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Portfolio Liquidation

@ almost all trading nowadays takes place in limit order markets

> limit order book: list of prices and available liquidity
> limited liquidity available at each price level

o large orders tend to adversely affect prices
@ there is a substantial literature on optimal portfolio liquidation

@ mostly single player models are considered in the literature
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Single player benchmark model

Consider an order to sell X > 0 shares by time T > 0:

@ &;: rate of trading (control)

t
e Xy =X —/ &s ds: remaining position (controlled state)
0

o Si=oW, - /@fot &s ds — n&;: transaction price
@ Xt = 0: liquidation constraint

Ulrich Horst (HU Berlin) A MFG of Optimal Portfolio Optimization August 30, 2017

5/ 35



Single player benchmark model

The liquidation costs are then defined as

C = book value — revenue
T _ T T
= SOX—/ Sibp dt = SOX—/ Stht+/ né2 dt
0 0 0

Taking expectations and doing partial integration,

.
E[C] = E [ /0 KXeEe + EZ dr]
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Single player benchmark model

Adding a risk term AX?, the optimization problem is to minimize

}
J(E) = E [ /0 WX €2+ X2 dt

This is a LQ control problem with liquidation constraint X7 = 0.

e PDE or BS(P)DE with terminal state constraint

@ we will obtain a FBSDE with with terminal state constraint
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Multi-player models
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A multi-player model

@ N ex-ante identical investors

@ an asset price process of the form:

N
I.{J .
dS; = —NtE dt 4o dW,.

j=1
—_———

mean field interaction

@ all agents trade in the same market

@ average trading adds an adverse price impact
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A multi-player model

The cost (interaction, liquidation, risk) for each player i =1,.., N is

) T
s €[ | X% Ze+ WD + MO | o
j 1

interaction cost

tradlng cost  market risk
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A multi-player model

The cost (interaction, liquidation, risk) for each player i =1,.., N is

) T
s €[ | X% Ze+ WD + MO | o
j].

interaction cost

tradlng cost  market risk

@ what is the precise informational environment?
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A multi-player model

The cost (interaction, liquidation, risk) for each player i =1,.., N is

) T
J'(g):E/O Xt fo+ WD + AOAP | e

_j 1
—_————

interaction cost

tradmg cost  market risk

@ what is the precise informational environment?

@ what does it mean for the mathematics?
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A multi-player benchmark model

Carmona-Lacker (2016) consider a price impact model:
dX' = —¢ldt + o dW]

N
E .
dSe =~ § 1 & dt + o%dwWy.
J:

@ martingale optimality approach (“weak formulation™)
e customer flow (“regularizes control problem”)

@ compact action space (hence no liquidation constraint)
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A multi-player benchmark model

The resulting MFG ( “representative player”) is:
t

Xt:X—/é.st‘i‘O'Wt
0

J
Heim) = E [ (sucXe-t g+ 20) o,
0
pe = E[&].
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A multi-player benchmark model

The resulting MFG ( “representative player”) is:
t

Xt:X—/é.st‘i‘O'Wt
0

J
Heim) = E [ (sucXe-t g+ 20) o,
0
pe = E[&].

@ should one use conditional expectation, given W0?
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What we change

We consider conditional expectations

w
e = E[St‘]:t ]
and
@ unbounded action spaces
@ no external customer flow

@ which makes a liquidation constraint possible

Liquidation constraint results in FBSDE with singular coefficients.
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Informational environments

“Private value environment” (PVE):
o N eo(W, Wi

@ time-inconsistent optimization problem
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Informational environments

“Private value environment” (PVE):
o N eca(W, W

@ time-inconsistent optimization problem
“Common value environment” (CVE):

o N ca(W)

@ time-consistent optimization problem
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Private values
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Dynamics and information

Recall that

-
J(&p) = E/ (F&t,LLtXt + nrﬁf + >‘tXt2) dt
0
dst = —Rtlt dt + 0o th
pe = E[&e| 7]

and assume that the cost coefficients satisfy (modulo regularity)

neaW), keaW), Ieo(W)
where W = (W, W’) for independent Brownian motions W, W', and that

Eea(W).
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The FBSDE

Solving the MFG = solving the conditional mean field FBSDE:

;

\

dX; = —ﬁ dt
2n;
Y: —
_dYt = (K'tE |: ]:W]:| +2>\tXt) dt — Zt th
Xo = X

Y7 to be determined.
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The FBSDE

Solving the MFG = solving the conditional mean field FBSDE:

dX; = —ﬁ dt
20
Y;: —
_dYt = (K'tE |: ]:W]:| +2>\tXt) dt — Zt th
Xo =X
Y7 to be determined.

Remark
In the common value environment,

Y,
—dY, = (mt—t + 2)\tXt) dt — Z, dW,.
2nt
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Affine

ansatz

The ansatz Y = AX + B, yields a system of Riccati-type equations:

(

\

A2 ~
—dA; = (2)\; — =% | dt — ZAd W,
2n;
Ar=0(T—-t)) (t—T);
AB —
—dBy = | ZLE | AX, + Be| FY]| — 22| dt — ZB dW,
2n¢ — 2n¢

=Y,
Br=0
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Affine

ansatz

The ansatz Y = AX + B, yields a system of Riccati-type equations:

;

\

A2 —
—dA; = (2)\; — =% | dt — ZAd W,
21y
Ar=0(T—-t)) (t—T);
A:B e
—dB = | ZEE | AX + B FV| - 228 gt — zB dW,
277t T 277t
Br=0

@ benefit: known, yet still singular terminal conditions
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Affine ansatz

The ansatz Y = AX + B, yields a system of Riccati-type equations:

( A2 .

