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Basic purpose

e Interacting particles / players
o controlled players in mean-field interaction
o particles have dynamical states <« stochastic diff. equation

symmetric interaction with whole population

o mean-field e~ .. . . . .
no privileged interaction with some particles

e Associate cost functional with each player

o find w.r.t. cost functionals

o shape of the equilibria for a large population?



Basic purpose

e Interacting particles / players
o controlled players in mean-field interaction
o particles have dynamical states <« stochastic diff. equation

symmetric interaction with whole population

o mean-field e~ .. . . . .
no privileged interaction with some particles

e Associate cost functional with each player

o find w.r.t. cost functionals

o shape of the equilibria for a large population?
e Different notions of equilibria

o players decide on their own ~» find a consensus inside the
population = notion of | Nash equilibrium

o players obey a common center of decision ~» minimize the
global cost to the collectivity

e Both cases ~» asymptotic equilibria as the number of players T co?
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o mean-field / symmetry «» ‘ propagation of chaos / LLN

o reduce the asymptotic analysis to one typical player with
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Asymptotic formulation

e Paradigm

o mean-field / symmetry ¢ ‘ propagation of chaos / LLN

o reduce the asymptotic analysis to one typical player with
interaction with a theoretical distribution of the population?

o decrease the complexity to solve asymptotic formulation first

e Program

o Existence of | asymptotic equilibria ‘? Uniqueness? Shape?

o Use asymptotic equilibria as quasi-equilibria in finite-game

o Prove convergence of equilibria in finite-player-systems

o Asymptotic formulation of Nash equilibria ~» ‘ Mean-field games!
[Lasry-Lions (06), Huang-Caines-Malhamé (06), Cardaliaguet,
Achdou, Gangbo, Gomes, Porreta (PDE), Bensoussan, Carmona, D.,
Kolokoltsov, Lacker, Yam (Probability)]

e Common center of decision ~» optimal control of McKean-Vlasov
SDEs
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b. Equilibria within a finite system



General formulation

e Controlled system of NV interacting particles with mean-field
interaction through the global state of the population

o dynamics of particle number i € {1,..., N}

dX! = b(X!, global state of the collectivity, a')dt
~——
eR?
+ (X!, global state) dw!
——
idiosyncratic noises
+ (X!, global state) dB;
~——

common/systemic noise



General formulation

e Controlled system of NV interacting particles with mean-field
interaction through the global state of the population

o dynamics of particle number i € {1,...,N}

dX! = b(X!, global state of the collectivity, a')dt
~——
eR?
+ (X!, global state) dw!
——
idiosyncratic noises
+ (X!, global state) dB;
~——

common/systemic noise

e Rough description of the probabilistic set-up
o (B, Wh, ..., WN) o<t independent B.M. with values in R4

o (a')o<<1 progressively-measurable processes with values in A
(closed convex c R¥)

o i.i.d. initial conditions I noises
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e Code the state of the population at time ¢ through | ¥ = ﬁ Zf.\i  Oxi

~» probability measure on R?
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Empirical measure

e Code the state of the population at time ¢ through | ¥ = ﬁ Zfi 1 Oxi

~s probability measure on R?
o P»(R?) ~» set of probabilities on R with finite 2nd moments

b:RIxP,(RH) xA - RY,

e Express the coefficients as o0« RY x Py (RY) — R,

o examples: b(x, u, @) = b(x, fRd pdu, @), fRd b(x, v, @)du(v)

o rewrite the dynamics of the particles

dxi = b(X!, @, ad)dt + (X!, iV )dW' + o0 (X!, iY)dB;

’ Cost functional ‘ to playeri € {1,...,N}

T . a") = Bl g i) + f FOC Y, e

o same (f, g) for all i but J' depends on the others through "
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Nash equilibrium

e Each player is willing to minimize its own cost functional
o need for a ~» Nash equilibrium

e Say that a N-tuple of strategies (a'"*,...,a""*) is a consensus if
o no interest for any player to leave the consensus

o change a* ~ @' = J'

Ji@"*, . a*, V) < e, L. av)

e Meaning of | freezing |a'"*,...,a" * a1 *, oV*

o freezing the processes ~» Nash equilibrium in open loop

oal =a(t,X],...,XN) ~» each function o/ is a Markov feedback
~» Nash over of Markov loop

o leads to different equilibria! but expect that there is no
difference in the asymptotic setting
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c. Example



Exhaustible resources [Guéant Lasry Lions]

e N producers of oil ~ X! (estimated reserve) at time ¢
dX! = —a'dt + o X' dW!
o a! ~» instantaneous production rate
o o common volatility for the perception of the reserve

o should be a constraint X! > 0



Exhaustible resources [Guéant Lasry Lions]

e N producers of oil ~ X! (estimated reserve) at time ¢
dX! = —a'dt + oX'dW!
o ! ~» instantaneous production rate
o o common volatility for the perception of the reserve
o should be a constraint X! > 0
e Optimize the profit of a producer
.HMPHﬂMZEfmﬂNHﬂW?rwmmw
o P, is selling price, ¢ cost p(ioduction

o mean-field constraint ~» selling price is a function of the
mean-production

N
1 .
a:mﬁg¢)

o slightly different! ~» interaction through the law of the control
~> | extended MFG ‘ [Gomes al., Carmona D., Cardaliaguet Lehalle]
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a. McKean-Vlasov SDEs



General uncontrolled particle system

e | Remove the control | and the common noise!

dXi = b(Xi, 7iN)dr + o(XE, 7Y )aw!

N
, 1
o X(l), ..., X} 1.i.d. (and L of noises), TS N Z Oxi

o 1! if the coefficients are Lipschitz in all the variables ~» need a
suitable distance on space of measures



General uncontrolled particle system

o | Remove the control | and the common noise!

dX! = b(X!, iM)dt + o (X!, 7 YdW!

N
. 1
o Xé, ..., X} 1.i.d. (and L of noises), TS N Z Oxi
o 1! if the coefficients are Lipschitz in all the variables ~» need a

suitable distance on space of measures

e Use the Wasserstein distance on P,(R¢)

12
oy € Pa®D, Watu,) = (inf f )
RIxRE

s

where 7 has u and v as marginals on R? x R?

o X and X’ two r.v.’s = W (LX), l:(X’)) < E[IX - X"|?1'/?

