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• Shape control of ligand-stabilized nanocrystals core
by modification of ligand coverage
•Anisotropic ligand coverage nanocrystals leads to

anisotropy interactions and affects assembly
• Solvation can be included in QMC

through external potential
• Successful for small molecules, promising for surfaces

ACS Nano 6, 2118 (2012), JACS 133, 3131 (2011),
Phys. Rev. B 85, 201102 (R) (2012)

Richard G. Hennig, Cornell University 

Control of Nanocrystal Morphology and Assembly and 
Quantum Monte Carlo Method for Solvation

How can we predict the morphology and assembly of nanocrystals?
How can we include solvation effects in quantum Monte Carlo

for molecules and surfaces?
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Materials Science = Structure - Property Relationships
Structure = Atomic structure + Microstructure
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Figure 4. Calculated and observed spectra of absorption (solid black line) and trap clearing (black circles). (a) Pentacene (dashed line = calculated absorption
spectrum, broadened by 15 nm). (b) Hydrogen defect (dotted line = calculated absorption spectrum; solid line = fit to three ∆λ = 28nm wide gaussians centered
at λ = 451, 587, and 643 nm). (c) Oxygen defect (dotted line = calculated absorption spectrum; solid line = fit to three ∆λ = 28 nm wide gaussians centered
at λ = 508, 561, and 630 nm). In (b,c), the observed trap clearing spectrum action spectrum is represented by circles.

exhibit an optical excitation near 500 nm.140

We used time-dependent density functional theory (TDDFT) to

calculate the optical spectra for two charged defects, shown in

Figure 4, as well as for pentacene. These two charged defects

are the expected products of the reaction of pentacene cation radi-

cals (e.g., holes) with neutral 6,13-dihydropentacene and pentacen-145

6(13H)-one impurities, respectively. 8 In our calculations we used a

dielectric continuum model to describe the surrounding pentacene

molecules. While TDDFT is less accurate for certain excitations in

gas-phase acene molecules, 23 using TDDFT to calculate the ener-

gies of a molecule embedded in a dielectric continuum has been150

shown to accurately describe excitations in the bulk acenes 24 (Sup-

porting Information).

The dashed lines in Figure 4 show the TDDFT spectra com-

puted using a Gaussian broadening of 28 nm and the TDDFT oscil-

lator strengths for the amplitudes. We can see in Figure 4(a) that155

our calculation correctly predicts the peak at 675 nm in the pen-

tacene absorption spectrum. Since the trap clearing rate depends

on a number of factors, including inter- and intramolecular electron

and proton transfer rates (see Supporting Information), we also plot

the TDDFT spectra with amplitudes fit to the experimental spectra.160

The good agreement between the calculated and measured spec-

trum for the oxygen defect (Figure 4(c)) indicates that it, and not

the hydrogen defect (Figure 4(b)), best explains the observed trap

clearing peak at 500 nm.

More accurate calculations such as GW-BSE25 are required165

to lift the dielectric continuum approximation used include the

effects of intra-molecule coupling in the spectra. Such calculations

are computationally expensive and are particularly demanding for

defect calculations, and are thus beyond the scope of the present

study.170

In summary, we have used time- and wavelength-resolved EFM

to observe local effects of trapped charge on free carriers and to

uncover new mechanisms of light-induced trap clearing in poly-

crystalline pentacene. The measurements described here, particu-

larly when augmented by ab initio theory, are likely to yield much175

new insight into the chemical identity defects in organic electronic

materials.
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Figure 4. Calculated and observed spectra of absorption (solid black line) and trap clearing (black circles). (a) Pentacene (dashed line = calculated absorption
spectrum, broadened by 15 nm). (b) Hydrogen defect (dotted line = calculated absorption spectrum; solid line = fit to three ∆λ = 28nm wide gaussians centered
at λ = 451, 587, and 643 nm). (c) Oxygen defect (dotted line = calculated absorption spectrum; solid line = fit to three ∆λ = 28 nm wide gaussians centered
at λ = 508, 561, and 630 nm). In (b,c), the observed trap clearing spectrum action spectrum is represented by circles.

exhibit an optical excitation near 500 nm.140

We used time-dependent density functional theory (TDDFT) to

calculate the optical spectra for two charged defects, shown in

Figure 4, as well as for pentacene. These two charged defects

are the expected products of the reaction of pentacene cation radi-

cals (e.g., holes) with neutral 6,13-dihydropentacene and pentacen-145

6(13H)-one impurities, respectively. 8 In our calculations we used a

dielectric continuum model to describe the surrounding pentacene

molecules. While TDDFT is less accurate for certain excitations in

gas-phase acene molecules, 23 using TDDFT to calculate the ener-

gies of a molecule embedded in a dielectric continuum has been150

shown to accurately describe excitations in the bulk acenes 24 (Sup-

porting Information).

