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Title:
C:\Petros\Image Processing\baboondet.eps
Creator:
MATLAB, The Mathworks, Inc.
Preview:
This EPS picture was not saved
with a preview included in it.
Comment:
This EPS picture will print to a
PostScript printer, but not to
other types of printers.

After sampling columns 

Example of randomized SVD
A C

Original matrix

Compute the top k left singular vectors of the matrix C and store them 
in the 512-by-k matrix Hk.
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Example of randomized SVD (cont’d)
Title:
C:\Petros\Image Processing\baboondet.eps
Creator:
MATLAB, The Mathworks, Inc.
Preview:
This EPS picture was not saved
with a preview included in it.
Comment:
This EPS picture will print to a
PostScript printer, but not to
other types of printers.

A HkHk
TA

A and HkHk
TA are close.
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A novel CUR matrix decomposition
1. A “sketch” consisting of a few rows/columns of the matrix is adequate for 

efficient approximations.

2. Create an approximation to the original matrix of the following form:

O(1) columns
O(1) rows

Carefully 
chosen U

3. Given a query vector x, instead of computing A · x, compute CUR · x to identify 
its nearest neighbors.
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The CUR decomposition
Given a large m-by-n matrix A (stored on disk), compute a 
decomposition CUR of A such that:

1. C consists of c = O(k/ε2) columns of A.

2. R consists of r = O(k/ε2) rows of A.

3. C (R) is created using importance sampling, e.g. columns (rows) 
are picked in i.i.d. trials with respect to probabilities
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The CUR decomposition (cont’d)

Given a large m-by-n matrix A (stored on disk), compute a decomposition 
CUR of A such that:

4. C, U, R can be stored in O(m+n) space, after making two passes 
through the entire matrix A, using O(m+n) additional space and time.

5. The product CUR satisfies (with high probability)
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Computing U
Intuition:

The CUR algorithm essentially expresses every row of the matrix A as a 
linear combination of a small subset of the rows of A.

• This small subset consists of the rows in R.

• Given a row of A – say A(i) – the algorithm computes a good fit for 
the row A(i) using the rows in R as the basis, by approximately solving

Notice that only c = O(1) element of the i-th row are given as input.

However, a vector of coefficients u can still be computed.
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Computing U (cont’d)

Given c elements of A(i) the algorithm computes a good fit for the row 
A(i) using the rows in R as the basis, by approximately solving:

However, our CUR decomposition approximates the vectors u instead of 
exactly computing them.

Open problem: Is it possible to improve our error bounds using the 
optimal coefficients?
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Error bounds for CUR

Assume Ak is the “best” rank k approximation to A (through SVD). 
Then, if we pick O(k/ε2) rows and O(k/ε2) columns,

If we pick O(1/ε2) rows and O(1/ε2) columns,
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Other CUR decompositions (1)

Computing U in constant time (instead of O(m+n))

Our CUR decomposition computes a provably efficient U in linear time.

In recent work (DM ’04), we demonstrate how to compute a provably 
efficient U in constant time – the ConstantTimeCURConstantTimeCUR decomposition.

Our ConstantTimeCUR decomposition:

• samples O(poly(k,ε)) rows and columns of A,

• needs an extra pass through the matrix A,

• significantly improves the error bounds of Frieze, Kannan, and        
Vempala, FOCS ’98, JACM ’04,

• is useful for designing approximation algorithms,

• but has a more complicated analysis.
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Other CUR decompositions (2)

Solving for the optimal U

Given c elements of the i-th row of A, the algorithm computes the 
“best fit” for the i-th row using the rows in R as the basis, by solving:

Using the above strategy, we can also compute a CUR decomposition, with a 
different U in the middle. 
(This decomposition has been experimentally proposed in the context of fast kernel computation.)

Open problem: What is the improvement?
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Other CUR decompositions (3)
An alternative perspective:

Q. Can we find the “best” set of 
columns and rows to include in C and R? 

Randomized or quasi-randomized or 
deterministic strategies are acceptable.

Optimal U

Results by S. A. Goreinov, E. E. Tyrtyrshnikov, and N.L. Zamarashkin imply 
(rather weak) error bounds if we choose the columns and rows of A that 
define a parallelpiped of maximal volume.
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Fast Computation of Kernels

Q. SVD has been used to identify/extract linear structure from data. What about 
non-linear structures, like multi-linear structures or non-linear manifold structure?