L8] 1/2
e Example WZ(ZT/ Z Ox;» N Z 5x;) Z i — i
i=1 i=1



McKean-Vlasov SDE

e Expect some ‘ decorrelation / averaging ‘in the system as N T oo

o replace the empirical measure by the theoretical law
dX; = b(X,, L(Xy))dt + o(X;, L(X,))dW,;
e Cauchy-Lipschitz theory

o assume b and o Lipschitz continuous on RY x P»(RY) = unique
solution for any given initial condition in L?

o proof works as in the standard case taking advantage of

|6, ) (X, LX) = (b, )X}, LXD)|] < CE[X, - X;P]



McKean-Vlasov SDE

e Expect some ‘ decorrelation / averaging ‘in the system as N T oo

o replace the empirical measure by the theoretical law
dX; = b(X,, L(Xy))dt + o(X;, L(X,))dW,;
e Cauchy-Lipschitz theory

o assume b and o Lipschitz continuous on RY x P»(RY) = unique
solution for any given initial condition in L?

o proof works as in the standard case taking advantage of
4 4 2 4
E||(b, o)(Xi, LX) — (b, )X, LK) | < CE[IX, - X; ]
e Propagation of chaos
o each (Xf)OSth converges in law to the solution of MKV SDE

o particles get in the limit ~» for & fixed:

&), ... X ogier - LIMKV)® = L((X)o<i<r)™ asN /oo

o lim sup E[(Wa(@", L(X))*] =0
N /o0 0<t<T
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b. Formulation of the asymptotic problems



Ansatz
e Go back to the finite game

e Ansatz ~» at equilibrium

o =V, XL ) ~ a(t, X5, )

o particle system at equilibrium
dxX; ~ b(X} @’ ot X}, i) )dt + o (X}, ot X, 1)) dW;

o particles should decorrelate as N oo

o ﬁﬁv should stabilize around some deterministic limit g,



Ansatz
e Go back to the finite game

e Ansatz ~» at equilibrium

= aN(t,Xf,ﬂﬁV) ~ a/(t,X,",ﬂﬁV)

o particle system at equilibrium
dxX; ~ b(X} @’ ot X}, i) )dt + o (X}, ot X, 1)) dW;

o particles should decorrelate as N oo

o ﬁﬁv should stabilize around some deterministic limit g,

e What about an ‘ intrinsic interpretation of p, ‘?

o should describe the global state of the population in equilibrium

o in the limit setting, any particle that leaves the equilibrium
should not modify u, ~» leaving the equilibrium means that the cost
increases ~» any particle in the limit should solve an optimal control
problem in the environment (t;)o</<T
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solution of a ‘ fixed point problem ‘
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Matching problem of MFG

e Define the asymptotic equilibrium state of the population as the
solution of a ‘ fixed point problem ‘

(1) fix a flow of probability measures (u;)o<;<r (With values in
P (RY))

(2) solve the stochastic optimal control problem in the environment

(M)o<i<T
dX; = b(X;, s, a)dt + o(Xy, u)dW;

o with Xp = £ being fixed on some set-up (Q2, F,P) with a
d-dimensional B.M.

o with [cost] J(@) = E[g(Xr.pr) + fj f(Xeu e, )t

3) let (Xt* *)o<i<7 be the unique optimizer (under nice assumptions)
~» find (/lt)()gfsj‘ such that

pe= LX), 1€10,T]

e Not a proof of convergence!
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c. Forward-backward systems



PDE point of view: HJB

° ‘ PDE characterization of the optimal control problem | when o is
the identity

e Value function in environment (u;)o</<7

T
e = inf | EleCerur)+ [ f0msadsix =]
t

@ processes



PDE point of view: HJB

. ’ PDE characterization of the optimal control problem ‘ when o is
the identity

e Value function in environment (u;)o</<7

@ processes

e U solution HJB

2
o u

(8tu + "2

T
e = inf | EleCerur)+ [ f0msadsix =]
t

)(t, x) + inf [b(x, us, @)0u(t, x) + f(x, s, @)] = 0

a scalar

standard Hamiltonian in HJB
® H(x, pu, @, 2) = b(x, p, @) - 2+ f(x, p, @)
o a*(x, i, z) = argmin,, H(x, y, @, 2) ~ a* = a*(x, y;, dyu(t, x))
e Terminal boundary condition: u(7,-) = g(-, ur)

e Pay attention that u depends on (u;),!



Fokker-Planck

e Need for a | PDE characterization of (L(X;"")),

e Dynamics of X**# at equilibrium
dX; ™ = b(XH, pwy, @ (X, g, Ou(t, X7M)))dt + AW,
e Law (Xt* Mo<i<r satisfies Fokker-Planck (FP) equation

: 1
Oy = —div(b(x, g, @™ (X, g, Ou(t, X)) + Ea)zcxllt
b*(t, %)



Fokker-Planck

e Need for a | PDE characterization of (L(X;"")),

e Dynamics of X**# at equilibrium
dX; ™ = b(XH, pwy, @ (X, g, Ou(t, X7M)))dt + AW,
e Law (Xt Mo<i<r satisfies Fokker-Planck (FP) equation

Oty = —div(b(x, py, @™ (x, g, O1u(t, X));) + 3 xx/,t,
b*(t,x)

e MFG equilibrium described by \ forward-backward \ in co dimension

Fokker-Planck (forward)
HIJB (backward)

o oo dimensional analogue of

X = b(xs, ydt,  xo = P

yr = _f(xt’)’t)dt’ yr = g(xT)
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Optimal control and FBSDEs

e Environment (u;)o<<7 is fixed and cost functional of the type

T
(@) = E[gCerur) + [ S0 c)et]
0
o assume f and g continuous and at most of quadratic growth

o Interpret optimal paths as the forward component of an FBSDE ~»
On (Q, F, P) with F generated by (¢, (Wy)o<i<T)

! !
X, =Xp + f b (X.va Hs, Y, Z&) ds + f O-(stlls)dWs
0 0

T T
Y, = G(Xr,ur) + f F (Xs’lls’ Y, Zs) ds — f ZsdW;
t t

o o invertible, H strict convex in « and coeff. bounded in x =
(G, F)=(g.fH)= ‘ represent value function! ‘

o H strict convex in (x, @) = Pontryagin! ((G, F) = (0xg,0:H)) (o
indep. of x) = ‘ represent gradient value function! ‘

o choose (i;)o<:<r as the law of optimal path! = characterize by
FBSDE of McKean-Vlasov type



MKY FBSDE for the value function
e Consider, on (€, F, P), the MKV FBSDE

!
X, =&+ f b(X, LX), a* (X, LX), Zo ™ (X, L(X,)))) ds
0

!
+ f (X, LX)dW,
0

Y, = g(Xr, L(X7))
T

T
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t
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!
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MKY FBSDE for the value function
e Consider, on (Q, F, P), the MKV FBSDE

!
X, =+ [ BX, £00). ¥ 08 L0 2,07 (X, LOON) ds
0

!
N f (X, LX))dW,
0
Y, = g(X;, L(X7))

T

T
+ f A(X LX), @* (X, LX), Zo™ (X, L(X,)))) ds - f Z,dwW;

e Connection with PDE formulation

‘ Yo =u(s,Xy), Zg = 0u(s, Xy)o (X, py) ‘

e Unique minimizer for each (u;)o<;<r if
ob,f,g,o,o ! bounded in (x, u), Lipschitz in x

o b linear in @ and f strictly convex and loc. Lip in @, with Lip(f)
at most of linear growth in @



MKYV FBSDE for the Pontryagin principle
e Consider, on (€, F, P), the MKV FBSDE

t

t
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0 0
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T T
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t t
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MKYV FBSDE for the Pontryagin principle
e Consider, on (€, F, P), the MKV FBSDE

t

t
X, =&+ f b(X,, LX), a*(X,, L(X,), Y,)) ds + f T(LX,)dW,
0 0

Y, = 0x8(Xy, L(X7))

