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Learning when data ~ M c RY

s Clustering: M — {1,... k}

connected components, min cut

s Classification: M — {-1,+1}
Pon M x {-1,+1}

s Dimensionality Reduction: f: M — R" n << N

s M unknown: what can you learn about M from data?

e.g. dimensionality, connected components
holes, handles, homology
curvature, geodesics







V (x,t) = volume velocity
P(x,t) = pressure
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Vocal Tract modeled as a sequence of tubes.
(e.g. Stevens, 1998)

Jansen and Niyogi (in prep..




Pon X xY X =RV;Y ={0,1},R

(x;,v;) labeled examples

find f: X =Y Il Posed
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Splines
Ridge Regression

SVM

s K:XxX —Risap.d. kernel

e —yll?

eg.e 2 (14+x-y)?, etc.

s Hy is a corresponding RKHS

e.g., certain Sobolev spaces, polynomial families, etc.







s supp Px has manifold structure
» geodesic distance v/s ambient distance

s geometric structure of data should be incorporated

s f Versus f
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Belkin, Niyogi, Sindhwani (2004




M i1s unknown but z1...2y € M
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Representer Theorem: f,,; = S 0 K (z, 7;)

V(f(z),y) = (f(z) — y)?: Least squares

V(f(x),y) = (1 —yf(x))+: Hinge loss (Support Vector Machines)




SVM Laplacian SVM Laplacian SVM

v, =0.03125 y =0 Y, =0.03125 v =0.01 v, =0.03125 y =1




RLS vs LapRLS
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Error Rates

TSVM vs LapSVM
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Error Rates (test set)
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Eopt = minfEHK E[(y - f(ﬂ?))2]

TPYA/YI — 0
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Eomrn — Eopt < C + 4l fopt I + 1 /M Font (AL fopt)

k% = sup K(z,x) u?
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Belkin and Niyogi (in prep.’




FiIX f: X —R.
FIX x ¢ M
(Lnf) = X,(F(x) = flag))e™ T

Putt, =n %22 where a > 0

k+1

. Amt,)T 2
with prob. 1, lim
n—> 00 n

(Lnf)le = AmSla

Belkin (2003), Belkin and Niyogi (in preparation

also Lafon (2004), Coifman et a



Tubular Neighborhood




M c RF condition ~ 7
p,q € M where ||p — q||g+ = d.

Forall d < 7,

2d
dm(p, q) ST—T\/I——

T

In fact, Second Fundamental Form Bounded by £




L1, ... an € M CRY

Can you learn qualitative features of M?

® Can you tell a torus from a sphere?

#® Can you tell how many connected components?

® Can you tell the dimension of M?




T1,. .., 2n € M CRF

U — Uylee(:Ez’)

If € well chosen, then U deformation retracts to M.

Homology of U is constructed using the nerve of U and agrees
with the homology of M.




M c R¥ with cond. no. 7
T ={x1,...,2,} ~ uniformly sampled i.i.d.

. - vol(M)
0<e<s3 b= (sin~*(e/27))*kvol(B.)

n > [(log(B) + log(%))

with prob. > 1 — ¢,
homology of U equals the homology of M

(Niyogi, Smale, Weinberger, 2004




Isoperimetric inequalities. Cheeger constant.
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PCA
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Clustering Speech

Learning Functional Mapson Riemannian Submanifolds — p.2




| mportant | ssues

» How to handle noise theoretically and practically?
» How to choose the graph neighborhood correctly?

» How often do manifolds arise in natural data? What is
the right metric on these manifolds?

s What are other ways in which one might utilize the
geometry of natural distributions?

s ldentify real problems where this approach can make a
difference.

» Complexity estimates and provably correct algorithms
rather than heuristics.

Learning Functional Mapson Riemannian Submanifolds — p.2




