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Energy-­‐release	
  rates	
  (Driving	
  forces)	
  for	
  moving	
  
defects:	
  disloca8ons	
  and	
  inclusions	
  

Dislocation: to create an incremental slip area 

Inclusion boundary: to create an incremental volume of eigenstrain 

(-1 singularity in the stress) 

(jump discontinuity in the stress) 

Equation of motion, or evolution equation for moving defects 



 
 
 
 
 
  
 
 

 
           

                                    
                            
 
 
 
Self-force  and effective mass of a dislocation in general motion 
 
L.Ni & XM, JMPS, 2008 

 
 
Can a dislocation accelerate through the shear-wave speed 
“ barrier”? Self- force 
 
XM & S. Huang, JMPS, 2008, 
ibid, APL, 2009 

                             
 
  
 
          
 
 

 
 

Dislocation dynamics DD with inertia effects 



What is the effective mass of a moving dislocation? 

XM & S. Huang, JMPS, 2008, 
 

L.Ni & XM, JMPS, 2008 
 

Can it accelerate through the shear-wave-speed barrier? 



 
 
Dynamic Fields:  Spherically expanding inclusion with dilatational  
eigenstrain in general motion 
 
Plane half-space constrained inclusion/ inhomogeneity in general 
 motion (general eigenstrain) 
 
Energy release-rate to create incremental region of eigenstrain 
/driving force.                 
 

EXPANDING ESHELBY INCLUSIONS 

Dynamic Hadamard jump conditions 



Gelfand and Fomin 

Invariance for infinitesimal transformations, Noether, 1918 





Gupta and Markenscoff. 
Comptes Rendus, 2008 

J integral  Rice  



“Conserva8on	
  Laws”	
  for	
  Elastodynamics	
  

Noether’s theorem 
 

  

,          

 
  

,          ,          

For Lagrangean 
 W-T, 
 Fletcher (1976): 
  

   

  

   

  

 

 

Energy-momentum tensor 

Dynamic J integral 

Gupta &XM, J.Elast. 2012 



Transi8on	
  from	
  Lagrangean	
  to	
  Hamiltonian	
  

Divergence  theorem   

A.Gupta & XM, J.Elast, 2012 



The	
  equa8on	
  of	
  mo8on	
  of	
  a	
  
disloca8on	
  

Eshelby, 1953 “The dislocation is haunted by its past”  

Self-force Peach-Koehler force (inertia) 

L. Ni & XM, JMPS, 2008 





Disloca8on	
  as	
  Moving	
  Elas8c	
  Singularity	
  

Near field  singularity: 
Self-force  and  
effective mass 

 
 Gavazza and Barnett, JMPS, 1976, logarithmic singularity due to 
curvature of static loop 

Static dislocation (screw, edge): stress has 
1/r singularity 

Accelerating dislocation: ???? 

Logarithmic singularity depending on acceleration 



Solu8on	
  for	
  generally	
  accelera8ng	
  	
  disloca8on	
  

Edge Dislocation:  Markenscoff and Clifton ( JMPS, 1981) 







Near	
  –field	
  expansion	
  around	
  the	
  current	
  posi8on	
  of	
  an	
  
accelera8ng	
  disloca8on	
  

Callias and Markenscoff, Arch Rat  Mech Anal, 1988 



Near	
  field	
  of	
  a	
  moving	
  disloca8on	
  loop	
  

Logarithimc singularity associated with: 
 
Acceleration of the tangent  
Rotation of the tangent 
Radius of curvature of osculating circle 

XM & L. Ni, JMPS,1990 



The	
  logarithmic	
  singularity	
  from	
  the	
  dynamic	
  energy	
  momentum	
  
tensor-­‐-­‐-­‐as	
  a	
  field	
  equa8on	
  

Ni and Markenscoff, MMS, 2009, 



Two	
  op8ons	
  how	
  to	
  treat	
  the	
  divergence	
  of	
  the	
  dynamic	
  	
  J	
  	
  integral	
  for	
  an	
  
accelera8ng	
  disloca8on	
  

1) Smearing of the core (suggested by Eshelby) 
 
Ramp-core: delta function as limit of delta sequence 
 
2) Regularization based on the theory of distributions 
 (Gelfand &Shilov) 
 
We show that they are equivalent to the leading order 

Ni &XM, , J. Mech. Phys. Sol, 56, pp1348-1379, 2008 

Self-force on a  generally moving dislocation from 
 the dynamic J  integral 

Clifton &XM, JMPS,1981,  

Dislocation  jumping from rest 
to constant velocity 



Screw	
  and	
  edge	
  disloca8on	
  
accelera8ng	
  through	
  	
  
the	
  shear-­‐wave	
  speed	
  

 Olmsted D.L., Hector, L.G., Curtin W.A. and Clifton R. J. (2005)  
Atomistic simulations of dislocation mobility in Al, Ni and Al/Mg. 
 Modeling And Simulation in Engineering. Vol. 13, No. 3, pp.371-388.  
  