T T
+ f eH(X,, LX), o* (X, L(X,), Y,), Ys) ds — f Z,dWw,
t t

e Connection with PDE formulation

Yy = 0cu(s, X;), Zsg= a)zgu(s’ Xs)o(ug)

e Unique minimizer for each (u;)o<;<r if
o o indep. of x and b(x, u, @) = bo(u) + b1x + bra
o Oyf, Oof , Oxg L-Lipschitz in (x, @)

o g and f convex in (x, @) with f strict convex in «



Seeking a solution

e Any way ~» two-point-boundary-problem =
o Cauchy-Lipschitz theory in small time only
o if Lipschitz coefficients (including the direction of the measure)

~» existence and uniqueness in short time (see later on)

~» existence and uniqueness of MFG equilibria in small time
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‘ Schauder’s theorem

o uniqueness ~» require additional assumption



Seeking a solution

e Any way ~» two-point-boundary-problem =
o Cauchy-Lipschitz theory in small time only
o if Lipschitz coefficients (including the direction of the measure)

~» existence and uniqueness in short time (see later on)

~» existence and uniqueness of MFG equilibria in small time

e | What about arbitrary time? ‘

o existence ~» fixed point over the measure argument by means of
compactness arguments

‘ Schauder’s theorem

o uniqueness ~» require additional assumption
e Other question ~» connection with social optimization?

o potential games ~» MFG solution is also a social optimizer (but
for other coefficients)



Part III. Solving MFG

a. Schauder fixed point theorem without common
noise



Statement of the Schauder fixed point theorem

e Generalisation of Brouwer’s theorem from finite to infinite
dimension

e Let (V,|-])) be a normed vector space
o () # E c V with E closed and convex
o ¢ : E — E continuous such that ¢(E) is relatively compact

o = existence of a fixed point to ¢



Statement of the Schauder fixed point theorem

e Generalisation of Brouwer’s theorem from finite to infinite
dimension

e Let (V,|-])) be a normed vector space
o # E c V with E closed and convex
o ¢ : E — E continuous such that ¢(E) is relatively compact
o = existence of a fixed point to ¢

e In MFG ~» ‘ what is V, what is E, what is ¢? ‘

o recall that MFG equilibrium is a flow of measures (u;)o<;<r
E c C([0, T1, P2(RY))
o need to embed into a linear structure

C(10, T1, P2(RY) c C([0, T, My (RY))

o M (RY) set of signed measures v with &d [x|dV|(x) < oo



Compactness on the space of probability measures

e Equip M (R?) with a norm || - || and restrict to P;(R) such that

o convergence of (v,),>1 in P(RY) implies weak convergence

VYheCp®RYLR), lim | hdv, = f hdv
Rd

n—co Jpa

o if (v;)u>1 has uniformly bounded moments of order p > 2
Unif. square integrability = Ws(v,,v) — 0

o says that the input in the coefficients varies continuously!

b(x7 Vn, ya Z)’ O-(X, Vn)a F(x’ Vn, y’ Z)7 G(x’ Vn)



Compactness on the space of probability measures

e Equip M, (R?) with a norm || - || and restrict to P;(R?) such that

o convergence of (v,),>1 in P(RY) implies weak convergence

VYheCp®RYLR), lim | hdv, = f hdv
Rd

n—co Jpa

o if (v,)p>1 has uniformly bounded moments of order p > 2
Unif. square integrability = W»(v,,v) — 0

o says that the input in the coefficients varies continuously!
b(x,vn,y,2), o(x,vy), F(x,v4,¥,2), G(x,v,)

e Compactness w» if (v,),>1 has bounded moments of order p > 2
o (Vu)n>1 admits a weakly convergent subsequence

o then convergence for W, by unif. integrability and for || - || also
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sup |x|4d,u,(x) <K for some K
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Application to MKV FBSDE

e Choose E as continuous (u,)o<i<7 from [0, T] to P> (R%)

sup |x|4d,u,(x) <K for some K
0<t<T JR4

e Construct ¢ ~> fix (us)o</<7 in E and solve

! !
X = é: + f b (XSa/ls, Y, Zs) + f O-(XS’ ll.y)dWs
0 0

T T
Y, = G(XTa ﬂT) + f F(XS’ Hs, Y, Zs) ds — f ZdW;
t t

o let| ¢(p = (uosir) = (L& Nosisr

e Assume bounded coefficients and E[|£]*] < oo

o choose K such that E[|X¥|*] < K

= | E stable by ¢

o Wa(L(XH), LXH) < CE[IX¥ — X' < Clr — 5112



Conclusion

e Consider continuous g = (u;)o<i<7 from [0, T] to P»(R?)
o for any  ~» (¢(u)); in a compact subset of P, (R%)
o [0,T] > t — (¢()); is uniformly continuous in u

o by Arzela-Ascoli = output lives in a compact subset of
E c C([0, T], P2(RY)) (and thus of C([0, T], M;(R%))

e Continuity of ¢ on E ~» stability of the solution of FBSDEs with
respect to a continuous perturbation of the environment



Conclusion

e Consider continuous g = (u;)o<i<7 from [0, T] to P»(R?)
o for any  ~» (¢(u)); in a compact subset of P, (R%)
o [0,T] > t — (¢()); is uniformly continuous in u

o by Arzela-Ascoli = output lives in a compact subset of
E c C([0, T], P2(RY)) (and thus of C([0, T], M;(R%))

e Continuity of ¢ on E ~» stability of the solution of FBSDEs with
respect to a continuous perturbation of the environment

° to allow for unbounded coefficients

o for the \ Value-Function FBSDE \f\» b linear in a, f strictly
convex in @, with derivatives in @ at most of linear growth in &

o ‘ Pontryagin principle ‘

~» b linear in (x, @) and f convex in (x, @) with derivatives at
most of linear growth with weak-mean reverting conditions

(x,0,f(0,6x,0)) > —c(1 +|x]) and (x,0,2(0,6,)) > —c(1 + |x])



Linear-quadraticind = 1

. ‘ Apply previous results ‘ with

o b(t, x, 1, @) = ax + a;B(u) + by,
oglx,u) = %[qx + q’E(y)]2 v (mean-reverting) gq’ > 0

of(t,x,pu, ) = %[0/2 + (mx + m;E(/J))Z] «» (mean-rev.) mm, > 0



Linear-quadraticind = 1

. ’ Apply previous results ‘ with

o b(t, x, 1, @) = ax + a;B(u) + by,
o glx,u) = %[qx + q’E(y)]2 v (mean-reverting) gq’ > 0

of(t,x,u,@) = %[a2 + (myx + m;E(,u))z] e (mean-rev.) mm; > 0

. ’ Compare with direct method ‘ ~» Pontryagin

dX; = [aX; + dE(X,) — b?Y,]dt + odW,
ay; = —[a;Y; + m(mX; + mE(X,))\dt + Z,dW;
Yr = qlgXr + ¢'EX7)]
o take the mean
dE(X;) = [(a, + a))E(X,) — b;E(Y))]dt
CﬂE(Yt) = _[atE(Yt) + m[(ml + n’l;)E(Xt)]dt
E(YT) = q(q + ¢ )E(X7)