A. Kernel-based learning algorithms.

Algorithms extracting linear 
structure can be applied to 
G without knowing φ ! 

inner productPSD matrix

Isomap, LLE, Laplacian Eigenmaps, SDE, are all Kernel PCA for special Gram matrices.

However, running, e.g., SVD to extract linear structure from the Gram matrix still 
requires O(m3) time. 

We can apply CUR-type decompositions to speed up such calculations.
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Fast Computation of Kernels (cont’d)

A potential issue is that the CUR decomposition of the Gram matrix is not a positive 
semidefinite matrix.

However, if we compute the “optimal” U matrix, then the CUR approximation to the 
optimal matrix is PSD.

For the special case of PSD matrix G = XXT for some matrix X, we can prove that 
using the “optimal” U guarantees:



14

What we can (almost) do with kernels

To construct landmarks, randomly 
sample with the “right” probabilities:

for outliers,

uniform sampling.

To construct a coarse-grained 
version of the data graph:

Construct landmarks,

Partition/Quantization,

Diffusion wavelets.

Adjacency matrix, t=0 Adjacency matrix, t=t*

Kernel-based 
diffusion
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Datasets modeled as tensors

Our goal:

Extract structure from a tensor dataset A using a small number of samples.

Mode 2

Mode 1

Mode 3
Q. What do we know about 
tensor decompositions?

A. Not much, although tensors 
arise in numerous applications.

m x n x p tensor A
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Tensors

Tensors appear both in Math and CS.

• Represent high dimensional functions

• Connections to complexity theory (i.e., matrix multiplication complexity)

• Data Set applications (i.e., Independent Component Analysis, higher order 
statistics, etc.)

Also, many practical applications, e.g., Medical Imaging, Hyperspectral
Imaging, video, Psychology, Chemometrics, etc.

However, there does not exist a definition of tensor rank (and associated 
tensor SVD) with the – nice – properties found in the matrix case.
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Tensor rank

A definition of tensor rank

Given a tensor

find the minimum number of rank one 
tensors into it can be decomposed. outer product

computing it is NP-hard
only weak bounds are known   
tensor rank depends on the 

underlying ring of scalars
successive rank one approxi-

imations are no good

agrees with matrices for d=2
related to computing bilinear 

forms and algebraic complexity 
theory.

BUT
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Tensor α-rank

The α-rank of a tensor

Given

create the “unfolded” matrix 

and compute its rank, called the α-rank.

Pros:

• Easily computable,

Cons:

• different α-ranks are different,

• information is lost.

“unfold”
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Tensors in real applications

3 classes of tensors in data applications

1. All modes are comparable (e.g., tensor faces, chemometrics)

2. A priori dominant mode (e.g., coarse scales, microarrays vs. time, 
images vs. frequency)

3. All other combinations

Drineas and Mahoney ’04, TensorSVD paper deals with (1).

Drineas and Mahoney ’04, TensorCUR paper deals with (2).

We will focus on (2), where there is a preferred mode.
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The TensorCUR algorithm (3-modes)

Choose the preferred mode α (time) 

Pick a few representative snapshots:

Express all the other snapshots in terms of the representative snapshots.

p time steps

randomly sample
2 samples

m genesm genes

n environmental 
conditions

n environmental 
conditions
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The TensorCUR algorithm (cont’d)

2 samplesLet R denote the tensor of the sampled snapshots. 

Express the remaining images as linear combinations 
of the sampled snapshots.

m genes

n environmental 
conditions

First, pick a constant number of “fibers” of the tensor A 
(the red dotted lines).

Express the remaining snapshots as linear combination 
of the sampled snapshots.

p time steps

sampled 
snapshots

sampled 
fibers

m genes

n environmental 
conditions
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The TensorCUR algorithm (cont’d)

Best rank ka
approximation to A[a]

Unfold R along the α dimension 
and pre-multiply by CU

Theorem:

How to proceed:

Can recurse on each sub-tensor in R,

or do SVD, exact or approximate,

or do kernel-based diffusion analysis,

or do wavelet-based methods.

TensorCUR:

Framework for dealing with very large 
tensor-based data sets,

to extract a “sketch” in a principled 
and optimal manner,

which can be coupled with more 
traditional methods of data analysis.
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