 

Gumbsch and Gao, Science,1999 

Eshelby, 1956,  “Supersonic motion is a formal possibility” 



Wavefronts	
  as	
  envelops	
  of	
  emiIed	
  wavelets	
  



The	
  path	
  intervals	
  that	
  contribute	
  to	
  the	
  mo8on	
  	
  

Markenscoff and Huang, JMPS, 2008 



Stress	
  at	
  forming	
  Mach-­‐front	
  	
  	
  

Self-force,    X.M.& S.Huang  APL,  2009 

X.M & S.Huang, JMPS, 2008 





Ramp-­‐core	
  	
  disloca8on	
  accelera8ng	
  
through	
  the	
  shear-­‐wave	
  speed	
  

For a  ramp-core dislocation the coefficient of the delta function 
        for the stress at the forming  Mach front will be finite. 

Convolution first, wave-front limit next,  singularity smoothed out 

Markenscoff ,X.& S.Huang, JMPS,vol 56,pp2225-2239, 2008 

SELF_FORCE ( dynamic J) 



Self-­‐Force	
  on	
  a	
  Disloca8on	
  Accelera8ng/	
  Decelera8ng	
  
through	
  the	
  shear	
  wave-­‐speed	
  

Markenscoff and Huang, APL , 2009 



Plane	
  boundary	
  as	
  a	
  limit	
  of	
  a	
  circular/spherical	
  inclusion/
inhomogeneity	
  

Limit 

 Hill jump conditions  
interface 

Eshelby solution + 

Dundurs &XM, IJSS, 2009 



Superposed	
  trac8ons	
  at	
  infinity	
  

Rogue states! 
Pure shear eigenstrain 

Increase the energy 



Strips	
  with	
  eigenstrain	
  mee8ng	
  a	
  free	
  surface	
  

inclusion 

Logarithmic  
singularity 

Cancel tractions by Boussisnesq/Cerruti 



A	
  dynamically	
  expanding	
  spherical	
  Eshelby	
  
Inclusion	
  

Willis, 1965 



Hadamard jumps 



Limi8ng	
  procedure	
  to	
  obtain	
  plane	
  
moving	
  phase	
  boundary	
  	
  



Unique, with initial condition the minimum energy one 



Energy-­‐release	
  rate	
  for	
  a	
  moving	
  
phase	
  boundary	
  

Dynamic J  integral equivalent to energy-release-rate for jump discontinuity 

Freund, 1972 



Self-­‐Force	
  on	
  a	
  Dynamically	
  Expanding	
  Spherical	
  
Inclusion	
  

Static term coincides with Gavazza (1977), 
 Eshelby (1977) 

XM & L.Ni, JMPS, 2010 



SELF-­‐	
  FORCE	
  ON	
  MOVING	
  PLANE	
  BOUNDARY	
  
(limit	
  from	
  the	
  sphere)	
  

Static, Eshelby, 
 Gavazza,1977 

inertia 

Markenscoff and Ni, J.M.P.S., 2010 

Self-force 



EQUATION	
  OF	
  MOTION	
  OF	
  AN	
  INCLUSION	
  BOUNDARY	
  	
  
(“kine8c	
  rela8on”)	
  

A plane boundary with dilatational eigenstrain and superposed applied tension 

    dynamic 

J = 0 

Peach-Koehler Self-force 

Noether’s theorem (N&S, 
Also in non-linear elasticity)  

Superpose external loading---all interaction terms in driving force 
 

Peach-Koehler force  
 

total 

−
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Equilibrium	
  posi8on	
  of	
  phase	
  
boundary	
  

Eshelby, 1970 

“Eshelby principle” 
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Limit of Spherical inclusion 
Eshelby inside+ Hill jump conditions outside 
 
 
 
 
 
 
 
 
 
 
 

Generate new region of eigenstrain 

XM, Int. J. Fr, 2010 



Driving	
  force	
  on	
  a	
  plane	
  boundary	
  of	
  a	
  half-­‐space	
  
inclusion	
  with	
  general	
  eigenstrain	
  

Peach-Koehler force  

Self-force 

Superpose external loading--- all interaction terms in driving force 

XM &L.Ni, Q.A.M, 2011 



Propaga8on	
  of	
  the	
  rota8on	
  for	
  a	
  plane	
  boundary	
  with	
  shear	
  
eigenstrain	
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XM & L.Ni, I.J.E.S., 2012 

EVOLUTION OF EXPANDING 
 STRIPS 



Yang,S-Y., Escobar,J. and Clifton, R.J. (2009) 
“Computational models for Stress-Induced Martensitic Transformations in NiTi”sss,  
Math. Mech. Sol., 14, 220-257. (D. M. Barnett volume) 
 

: 
 
 

Modeling 



Expanding	
  	
  inhomogeneity	
  	
  boundaries	
  	
  with	
  
eigenstrain	
  

  

   

Eshelby’s equivalent inclusion method 

Radiated fields as the eigenstrain expands and the material constants change 

Obtained for spherical and plane  
Inclusion moving boundaries 

Statics, self-similar motion: 