Linear-quadraticind = 1

. ’ Apply previous results ‘ with

o b(t, x, 1, @) = ax + a;B(u) + by,
o glx,u) = %[qx + q’E(y)]2 v (mean-reverting) gq’ > 0

of(t,x,u,@) = %[a2 + (myx + m;E(,u))z] e (mean-rev.) mm; > 0

. ’ Compare with direct method ‘ ~» Pontryagin

dX; = [aX; + dE(X,) — b?Y,]dt + odW,
ay; = —[a;Y; + m(mX; + mE(X,))\dt + Z,dW;
Yr = qlgXr + ¢'EX7)]
o take the mean
dE(X;) = [(a, + a))E(X,) — b;E(Y))]dt
CﬂE(Yt) = _[atE(Yt) + m[(ml + n’l;)E(Xt)]dt
E(YT) = q(q + ¢ )E(X7)

e existence and uniqueness if g(g + ¢’) = 0, m;(m; + m}) = 0



Part III. Solving MFG

b. Uniqueness criterion



A counter-example to uniqueness
e Consider the MKV FBSDE

dy, = —-f(E(X)))dt + Z,dW,;, Yr = g(E(X7))

o take bounded and Lipschitz coefficients ~» existence of a
solution

o | uniqueness may not hold! ‘

o completely different of the system with b(Y;), f(X;) and g(X7)
for which uniqueness holds true!



A counter-example to uniqueness
e Consider the MKV FBSDE

dy, = —-f(E(X))dt + Z,dW,;, Yr = g(E(Xr))

o take bounded and Lipschitz coefficients ~» existence of a
solution

o ‘ uniqueness may not hold! ‘

o completely different of the system with b(Y;), f(X;) and g(X7)
for which uniqueness holds true!

. ~> take the mean

dE(X;) = b(E(Y))dt, E(Xo) = xo
dE(Yy) = —f(E(Xp)dr, E(Yr) = g(E(X7))

o led back to counter-example for FBSDE ~» choose b, f and g
equal to the identity on a compact subset



Lasry Lions monotonicity condition
e Recall following FBSDE result

o 4! may hold for the Pontryagin system if convex g and H

o ‘ convexity «» monotonicity of d,g and 0,H ‘

o what is monotonicity condition in the direction of the measure?



Lasry Lions monotonicity condition
e Recall following FBSDE result

o 1! may hold for the Pontryagin system if convex g and H

o ‘ convexity «» monotonicity of d,g and 0,H ‘

o what is monotonicity condition in the direction of the measure?

. ‘ Lasry Lions monotonicity condition ‘

o b, o do not depend on

o f(x, u, @) = folx, ) + fi(x, @) (u and « are separated)

o monotonicity property for fy and g w.r.t. u
fd(fo(x,,u) = fole, W))d(p — ' )(x) = 0
R

[R d(g(x, W) — g, 1"))d(p — ') (x) 2 0



Lasry Lions monotonicity condition

e Recall following FBSDE result
o d! may hold for the Pontryagin system if convex g and H

o ‘ convexity «» monotonicity of d,g and 0,H ‘

o what is monotonicity condition in the direction of the measure?

. ’ Lasry Lions monotonicity condition ‘

o b, o do not depend on p

o f(x, u, @) = folx, ) + fi(x, @) (u and « are separated)

o monotonicity property for fy and g w.r.t. u
f{(fo(x,,u) = fole, W))d(p — ' )(x) = 0
RL

fR d(g(x,u) — g, 1" ))d(p — ') (x) 2 0

. : h(x, 1) = fRd L(z, p * u(2))p(x — z)dz where L is /" in

second variable and p is even



Monotonicity restores uniqueness

e Assume that for any input g = (1;)o<s<7 unique optimal control a@**

o + existence of an MFG for a given initial condition
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e Assume that for any input g = (1;)o<s<7 unique optimal control a@**
o + existence of an MFG for a given initial condition

e Lasry Lions = uniqueness of MFG equilibrium!



Monotonicity restores uniqueness

e Assume that for any input g = (u;)o<s<7 unique optimal control a*#
o + existence of an MFG for a given initial condition
e Lasry Lions = uniqueness of MFG equilibrium!

o if two different equilibria ¢z and ' ~> @** # a**

JH@**) < JM@**) and  JF(a*H) < JH(a*H)
N——_—— N —

cost under p cost under p’



Monotonicity restores uniqueness

e Assume that for any input g = (u;)o<s<7 unique optimal control a*#
o + existence of an MFG for a given initial condition
e Lasry Lions = uniqueness of MFG equilibrium!

o if two different equilibria ¢z and ' ~> @** # a**

JH@**) < JM@**) and  JF(a*H) < JH(a*H)
N—— N —

cost under p cost under p’

JH (@) = JH (@) + T () = JH(a*H) > 0

that / / / /
ORI @y - @) - [ (@) = (@) > 0



Monotonicity restores uniqueness

e Assume that for any input g = (u;)o<s<7 unique optimal control a*#
o + existence of an MFG for a given initial condition
e Lasry Lions = uniqueness of MFG equilibrium!

o if two different equilibria ¢z and ' ~> @** # a**
JH@**) < JM@**) and  JF(a*H) < JH(a*H)
~———— —————

cost under p cost under p’

JH (@) = JH (@) + T () = JH(a*H) > 0

h 0 ’ ’ ’
so that T (@) = JH(@*H) = [J* (@) — T (@**)] > 0

E[ g ) — X ) — (s ) — (X i) +] >0

L;d(g(X, M) — 8Cx, pr))dur(x) f (gCx, 1) — g(x, pr))du(x)
R4

o same for fy = LHS must be < 0



Part I'V. Solving MFG with a Common Noise

a. Formulation

[m] = = = = A



MFG with a common noise

e Mean field game with ‘ common noise B ‘

o asymptotic formulation for a finite player game with
X} = b(X], iy, @})dt + o(X}, i1} YW, + o (X;, iy )dB,
o uncontrolled version ~» asymptotic SDE with " replaced by
LXi|(Bs)oss<r) = LXi|(Bs)o<s<t)

o particles become independent conditional on B and converge to
the solution

dX, = b(X,, LX|B))dt + -(X,, LX|B))dW, + c°(X;, L(X|B))dB,



MFG with a common noise

e Mean field game with ‘ common noise B ‘

o asymptotic formulation for a finite player game with A = R* and
dX; = (b(X}, i) + o)dt + cdW; + ndB,

o uncontrolled version ~» i replaced by £(X;|B)

e | Equilibrium as a fixed point \ ~> time [0, T, state in RY

o candidate ~> (Us)re[0,17 FB prog-meas with values in space of
probability measures with a finite second moment P, (R%)

o representative player with control «
dXt = (b(Xt,/J[) + a[)dt + O_dW[ + ndB[
~ Xo ~ po, o, € {0, 1}, Wand B R%-valued 1L B.M.