The dashed lines in Figure 4 show the TDDFT spectra com-

puted using a Gaussian broadening of 28 nm and the TDDFT oscil-

lator strengths for the amplitudes. We can see in Figure 4(a) that155

our calculation correctly predicts the peak at 675 nm in the pen-

tacene absorption spectrum. Since the trap clearing rate depends

on a number of factors, including inter- and intramolecular electron

and proton transfer rates (see Supporting Information), we also plot

the TDDFT spectra with amplitudes fit to the experimental spectra.160

The good agreement between the calculated and measured spec-

trum for the oxygen defect (Figure 4(c)) indicates that it, and not

the hydrogen defect (Figure 4(b)), best explains the observed trap

clearing peak at 500 nm.

More accurate calculations such as GW-BSE25 are required165

to lift the dielectric continuum approximation used include the

effects of intra-molecule coupling in the spectra. Such calculations

are computationally expensive and are particularly demanding for

defect calculations, and are thus beyond the scope of the present

study.170

In summary, we have used time- and wavelength-resolved EFM

to observe local effects of trapped charge on free carriers and to

uncover new mechanisms of light-induced trap clearing in poly-

crystalline pentacene. The measurements described here, particu-

larly when augmented by ab initio theory, are likely to yield much175

new insight into the chemical identity defects in organic electronic

materials.
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Nanocrystal Morphology and Assembly
Ligand-stabilized PbSe Nanocrystals

Clive R. Bealing, Richard G. Hennig
William J. Baumgardner, Joshua J. Choi, Tobias Hanrath
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Importance of Lead-Salt Nanocrystals

• Promising candidates for photovoltaics
• Electronic and optical properties

tunable through size
• Large exciton radius in PbSe of 46 nm
⇒ Energy gap tunable 1.4 – 0.4 eV

Nano Lett. 9, 3749 (2009)

• Extension of solar energy conversion
to near-infrared region

• Efficiency of excitonic solar cells of 3.4%
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Morphology of Lead-Salt Nanocrystals

• Size and shape tunable in synthesis
• Nanocrystals stabilized by ligands like oleic acid
• Ligand loss of PbS nanocrystals

  ⇒ Transformation from fcc to bcc superlattice

JACS, 133, 3131 (2011)

A
C

S A
ppl. M

ater Interfaces, 1, 244 (2009)Importance of control of size, shape and
composition of individual nanocrystal,
and tunability of nanocrystal assembly
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Nanocrystal Shape

• Shape of nanocrystal core determined by size of {100} and {111} facets

• Facet sizes related to surface energies σ{hkl}

of the facets {hkl}
• Equilibrium shape of nanocrystal

given by minimum of Gibbs energy

• Simple geometric construction by Wulff

larger {100} facets

larger {111} facets

min
�

i

Ai · �i

mailto:rgh27@cornell.edu
mailto:rgh27@cornell.edu


rhennig@cornell.edu Materials Defects 2012
October 1-5, 2012 • IPAM, Los Angeles, CA

Surface Energy of Ionic Crystals

• Surface energy of ionic crystals depends on termination
• Two scenarios (Tasker ’79)
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Surface Energy of Nanocrystals

• PbSe exhibits rocksalt crystal structure
• {100} surface is uncharged, no dipole moment
• {111} cleavage plane is either Pb or Se terminated
• Charged surface reconstructs to remove surfae dipole

• Ligands modify the surface energy
• Oleate ligand is anionic but NCs exhibit little charge
⇒ Charge compensation by excess surface Pb2+

• Pb incorporated into ligand  ⇒ PbOA2 ligands

chloroform

0.02 M OAc

0.06 M OAc

0.05 M TOPO

Shevchenko et al., Nature 
Lett., 439, 55 (2011)

ACS Nano 4, 211(2010)
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Ligand Binding and Surface Energies