Near	
  field	
  of	
  an	
  expanding	
  loop	
  	
  
with	
  accelera8on	
  

Logarithmic singularity associated with 
current radius of curvature 



Limi8ng	
  fields:	
  plane	
  phase	
  boundary	
  

Jumps across 
 moving phase 
 bndry 

Static: Eshelby inside+ Hill jump 
conditions 



Radiated	
  fields	
  of	
  a	
  plane	
  boundary	
  of	
  a	
  
half-­‐space	
  inclusion	
  with	
  general	
  

eigenstrain	
  

Willis, 1965 

X.M. & L.Ni,Q.A.M.,2011 

Initial condition: 
 Three-dimensional fields of the Eshelby limiting half-space inclusion  
(Unique minimum energy solution) 
Superposed dynamic 1-D problem (unique) 

      



Example:	
  A	
  moving	
  plane	
  inhomogeneity	
  
boundary	
  with	
  shear	
  eigenstrain	
  

Peach-Koehler force— 
coupling terms with motion 

XM, J. Elast, Carlson volume, 2011 

, 

DRIVING FORCE 



Moving	
  plane	
  phase	
  boundary	
  with	
  dilata8onal	
  eigenstrain	
  



Ramp-­‐core	
  (delta	
  –sequence)	
  accelera8ng	
  disloca8on	
  
through	
  the	
  shear	
  wave-­‐speed	
  barrier	
  

Markenscoff and Ni, JMPS,  49, pp 1603-1619,  2001 

Variable core 

Markenscoff  & Huang, JMPS, 2008 

Steady-state: Peierls-
Nabarro 



Equilibrium	
  posi8on	
  of	
  inhomogeneity	
  
strip	
  

Equivalent eigenstrain, Eshelby 

Equilibrium position with equivalent eigenstrain 
in Eshelby force. 

(Kun Zhou) 

Tractions at infinity with equivalent  eigenstrain 

COMPUTE NUMERICALLY ANY FINITE # of STRIPS 



Driving	
  forces	
  on	
  circular	
  inhomogenei8es	
  	
  	
  

Eshelby 

With John Dundurs, IJSS, 2009 





Near-­‐field	
  expansion	
  of	
  radiated	
  fields	
  

Steady-state motion: 

Accelerating motion: 



Stress	
  at	
  Mach	
  Wave	
  fronts	
  



Self-force of a generally moving screw dislocation 





•        SELF_FORCE and EFFECTIVE MASS OF A MOVING DISLOCATION 

    •        THE DYNAMIC J INTEGRAL and THE GENERALIZATION OF ESHELBY’S 
 THOUGHT EXPERIMENT FOR DYNAMICS 
 

•      THE SELF FORCE OF A MOVING PHASE BOUNDARY 

•      A DISLOCATION ACCELERATING THROUGH THE SHEAR WAVE SPEED  
BARRIER 

.    A  VARIABLE CORE MODEL AND THE PEIERLS STRESS 



	
  	
  Self-­‐force	
  of	
  an	
  accelera8ng	
  disloca8on	
  

Surface-Independent  dynamic   
J integral 

Jumping from rest 

Clifton , R.J.&X.M, JMPS, 1981 



Transi8on	
  from	
  subsonic	
  to	
  supersonic	
  mo8on	
  

Double root of a cubic 

Forming Mach cone 



Self-­‐Force	
  on	
  a	
  Disloca8on	
  Accelera8ng/	
  Decelera8ng	
  
through	
  the	
  shear	
  wave-­‐speed	
  

Markenscoff and Huang, APL , 2009 



Eshelby	
  thought	
  experiment	
  



Dynamic	
  J	
  integral	
  for	
  a	
  strip	
  
Smearing method 

Note that this is due only to its own radiated fields. 
Applied stress has to be added to consider “an evolution” equation 
of motion  
 



































Mixed	
  Screw/Edge	
  Disloca8on	
  







Peierls	
  Stress	
  	
  
for	
  Mixed	
  Screw/Edge	
  





Variable	
  domain	
  invariance	
  
	
  Noether’s	
  theorem	
  







Noether’s	
  theorem	
  for	
  elastodynamics	
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Self-­‐force	
  and	
  “	
  equa8on	
  of	
  mo8on”	
  
for	
  a	
  disloca8on	
  suddenly	
  accelerated	
  to	
  constant	
  velocity	
  

Applied shear stress 

screw 

edge 

Clifton & Markenscoff, JMPS, 1981 

Energy-release rate IS path-independent 



Singular	
  	
  asympto8c	
  limits	
  of	
  the	
  general	
  mo8on	
  solu8on	
  



Energy	
  flux	
  through	
  a	
  moving	
  disloca8on	
  

Is path independent in the limit 

vanishes if 

for moving cracks 

IN CONSTANT VELOCITY STEADY-STATE DISL. MOTION THE ENERGY FLUX is 0 





Edge	
  disloca8on	
  crossing	
  the	
  shear	
  wave	
  speed	
  
(transonic)	
  