T
o cost functional J(@) = E[g(XT,/JT) + f (f(Xh/Jf) o %Ia/,lz)dt]
0

o find (u,)efo.r) such that| u; = L(X; PR (B Y ocs<r)




MFG with a common noise

e Mean field game with ‘ common noise B ‘

o asymptotic formulation for a finite player game with
dX; = (b(X}, i) + of)dt + cdW; + ndB,

o uncontrolled version ~» ¥ replaced by £(X;|B)

e | Equilibrium as a fixed point \ ~> time [0, T, state in RY

o candidate ~> (Us)re[0,17 FB prog-meas with values in space of
probability measures with a finite second moment P, (R%)

o representative player with control «
dXt = (b(Xt,/J[) + a[)dt + O_dW[ + ndB[
~ Xo ~ po, o, € {0, 1}, Wand B R%-valued 1L B.M.

T
o cost functional J(@) = E[g(XT,/JT) + f (f(Xh/Jf) o %Ia/,lz)dt]
0

o find (i);ejo,7 such that | 4, = L™ |(B)o<s<r)




Forward-backward formulation

e Forward-backward formulation must account for (i;)o<;<r random

o systems of two forward-backward SPDEs [Carmona D,
Cardaliaguet D Lasry Lions]



Forward-backward formulation

e Forward-backward formulation must account for (u;)o<;<7 random

o systems of two forward-backward SPDEs

~w> ’ one backward stochastic HIB equation ‘ [Peng]

2

0_2
dru(t, x) + (b(x,ﬂt) - Dau(t,x) + 5T Aau(t, ) + f(x, 1) — SIDult, )

Laplace generator standard Hamiltonian in HIB
+  ndiviv(t,x)]  )dt—n(t.x) - dB, =0
N— e’ ———

Ito Wentzell cross term backward term

with boundary condition: u(7,-) = g(-, ur)

~y ’ one forward stochastic Fokker-Planck equation ‘

dipty = (~div(ulb(e, ) — Dyue(t, )t + T trace(82 )
— ndiv(u,dB;)



Forward-backward formulation

e Forward-backward formulation must account for (i;)o<;<r random
o systems of two forward-backward SPDEs

o systems of two forward-backward McKV SDEs [Carmona D,
Buckdahn (al.), Lacker]



Forward-backward formulation

e Forward-backward formulation must account for (u;)o<;<7 random
o systems of two forward-backward SPDEs
o systems of two forward-backward McKV SDEs

~> two ways: represent the value function or optimal control

o | Representation of the value function ‘ oc=1

dXz b(Xt, L(X[lB))d[ — Z[dt + dW[ als ndB[
dY, = —f(X,, LX,IB))dt — 31Z,dt + Z,dW, + {,dB,
Yr = g(X7, L(X7|B))

o | Representation of the optimal control (Pontryagin) ‘

dX[ b(Xt, L(X[lB))dt - Y[dt + O—th als ndBt
dYt = —(9xH(X,, .E(thB), Yt)dt + Zlth + {tdBt

H(xp,y)=bx,u) y+f (x,p4,y)
Yr = 0xg(Xr, L(X71|B))




Forward-backward formulation

e Forward-backward formulation must account for (u;)o<;<7 random
o systems of two forward-backward SPDEs
o systems of two forward-backward McKV SDEs

~» two ways: represent the value function or optimal control

o | Representation of the value function ‘ oc=1

dXz b(Xt, L(X[lB))d[ — Z[dt + dW[ als ndB[
dY, = —f(X,, LX,IB))dt — 31Z,dt + Z,dW, + {,dB,
Yr = g(X7, L(X7|B))

o | Representation of the optimal control (Pontryagin) ‘

dX[ b(Xt, L(X[lB))dt - Y[dt + O_th als ndBt
dYt = —(9xH(X,, .E(thB), Yt)dt + Zlth + {tdBt
Yr = 0:8(Xr, L(X1|B))

e Analysis of these equations?



Part IV. Solving MFG with a Common Noise

b. Strong solutions



Implementing Picard theorem

¢ Easiest way to construct solutions is to implement Picard theorem
o shall see next how to make use of Schauder’s theorem
e Forward-backward system of McKean-Vlasov type
dX, = (b(X,, LX,|B)) - Z,)dt + dW, + ndB
dY, = —(f(X,, LXi|B)) + 312, )dt + Z,dW, + £,dB,
Yr = g(Xr, L(X7|B))

o Z; should be 0,u(t, X;) ~» bounded and x-Lipschitz coefficients
= L bound

~» replace quadratic term by general bounded f



Implementing Picard theorem

¢ Easiest way to construct solutions is to implement Picard theorem
o shall see next how to make use of Schauder’s theorem

e Forward-backward system of McKean-Vlasov type
dX; = (b(X,, LX|B)) - Z,)dt + dW; + ndB,

dY; = —-f(X;, L(X;|B), Z,)dt + Z;dW; + {;dB,
Yr = g(XT,-L(XT|B))

o Cauchy-Lipschitz theory in small time only!

° If K-Lipschitz coefficients = 3! for 7' < ¢(K)

o for any initial condition Xj € LX(Q, Fo, P;RY)

° How to go further?



Decoupling field (T < ¢(KX))
e Recall non MKV case ~» AU : [0, T] x R? — R such that
Y,=U@tX) o Ultx) =YY" (with X" =x)

o keep fact for extending solutions is to bound Lip,(U)



Decoupling field (T < ¢(K))
e Recall non MKV case ~» AU : [0, T] x R? — R such that

Y,=U@tX) o Ultx) =YY" (with X" = x)
e MKYV setting ~» state variable is in R4 x P»(RY)

~» need to construct | U(t, x, )| ¢t €[0,T], x € RY, u € Po(RY)

e Two-step procedure [Crisan Chassagneux D, Buckdahn (al.)]
o 1st step ~» with X; ~ u, X, L (W, B)
dX, = (b(Xs, L(X,|B)) - Zs)ds + dW, + ndBy
dYs = —f(X,, L(X,|B), Z,)ds + Z,dW; + ,dB;, Y7 = g(Xr, L(X7|B))
> (L(X5|B));<s<r only depends on X; through u



Decoupling field (T < ¢(K))
e Recall non MKV case ~» AU : [0, T] x R? — R such that

Y, =U@tX) & Utx) =YY" (with X = x)

e MKV setting ~» state variable is in R? x P, (R%)

~» need to construct | U(t, x, )| ¢t €[0,T], x € RY, u € Pr(RY)

e Two-step procedure [Crisan Chassagneux D, Buckdahn (al.)]
o 1st step ~ | MKV FBSDE | with X; ~ u, X; 1L (W, B)
dX, = (b(X;, L(X,|B)) = Z;)ds + dW, + ndBy
dYs = _f(Xs, -[.:(XS|B)’ Zs)ds + stWs + {SdBS’ YT = g(XT, -E(XT|B))

o 2nd step ~» ’ non-MKV FBSDE ‘ with x, = x and Ist step input

dx, = (b(xs, LX,IB)) = 2,)ds + dW; + ndB;
dys = _f(xs, L(X,|B), Zs)dt + z2,dWs + gidBg,  yr = g(xT’ L(XT|B))

olet|U(t,x,;) =y;|= Y, = U@, X;, ) = U(t, Xy, L(X;4|B))



Controlling the Lipschitz constant

e Non-MKYV setting ~» may control the Lipschitz constant by
monotonicity or ellipticity conditions