{100} {111}

PbSe {100} and {111} surfaces
capped by Pb(OA)2

Minimum in
surface energy at
3 to 4 OA–/nm2

DFT binding energy
decreases with 

coverage

� = �0 + ⇥Eb

• Binding energies obtained through DFT (VASP)
• vdW interactions between ligands neglected
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Predicted Nanocrystal Shapes

Wulff construction and equilibrium ligand coverage
• Ratio of the surface energies γ111/γ100 determines the equilibrium shape 
• Isotherms for equilibrium coverage of facets show that

Shape can be tuned through ligand concentration during synthesis

ACS Nano (2012)
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Experimental Confirmation

Li et al. Cryst. Eng. Comm. 12, 1127 (2010)
• Changing the amount of oleic acid and 

oleyamine with the same reaction time 1 min

precursor ratio was 7.5 : 1. The obtained PbSe nanocrystals were

spherical in shape and the size was 10 nm. When 4 mL OA and

2 mL OAm was used, the OA/Pb precursor ratio was 30. The

obtained PbSe nanocrystals were cubic in shape, as shown in

Fig. 6c–d. By increasing the OA concentration the size changes

from 10 nm to 22 nm and the shape changes from spherical the

cubic. This is because a high concentration of OAwould suppress

the activity of the monomers, and then the nuclei formed in the

solution would be fewer, so larger PbSe nanocrystals would be

obtained. It has been previously reported that PbTe nanocrystals

undergo a shape evolution from spherical to cubic with

increasing size.39 Our results are consistent with this phenom-

enon. The shape changes from spherical to cubic, which suggests

that the surface energy of the {111} faces is much higher than the

{200} faces. So the growth rate in the h111i direction would be

faster than that in the h002i direction as the size of the PbSe

nanocrystals is increasing. The {111} faces would finally disap-

pear and PbSe nanocrystals with cubic shape would be obtained.

When 4 mL OA was used and the OA/Pb precursor ratio was

30 : 1, the amount of OAm was increased to 4 mL OAm. The

obtained PbSe nanocrystals were cuboctahedral (Fig. 6e–f) in

shape and the size was 20 nm. As described above, the cubic

shape is dominated by {200} facets, while the polyhedral are

covered by {111} and {200} facets simultaneously. The cubic

shape would be obtained when the growth rate in the h111i
direction is much higher than the h002i direction. We suppose

that the OAm effectively stabilizes the {111} faces of the PbSe

nanocrystals, which lowers the total surface energy of the {111}

faces and induces the evolution of polyhedral nanocrystals. The

ratio between the Pb : Se is 2 : 1, and the {111} facets are

dominated by the Pb atom, so the OAm has a high binding

energy to the Pb atoms on the {111} facets. When the amount of

OAm used in the system increased, the {111} facets would be

better passivated by amines, which would lead to the relatively

slower growth of the {111} facets. Therefore the final obtained

PbSe nanocrystals are polyhedral in shape.

Mechanism on the shape evolution of PbSe nanocrystals

PbSe nanocrystals with cubic shape have been reported previ-

ously by using TOPSe as Se source precursors. A method toward

nanocubes was reported by Fang,Wang et al.40 In their synthesis,

the shape evolution of PbSe nanocrystals was dependent on the

growth time. The nanocubes were obtained by Ostwald ripening

process, so the reaction time was longer than 20 min to produce

nanocubes. In Murray’s report,5 PbSe nanocrystals with

different shapes were obtained by varying the reaction temper-

atures. Hollingsworth also reported a similar method to obtain

PbSe nanocrystals with spherical and cubic shapes by controlling

the reaction temperatures,7 but the mechanism on shape evolu-

tion via controlling temperature was not clearly elucidated. In the

reported methods using TOPSe as Se source precursors to

synthesize PbSe nanocrystals, generally more than two kinds of

surfactants were used, such as TOP, OA, OAm, acetate and

n-tetradecylphosphonic acid.5,7,41 Therefore, it was difficult to

discern the real role of each surfactant in the reported methods,

and the mechanism on shape evolution was also not clear.

In this work, OA and OAm were used in the synthesis of PbSe

nanocrystals and they both only combined with the Pb atom, so

Fig. 5 TEM images of agglomerates of PbSe particles obtained in the

absent of OAm.