—dA; = (2)\; — =% | dt — ZAd W,

21y
Ar=0(T—-t)) (t—T);
A:B e
—dB = | ZEE | AX + B FV| - 228 gt — zB dW,
2771‘ T 277t

| Br=0

@ benefit: known, yet still singular terminal conditions
@ benefit: the equation for A is decoupled

@ drawback: the equation for B has singular coefficients
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An equivalent FBSDE

We need to solve a mean-field FBSDE with singular coefficients:

(

\

AX; + B
dth—LJ”dt
2
Xo = x
4B, — [t wi] Z ABe 4 2B g
dBt_<2ntE[AtXt+Bt|]-"t ]] 2nt)dt ZEB W,

Br =0.
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Theorem (Fu, Graewe, H. (2017))

Under boundedness assumptions on the coefficients there exists a unique

(global) solution to the mean-field FBSDE. The solution characterizes the
solution to the MFG.
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On the proof

@ short-time solution: fixed-point or FBSDE methods
@ global solution

» standard continuation method fails
» we use a modified continuation method
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Short-time solution

_fAu A B
0 :=E[xe e

2ne 2
At B ('UJ) 2“ du W:|
—— Jr 2ng g FW | =
277{‘\/0' 277r | t :ut
where
A2 A
—dAt: <2>\t_ —) dt—Z th,
2n¢
A =0 t T
(=0(=) (£ T)
Kt A:B: B
—dB = —pus — dt — Z>7 dW,
¢(1) <2mﬂ 2m) © dW,
Br=0
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Global solution

We apply method of continuation to a FBSDE of the form:

dXt { AtXt — aBt bt} dt XO = 1,
dBt { A Bt + Clﬂt]E[AtXt + Bt] + ff_-} dt — Zt th, BT =0
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Global solution

We apply method of continuation to a FBSDE of the form:
dXt { A Xt — CYBt bt} dt X() = 1,
dBt { A Bt + O[Ht]E[AtXt + Bt] + ff_—} dt — Zt th, BT =0
@ we are looking for X, B that belong to
H = {Z :esssup, (T — t) " Z(w)| < o0}

@ this is why we only multiply the second term by «
e else X,B=0((T—1t)")
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Lemma

For o = 0 there exists for every b € H and f € L¥(0, T;R) a unique
solution (X, B, Z) in the right space to the equation above:

t
t t
X¢ = xe~ Jo Ardr —|—/ b.e™ JS Ardr ds,
0

-
B,=F [/ foe— JSAdr gs

t

7.
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Lemma

For o = 0 there exists for every b € H and f € L¥(0, T;R) a unique
solution (X, B, Z) in the right space to the equation above:

t
t t
Xy = xe” Jo Ardr —|—/ b.e™ Js Ardr ds,
0

—
B: =E |:/ fse—ft Ardr g

t

7.

Lemma

If for some « € [0, 1] the above equation is solvable for every data b € H
and f € L¥(0, T;R), then it is solvable for 3 € [a, v + 6] for § > 0 small.
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Common values
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Common value environment

Assume that there is only common information:
kea(W), Xeao(W).

Then, because ¢ € o(W), the mean-field FBSDE reduces to

Y
dX, = ——L dt
2nt

Xo =X
Yi
—dYt =\ Rt— +2)\Xt dt — Zt th
21
L Y7 to be determined
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Common value environment

Ansatz Y = AX reduces the FBSDE to the Riccati equation

K,tAt B A%
27’]1' 2771’

—dAt = (2)\t + ) dt — thWt, AT = Q.

Theorem (F., Graewe, Horst (2017))

The above FBSDE has a unique global solution. It characterizes the
solution to the MFG.
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Example

If all coefficients are constants, the backward stochastic Riccati equation
reduces to the ODE

A, A
—dA; = (2A+H——f), A7 = .
2n  2n

Its explicit solution is

on (A Tt _ A oATeArt
At:2\/n)\c0th< 2(T—t)>— n(A-e™e v’ 1)

AT _ gAT

2/ (eM Te=t — = Te™ ) coth <\/§(T - t))

eArT _ AT
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Example

The optimal position and trading rate are

AL T A_t A_T At
etle —e et
X*(t) =

X
AT _ AT )

oo A, eA-TeArt _ A AT oAt
t AT _ gA_T

A K+ /K2 + 160\ A Kk — /K% 4 160X
4= _= )
4n 4n

X,

where

)
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An explicitly solvable case

----- Almgren—Chriss
— k=2
— k=10
— k=15

— k=100

Figure: Optimal liquidation rate £* corresponding to parameters T =1, X =1,
A =5 and n = 5. The dashed line corresponds to x = 0.
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Conclusion

@ we introduced a new MFG model for optimal liquidation

@ its solution characterized by a FBSDE with singular coefficients
o CVE: global solution through a FBSDE with singular coefficients
e PVE: global solution through a BSDE
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Conclusion

we introduced a new MFG model for optimal liquidation

its solution characterized by a FBSDE with singular coefficients
CVE: global solution through a FBSDE with singular coefficients
PVE: global solution through a BSDE

ongoing project: add a major player
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Thank you!
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