~» start with monotonicity ~» B has no role = simplify n = 0

e Come back to cost structure ~» monotonicity of f (same with g)
f ) = flx, )du = p")(x) >0 [Lions]
R
° [L, C C D, Cardaliaguet (al.)] If » = 0, f and g bounded,

monotone and Lipschitz = bound on Lip, U and 3! on any [0, 7]



Controlling the Lipschitz constant

e Non-MKYV setting ~» may control the Lipschitz constant by
monotonicity or ellipticity conditions

~» start with monotonicity ~» B has no role = simplify n = 0

e Come back to cost structure ~» monotonicity of f (same with g)
f UG DR {CE )du = p")(x) >0 [Lions]
R
° [L, C C D, Cardaliaguet (al.)] If » = 0, f and g bounded,

monotone and Lipschitz = bound on Lip, U and 3! on any [0, 7]

o | Strategy | Investigate derivative of the flow in L>

~s foré, y € LZ(Q’}'O’P. RY)
(0,X.0,Y6.6,20) = lim L(xEo v 8 g )

in E[ sup |- |]
omer 1 inE |s|2ds

o provide a bound for (8, X¢,8,Y*,0,Z%)




Derivative on the Wasserstein space

e Differentiation on P,(R%) taken from Lions

e Consider U : P»(RY) - R

e | Lifted-version of U |

U:L2(Q,P;RY 5 X » U(Law(X))
o U differentiable if {7 Fréchet differentiable



Derivative on the Wasserstein space

e Differentiation on P,(R%) taken from Lions
e Consider U : P>(RY) —» R

o | Lifted-version of U ‘

U:L2(Q,P;RY 5 X » U(Law(X))
o U differentiable if {7 Fréchet differentiable
° ’ Differential of U ‘

o Fréchet derivative of U [see also Zhang (al.)]
DUX) = 8,Uw(X), 8,Uw) :R!3v > 8,Uw)(v) p=LX)
o derivative of U at y ~ 0, U(u) € L2(RY, 11; RY)



Derivative on the Wasserstein space

e Differentiation on P,(R%) taken from Lions
e Consider U : P»(RY) - R
o | Lifted-version of U ‘

U:L2(Q,P;RY 5 X » U(Law(X))
o U differentiable if {7 Fréchet differentiable
° ’ Differential of U ‘

o Fréchet derivative of U [see also Zhang (al.)]
DUX) = 8,Uw(X), 8,Uw) :R!3v > 8,Uw)(v) p=LX)
o derivative of U at y ~ 0, U(u) € L2(RY, 11; RY)

. ’ Finite dimensional projection ‘

N

6XI.[U(11\, >5)| = %aﬂU( 1 ia Jo, w,a e R

J=1 J=1



Application to the coupled case (» = 0)

e Return to coupled case ~» estimate 8XY("§

0, Y5 = 0.U(0,&, L&) - x +E[8,U(0, &, LE)@) - 7]
Q = COpy Space

o Lip,, estimate on U < bound of E[|8,U(0, &, L(€))(&)*]'/?



Application to the coupled case (b = 0)

e Return to coupled case ~» estimate GXYg

8 Y = 8:U(0.£, L)  x +E[9,U(0.£, L©)@) - ¥]
Q = copy space
o Lip, estimate on U < bound of E[|6,U(0,¢, LE)E1?
e Estimate (0,.X;); first ~ dynamics of (X;); and (9, X;);
dX, = -0.U(t,X,, LX,))dt + dW,
do X, = —(0%U(t, X,, LX))9, X,
+ E[0,(0:U)(t. Xo, LX) (X3, X, ] )dt

0 02U already estimated! (thanks to Laplace)



Application to the coupled case (b = 0)

e Return to coupled case ~» estimate GXYg

B, Y = 8,U(0,£, L&) - x + E[0,U(0,£, LE)E) - ]
Q = COpy Space

o Lip, estimate on U & bound of E[|0,U(0,¢, LE)E1Y?
e Estimate (0,.X;); first ~ dynamics of (X;); and (9, X;);

dE[10, X, ] = —2E|0, X, - (02,U(X,, L(X)d,X,)]dt
— 2BE[9, X, - (3.(0: U)X, LX))(X)D, X, ) |dt

0 02U already estimated! (thanks to Laplace)



Application to the coupled case (b = 0)

e Return to coupled case ~» estimate GXYg

B, Y = 8,U(0,£, L&) - x + E[0,U(0,£, LE)E) - ]
Q = COpy Space

o Lipﬂ estimate on U < bound of E[|0,U(0, ¢, L(f))(f)lz]l/2
e Estimate (0,.X;); first ~ dynamics of (X;); and (9, X;);
dE[10, X, ] = —2E|0, X, - (02,U(X,, L(X)d,X,)]dt
— 2BE[0X; - (0,(0:U)(Xer LX))(X,)3, X, ) |at

0 02U already estimated! (thanks to Laplace)

e Propagation of monotonicity

EE| 0, X;(0:(8,U)(t, Xos LK) (X)0, X,)| 2 0 = | E [10, X7 ] < CE[Ix]

o insert into the backward equation



Part IV. Solving MFG with a Common Noise

c. Weak solutions

[m] = = = = A



Fixed point without uniqueness

e Solution by compactness argument (without monotonicity)

o use of ‘ Schauder’s fixed point theorem ‘

¢ Disentangle sources of noise ~» product probability space
Q=0"%0Q', F=FoF, P=PgP
o (Q%, F%, P% ~» common noise B ; (Q!, F', P') ~> noise W
e Fixed point (u)o<;<r as F* prog. meas. process
o FY = FB and F' = FY = optimal path under (1;)o<<7 given by
dX, = (b(X,, ) = Z,)dt + AW, + ndB
dY, = —(f(X;, pe) + 31Z,)dt + Z,dW; + §idB,,  Yr = g(Xr. i)

o Solve | () = L™ | F9)(w?) |for £ € [0,T] and w° € Q°

~» fixed point in (C([0, 77, Pz(Rd)))QO

o much too big space for tractable compactness ~» strategy is to
discretize common noise



Discretization method [Carmona D Lacker]

e General principle ~» discretization of the fixed point

o choice of the conditioning ~» Q° canonical space for (B;)o<i<r
~ LX; | F7) = LX: | (Byoss<r)

o L(X; | (By)o<s<t) ~ L(X;|process with finite support)



Discretization method [Carmona D Lacker]

e General principle ~» discretization of the fixed point

o choice of the conditioning ~» QO canonical space for (B;)o<i<T
~ LGN F7) = L(X | (Bsoss<t)

o L(X; | (By)o<s<t) ~ L(X;|process with finite support)
e Choice of the process with finite support

o II projection on spatial grid {x1,...,xp} C R4

oty,...,ty time mesh C [0, T]

o B, =TI(B,)

e Conditioning

o | fixed point condition on L(X; | Bt, s B,,.) fort € [t;, tiv1]

o input ~» sequence of processes on each [#;, t;;1] with values in
P,(R?) and only depending on the realizations of (f?,1 s Et,-)

fixed point in H  Ct, tinl; Po(RY))P




Solution under discrete conditioning
e Solve FBSDE

dX, = (b(Xi, L, | By,...... B,)) = Z,)dt + dW, + ndB,
dYt = _U(Xta -E(Xt IBH PRI ’Bfi)) + %thlz)dt + thWt I {tdBt
YT = g(XT, L(XT | Bl‘] gooo 781‘1\/))
o Strategy for the fixed point
oinput u = (u',...,u ") with
1 € Clt tina1; P
o Hr = /Jf‘(Bll’ e 7Bti)
o output given by