Fig. 6 PbSe nanocrystals with three different shapes are shown: (a)

spherical (10 nm), (c) cubic (22 nm), and (e) cuboctahedral particles

(20 nm). HRTEM images of the three shapes are shown in fig. (b), (d),

(f) respectively. PbSe nanocrystals with different shapes were prepared by

changing the amount of OA and OAmwith the same reaction time 1 min.

(a) 1 mL OA and 2 mL OAm (c) 4 mL OA and 2 mL OAm and (e) 4 mL

OA and 4 mL OAm.

This journal is ª The Royal Society of Chemistry 2010 CrystEngComm, 2010, 12, 1127–1133 | 1131
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Nanocrystal Assembly

Aging of nanocrystals changes ligand coverage
• Ligands binding weaker on {100} than {111}
• Reduced coverage of {100} when aging in ligand poor condition
• Resulting change in “effective shape” from nearly spherical to 

preferred interactions in {111} direction
• Change in assembly
⇒ Transformation from fcc to bcc

!
JACS, 133, 3131 (2011)
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Quantum Monte Carlo Method
for Solvation Energies

Kathleen Schwarz, Tomas Arias, and Richard G. Hennig
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Importance of Solvent Effects

Motivation
• Energetics of chemical processes differ in vacuum and solution
• Importance of solvent effects in catalysis and electrochemistry
• Applications to energy technologies:

Fuel cells and batteries
• Example:

- Nucleophilic substitution (SN2) reaction
              Cl− + CH3Cl → CH3Cl + Cl−

- Hydration effects lower transfer rate
by 20 orders of magnitude

Solvation effects important for applications to energy technologies
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Why Quantum Monte Carlo?

Limited accuracy of density functional theory for
• Solvated platinum surfaces with carbon monoxide adsorbates
• Surface energies in solution
• Van der Waals complexes in solution

Accuracy of quantum Monte Carlo for
• Structural and defect energies
• Bandgaps, optical excitations
• Reaction barriers and
• Weak dispersion forces
• In molecular and extended systems

including metals
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Why an Implicit Solvation Model?

Motivation
• Explicit solvation calculations require many electrons and

multiple nuclear configurations of the solvent

+ + ...
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• Variational Principle of JDFT1 - A is an exact free energy functional 
minimized by the fluid density Nα and electron density n

• The liquid and coupling terms are microscopically improvable
• Flexible, the model works with any electron basis set and can be 

used for surfaces and molecules

Joint Density Functional Theory

1 S. Petrosyan, J.F. Briere, D. Roundy, and T. Arias,  Phys. Rev B. 75, 205105 (2007)

A[n, {N↵}] = AHK[n]| {z }
Electrons

+⌦lq[{N↵}]| {z }
Liquid

+�A[n, {N↵}]| {z }
Coupling

+ +
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• Combine terms related to the solvation into a single term

• Variational derivative with respect to the exact electron density n

yields the usual Euler-Lagrange equation for the isolated electronic 
system with an additional external potential

• Thermodynamic state of the system is given by self-consistent solution 
for which the electron density yields back the same potential

Joint Density Functional Theory

�A

�n
=

�AHK +Aenv

�n

A[n, {N↵}] = AHK[n]| {z }
Electrons

+⌦lq[{N↵}] +�A[n, {N↵}]| {z }
A

solv

V
solv

[n, {N↵}] ⌘
�A

solv

[n, {N↵}]
�n

����
N↵

solute electron 
density

average solvent 
site density
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Linear dielectric continuum model
• Fluid and coupling modeled by

dielectric continuum
• Dielectric constant determined

by local electron density n(r)
• Switches smoothly from vacuum

value at high density to value of
liquid at low electron density
• Potential determined by

modified Poisson equation

Simple Approximation for Aenv

r · ✏(r)r� = �4⇡n(r)
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• Similar to Fattebert and Gygi,
Int. J. Quantum Chem., 93, 139 (2003) 

• Hard Sphere approximation by
Amovilli, Filippi and Flores
J. Chem. Phys. 129, 244106 (2008),
J. Phys. Chem. B 110(51) (2006) 

Advantages of our model
1) Microscopically improvable:

Part of larger theoretical framework
2) Ab initio: Cavity forms itself

from the electron density
3) Flexible: Model works with any

electron basis set and can be used for surfaces and molecules

Linear Dielectric Continuum Model
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Approximations

Linear Dielectric Continuum Model

Negative bound charge

Positive bound charge

Asolv[n] ⌘ min
{N↵}

0

@⌦lq[{N↵}]| {z }
=0

+�A[n, {N↵}]
1

A

=
1

2

Z
(n�N↵)

