by NRF Korea, DFG and the
Einstein Foundation. Correspondence to Li Li and K.-R. Miiller.
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Bond-breaking with ML }

* Performed many 1d
KS calculations of
diatomics as function |
of bond length, using =
LDA with soft-

Coulomb repulsion, 0.0
including several with = _ | /"
more than 2 ) — kd ,

electrons

Orbital-free Bond Breaking via Machine Learning John C. Snyder,
Matthias Rupp, Katja Hansen, Leo Blooston, Klaus-Robert Miller,
Kieron Burke, J. Chem. Phys. 139, 224104 (2013)
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Constrained optimal density

« Convergence of
constrained optimal
density with # of
training points.

Kernels, Pre-Images and Optimization John Snyder, Sebastian
Mika, Kieron Burke, Klaus-Robert Miller, Chapter in Empirical
Inference - Festschrift in Honor of Vladimir N. Vapnik (2013)

Feb 23, 2015

0.5 | n(x)

0.02}

= 0.0

0.00

=5 0 5
x

FIG. 7. Difference between the constrained optimal density
n(x) and the KS density n(z) for various numbers of training
densities Nr. The error decreases uniformly for all z. The
system is Hy at equilibrium bond length. The inset shows the
KS density.
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Types of errors in DFT

AE; = E_[n]-E, [n]

* AE = E, [A]-E,In]

 AE = AE+ AE,
 Error analysis of
energies in kcal/mol
as a function of R
with different
numbers of training
data, on constrained
optimal densities

Feb 23, 2015

IPAM ML
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/\ Ny =20
0.000 B IS B To mans ey A aey e Nt
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(b) A

FIG. 8. The total error of the model and the functional- and
density-driven errors AEr and AEp for Ha with (a) 10 and
(b) 20 training densities.
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[ Functional derivatives and densities }

« How can we get accurate densities from lousy
derivatives?

 Once solution density is within interpolation manifold,
simply constrain derivative to stay on that manifold

* Analogy:

— Problem: find global minimum of 2D surface, given exact data
along a 1D curve in that surface that passes through the
minimum.

— Solution: Make sure you stay on the path.

PS: Inspired density-corrected DFT, which corrects
many self-interaction errors!

Understanding and reducing errors in density _ : : ,

. e e Min-Cheol Ki B0 lons in solution: Density corrected density n
fUFICt‘IOFlG caicuigtions iMiin-Lheol Rim, Eunjt functional theory (DC-DFT) Min-Cheol Kim, Eunji =
Sim, Kieron Burke, Phys. Rev. Lett. 111, Sim, Kieron Burke, The Journal of Chemical Physics “
073003 (2013) 140, 18A528 (2014)
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Conceptual relationship J

« ML works when
a) There's arule
b) Ruleis too complicated for humans
c) There's data

« HK theorems say
a) There is a functional
b) It cannot be given explicitly, exactly
c) Examples give exact values

* More important, practically:

— In chemistry and materials, we only care about solutions to an
absurdly small fraction of possible problems, i.e., Coulomb
potentials at various positions, so underlying dimensionality of
solutions is very small, just solving differential equation is hard.
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Road map back to reality

Feb 23, 2015

Roadmap to 3d land

model selection, projected functional derivatives, OF-DFT

bond breaking, self-consistent densities

Id diatomics )L

. %
A}

“dlmen5|ona||ty, basis sets, representation, inversion symmetry

|
3d atoms, diatomics .

* full symmetries, scalmg

C& 3d molecules

scalability, data accumulatlon .~

ab-initio MD, active learning
Iarge systems, real applications

IPAM ML
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D. Simplified example

Kevin Vu

Feb 23, 2015

IPAM ML
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{ Kevin’s paper: from functions to functionals }

 Plot error as a
function of

hyperparameters

@ Curves have roughly the
same “valley” shape for all
Nt

o Bottom of the valley is an
order of magnitude deeper
than the walls

* Repeat for fitting
f(x)= cos x

log Af

@ These valleys are nearly
identical in shape for
sufficiently large N7, which
indicates that this particular
feature arises in a systematic
manner as N1 increases
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D. Cross-fertilization

* All preliminary results

z y
Li Li Thomas E. Baker

Feb 23, 2015 IPAM ML
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DMRG meets DFT meets ML

1600

1400+

« Ran H, with fixed _ 1200
separations b using £ oon
DMRG z

« Use 30 values of b to 400
train ML version of "
exact F[n]

* Yields accurate exact .
binding energy curve
self-consistently. .

Feb 23, 2015 IPAM ML

— F%@n] |
_ FDMRG[TL]
0 2 4 6 8 10
b (a.u.)
— ML (N, =30) |1
— LDA
--- Exact Limit
0 2 4 6 8 10
b(a.u.)
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Summary

ML of functionals works in model cases to produce highly
accurate approximate functionals

Totally different approach from anything before

ML can even

— find accurate densities
— say when it will work within tolerance (makes Klaus nervous)

— break bonds
— Do the full functional

But
— only demonstrated in 1d
— Need to do arbitrary-sized system (representation question)
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