{xl"" 7xP}i E] (al"~~’ai) = L(Xflgl‘l = alv"'?Bli = ai)

° ’ Stability for FBSDEs ‘f\» continuity w.r.t input + compactness for
laws = Schauder




Passing to the limit

e Convergent subsequence as N, P — 00?
o use Pontryagin’s principle to describe optimal paths
dX, = b(X,, LX;|B,, ..., B,))dt — Z,dt + dW, + ndB,
dz, = -0,H(X;, L(X, |Bt1 ooy Bt,-), Z;)dt + dM;
ZT = axg(XT, L(XT | Bll 90 e aBZN>)

~» (M), martingale, u, = L(X; IIAB,I, . ,Bt,.)



Passing to the limit

e Convergent subsequence as N, P — 00?
o use Pontryagin’s principle to describe optimal paths
dX, = b(X;, LX,|By,, ..., B,))dt — Z,dt + dW, + ndB,
dZ, = —-0,H(Xy, LX;| By, ..., B,), Z,)dt + dM,
Zr = 8,8(Xr, LX7 By, . ... Byy))
~» (M;), martingale, = L(X;|B,,,...,B,)
e Tightness of the laws of (XﬁV’P,uiV’P,Zﬁv’P,MN’P, B, Wio<i<T
o tightness of (X""")o<,;<r in C([0, T]; RY) by Kolmogorov
o tightness of (u""")o</<r in C([0, T]; P2(RY)) since

2
ﬁ Wld)F (x) = BIIXNPINFR], Wa(ul 1) < BIXN P -XNPRIFL)

o tightness (va ’P, M fv ’P)OS,ST in D([0, T1; RY) with Meyer-Zheng

> (ZHo<i<t — (2r)o<i<r in dt-measure [Pardoux] for use in BSDE



Passing to the limit

e Convergent subsequence as N, P — 00?
o use Pontryagin’s principle to describe optimal paths
dX, = b(X;, LX;|By,, ..., B,))dt — Z,dt + dW, + ndB,
dzZ; = -0.H(X;, LX;|B,,,...,B,,), Z)dt + dM,
ZT = axg(XT, L(XT | Bll IO aBlN))

~» (M,), martingale, u, = L(X;|B,,,...,B,)
e Tightness of the laws of (XiV’P,,uﬁv’P, ZﬁV’P,MN’P,Bz, Wiosi<r
e Limit process (X;°, u;°, Z;°, M;°, B;®, W )o<i<T
o identify ~» u;° as conditional law of X;° given information?
~» pass to the limit in uiV’P = L(XfV’P |B?{’P, . ,BQ”P)

o solve optimization problem in environment (1 )o</<7?

~> main difficulty ~» loss of measurability of 1;° w.r.t

(BY )o<s<t = ‘ weak solution only! ‘




Strong vs. weak solutions

e Limiting FBSDE formulation
Xy = (b(X° 1) = Z7°)dt + dW;® + ndBy?
dZ° = =0 H(X®, uS, Z0)dt + dM, 72 = 8,8(XS, 1)

~» necessary condition for optimality only, but not a limitation
~» may pass to the limit in the optimality condition

o cost J(—Z®) = E[g(XT UT) f (f(Xt )+ %IZE"IZ)dt]



Strong vs. weak solutions

e Limiting FBSDE formulation
X = (bX7, 1) = Z7°)dt + AW + ndBy?
dZ° = 0. H(X®, 1, Z0)dt + dMS, 72 = 8,8(X, 1)

~» necessary condition for optimality only, but not a limitation
~» may pass to the limit in the optimality condition

e Main question: What is the ‘ common information ‘?

o whole information ~» F® generated by (X, u™, B<, W)
o common environment ~» expect (1™, B)? should satisfy
~» fixed point ° = L(X;° | 4>, B*) (true)
> (U, B) Xi° and W L (true) (X, W) ~» proper noise

~ fair extra observation ~ o(X', >, B, We°, s < T) and
F, conditional L on o(Xy’, 5°, BY, W"o s<H (M)

~» observation of private state has no bias on future of the
environment (??7?)



Strong vs. weak solutions

e Limiting FBSDE formulation
X7 = (b 1) = Z7°)dt + dW;® + ndBy?
dZ;° = =0 H(X;”, p°, Z;7)dt + dMy°,  Zy' = 0xg(X7, pi7)

~» necessary condition for optimality only, but not a limitation
~» may pass to the limit in the optimality condition

e Main question: What is the ‘ common information ‘?

o whole information ~» F* generated by (X*°, u®, B, W*)
o common environment ~» expect (4, B*)? should satisfy
~» fixed point p;° = L(X;° | 4, B®) (true)
> (U, B) X? and W L (true) (X7, W) ~> proper noise
~» fair extra observation ~» a'(XS0 Mg, By, W, s < T)and
#, conditional L on o"(X°, us”, By, W, s < 1) (277)

~» notion of | compatibility | [Jacod, Mémin, Kurtz] and
[Buckdahn (al.)] for BSDEs



Strong vs. weak solutions

e Limiting FBSDE formulation

~» necessary condition for optimality only, but not a limitation ~»
may pass to the limit in the optimality condition

e Main question: What is the | common information ‘?

o whole information ~» F* generated by (X, u®, B>, W)
o common environment ~» expect (1=, B*)? should satisfy
~» fixed point u;° = L(X;° | 4=, B®) (true)
> (U, B) X and W L (true) (X7, W) ~ proper noise

~ fair extra observation ~ o(Xg’, >, B, We°, s < T) and
¥, conditional L on o(Xy’, °, By, W°° s<H@?M

~» notion of | compatibility | [Jacod, Mémin, Kurtz] and
[Buckdahn (al.)] for BSDEs

~» difficult to pass to the limit on compatibility = need to
enlarge environment



Strong vs. weak solutions

e Limiting FBSDE formulation ~» necessary condition for
optimality only, but not a limitation ~» may pass to the limit in the
optimality condition

e Main question: What is the | common information ‘?

o whole information ~» F* generated by (X, u®, B>, W)
o common environment ~» replace by (M*, B®)
~> M limit in law of LX\7, W7 |1B)

~» fixed point M;° = L(X7,, W3, | M*®, B%)

~y ’ fixed point = compatibility ‘

. ’ Yamada-Watanabe ‘: strong ! for compatible solutions = weak
solutions are strong

o strong solutions ~» environment is adapted to B~

o example if monotonicity = | close the loop!



Part V. Master Equation

a. Derivation of equation



Setting
. 3! for value function MKV FBSDE (o = 1)

dX; = (b(Xs, LX|B)) - Z;)ds + dW, + ndB;
dYs = =f(X;, L(X,|B), Z;)ds + Z,dW, + {;dB;,  Yr = g(Xr, L(X7|B))

© Yt = U(t’Xl"/'l) = U(tyxta L(XI|B))
. : Expand the right-hand side to identify PDE for U!!!



Setting

. 3! for value function MKV FBSDE (o = 1)

dX; = (b(Xs, LX|B)) - Z;)ds + dW, + ndB;

dYs = _f(XSa L(X;|B), Zs)ds + ZdW + {dBs, Y7 = g(XT’ L(XT|B))

° Yt = U(t’Xl‘vll) = U(tyxta L(XI|B))
. : Expand the right-hand side to identify PDE for U!!!

e Need for‘ second-order derivatives ‘

o 0,U(t, x, u) and 8)% U(t, x, u) bounded and Lipschitz in (x, u)
o 0, U(t, x, u)(v) is differentiable in x, v and u

0 0,0, U(t, x, u)(v), 0,0, U(x, )(v) bounded and Lipschitz

o 6%1 U(t, x, u)(v,v") is bounded and Lipschitz



Setting

. 3! for value function MKV FBSDE (o = 1)

dX; = (b(Xs, LX|B)) - Z;)ds + dW, + ndB;

dYs = _f(XSa L(X;|B), Zs)ds + ZdW + {dBs, Y7 = g(XT’ L(XT|B))

© YZ = U(ta Xl‘v#) = U(ty Xta L(XI|B))
. : Expand the right-hand side to identify PDE for U!!!

e Need for‘ second-order derivatives ‘

o 0,U(t, x, u) and 8)% U(t, x, u) bounded and Lipschitz in (x, u)
o 0, U(t, x, u)(v) is differentiable in x, v and u

0 0,0, U(t, x, u)(v), 0,0, U(x, )(v) bounded and Lipschitz

o 6%1 U(t, x, u)(v,v") is bounded and Lipschitz

o [ Theorem |: [Gangbo Swiech, C D D, C D L L] If monotonicity and
smooth coefficients, then U is smooth



I1t6’s formula on P, (RY)

e Process dX; = b,dt + dW; + dB, EfOT |b,|2dt < oo
o disentangle sources of noise ~» use product probability space
0=0xQ%, F=FoF', P=PgP”
° (QB, FB’ PB) ~> B’ (QW, FW’ ]P)W) ~> W7 .L(lU'(B)) = -EW()
0 Q=08 x Q% OF carries B, QW carries W

o u; = L(X;): conditional law of X, given B



I1t6’s formula on P, (RY)

e Process dX; = b,dt + dW,; + dB, E fOT |b,|2dt < oo

o disentangle sources of noise ~» use product probability space
Q=0*xQ"% F=FeF', P=P@P"

° (QB, FB’ PB) ~> B’ (QW9 FW’ ]P)W) 2 W7 .L(lU'(B)) = -EW()

0 Q=08 x Q% OF carries B, QW carries W

o u; = L(X;): conditional law of X, given B

e U Fréchet differentiable with R 5 v 0, U(u, v) differentiable
v, )



I1t6’s formula on P, (RY)

e Process dX; = b,dt + dW,; + dB, E fOT |b,|2dt < oo

o disentangle sources of noise ~» use product probability space
Q=0*xQ"% F=FeF', P=P@P"

o (Q%,F,PP)~ B, QY FV.P¥)~ W, L(lo(B) =L"()
o Q=08 x QW OF carries B, QW carries W
o u; = L(X;): conditional law of X; given B
e U Fréchet differentiable with R 5 v 0, U(u, v) differentiable
(v, )
o Itd’s formula for (U(uy))s>0?

dU(u,) = Ew[bt -0, U(u)(Xp)] + EW[Trace(évaﬂ U(u)(X)]dt

+ %EWEW[Trace(ﬁi U(u)(X, X))]dt + EV[6,U(u)(X)] - dB;

o B conditional expectation on a copy space Q8 x QW



Identification of the master equation

e Identification of the df terms in the expansion of the identify:

Y, = U(t, Xy, L(X;|B))



Identification of the master equation

o Identification of the df terms in the expansion of the identify:
Yl = U(t9 Xt’ -L(Xt |B))

o Get the form of the full-fledged master equation

6[ U(t’ X, ,Ll) - ‘[Rd a)C U(t’ v, /J) : 6,11 U(t’ X, ,Ll)(V)d/,l(V)

1 2
+f ) = S10:U 1, x, W + =21 Trace(07 Ut x, 1))

IR
2

f Trace 6 0, U(t,x,p, v))d,u(v)

f Trace(d,0,U(t, x, 41, V) )du(v)
]Rd

f f Trace (92 U(t X, [, V, V ))d,u(v)du(v ) =
RY

o Not a HIB! (MFG # optimization)



Part V. Master Equation

b. Application



Revisiting the N-player game

e Controlled dynamics
dX; = (b(X}, 1)) + o))t + dW] + ndB,
e Cost functionals to player i
. . T . 1 .
J',....a") = B[g(X. &) + f (FXL ) + S ld?)ds]
0 2

e Rigorous connection between N-player game and MFG?



Revisiting the N-player game

e Controlled dynamics
dX; = (b(X}, 1)) + o))t + dW] + ndB,
e Cost functionals to player i
Ja',....a") = B[g(X. &)) + j; T(f(X;',, i)+ %|a§|2)ds]
e Rigorous connection between N-player game and MFG?

e Prove the of the Nash equilibria as N tends to co

o difficulty ~» no uniform smoothness on the optimal feedback
function a*V w.r.t to N

a,;(’l,N :a*’N(Xl;X],...,Xl_l,Xl+],...,XN)
——
optimal control to player i states of the others

~» no compactness on the feedback functions

o weak compactness arguments on the control (notion of relaxed
controls) for equilibria over open loop controls [Lacker, Fischer]



Revisiting the N-player game

e Controlled dynamics
dX; = (b(X}, 1)) + o))t + dW] + ndB,

e Cost functionals to player i
T
. . ' 1
Ji@!,...,d") = ]E,[g(xl ,[/TV) +j; (f(X;,ﬁf’) " Elaélz)dS]

e Rigorous connection between N-player game and MFG?

e Prove the of the Nash equilibria as N tends to co

o difficulty ~» no uniform smoothness on the optimal feedback
function a*V w.r.t to N

a,;(’l,N :a*’N(Xl;X],...,Xl_l,Xl+],...,XN)
~——
optimal control to player i states of the others

~» no compactness on the feedback functions

o use the master equation [C D L L]: | expand (U(z, Xf,ﬁﬁv))OS,g

and prove = equilibrium cost to player i



Revisiting the N-player game

e Controlled dynamics
dX; = (b(X}, 1)) + o))t + dW] + ndB,
e Cost functionals to player i
Ji@!,...,d") = ]E[g(X’ L) + f (f(XS,,u‘ )+ —|oz | )ds]

e Rigorous connection between N-player game and MFG?

e Construct ‘ approximate Nash equilibria ‘ (easier)

o limit setting ~> optimal control has the form
af = -0, U(t, X, L(Xi|B) )
N——
population at equilibrium
o in N-player game, use o = -9, U(t, X

o almost Nash ~» cost decreases at most of gy under unilateral
deviation where ey — 0
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