"✓
�r · ✏(n)r

4⇡

◆�1

�
✓
�r2

4⇡

◆�1
#
(n�N↵)d

3r

Vsolv[n] = ��Hartree + �+O(10�2) ⇡ �bound
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Implementation

1 http://sourceforge.net/p/jdftx
2 R. J. Needs et al.,
  Casino version 2.2
  User Manual

JDFT program

CASINO 
QMC program2

JDFTX program1

Modified Poisson 
equation

QMC energy

ψ     B-splined DFT orbitals B-splined fluid potential     Vsolv

New B-splined potential     Vsolv n     DMC electron density

mailto:rgh27@cornell.edu
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Zeroth-Order Estimate of Energy

JDFT program

• Start from self-consistent JDFT calculation with LDA or GGA functional

• Single QMC calculation of the solute within Vsol

⇒ initial QMC density nQMC and energy AQMC[nQMC]
• AQMC[nQMC] is QMC estimate of functional AHK,

energy of the solute without the energy associated with Vsol

• Zeroth order estimate of energy of solvated system

• Terms are not self-consistent, evaluated at different electron densities
• No variational principle, error in energy is 1st order in density

CASINO 
QMC program2

JDFTX program1

Vsolv ψ

V
solv

=
�A

solv

[n
DFT

]

�n

E = AQMC[nQMC] +Aenv[nDFT]
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First-Order Estimate of Energy

JDFT program

• Can correct the error in energy to second order in density by evaluating

• Resulting energy estimate 

• Errors are second order in both the difference between exact converged and 
DFT density and difference between exact and the first-iteration density

• In tests, this estimator is nearly as good as full self-consistency, but with the 
effort of only a single quantum Monte Carlo calculation

E = A
QMC

[n
QMC

] +A
env

[n
DFT

] +

Z
V
solv

(r) [n
QMC

(r)� n
DFT

(r)] d3r

A
solv

[n
QMC

] = A
env

[n
DFT

] +

Z
V
solv

[n
QMC

� n
DFT

] d3r
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• Dielectric function contains 2 parameters σ and nc

• Results not sensitive to σ, chose σ = 0.6 a0

• Dependence on nc for acetone in water to select nc

• VMC and DMC below DFT energies
• VMC energy without Jastrow factor

(only exact exchange energy) close to DMC
• Primary corrections in solvation energy from

exact treatment of the exchange
• Corrections to correlation beyond LDA

largely cancel at least for acetone

Application to Small Molecules

RAPID COMMUNICATIONS

FRAMEWORK FOR SOLVATION IN QUANTUM MONTE CARLO PHYSICAL REVIEW B 85, 201102(R) (2012)
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FIG. 1. (Color online) (a) Joint density-functional theory descrip-
tion of acetone in aqueous solution: Electron density contours as green
(gray) surfaces, solvent as solid purple (dark gray). (b) Solvation
energies for acetone: Diffusion Monte Carlo (DMC) as red (gray)
x’s, variational Monte Carlo (VMC) as green (gray) strikethrough
x’s, joint density-functional theory (JDFT) as blue (gray) circles,
joint density-functional theory best fit as a dashed black line, and
experiment as a horizontal red (gray) line.

in the open source code JDFTX,15 interfaced with CASINO.16

In anticipation of applying our method to large solvated
surfaces, we use for our starting point the computationally
inexpensive local density approximation at full solute-solvent
self-consistency. Figure 1(a) illustrates the cavity formation
for acetone, a small molecule chosen for its well-known
experimental solvation energy. Our reported solvation energies
include, in addition to the electrostatic components from our
simplified electrostatic functional, the cavitation energy shown
in Table I, estimated from classical density functional theory
following the procedure in Ref. 17 as included in the JDFTX
package15 and employing a functional based on Ref. 18.

The density-functional theory and Hartree-Fock calcula-
tions employ pseudopotentials from Burkatzki et al.19 and
expand the wave functions in a plane-wave basis with a cutoff
energy of 30 H (hartree). The local density approximation
is employed for the density functional theory calculations,
performed using JDFTX,15 and a simulation box of 40 bohr3.
The quantum Monte Carlo calculations are performed using
CASINO16 and employ a trial wave function of a product of
a single Slater determinant of density-functional orbitals and
a Jastrow correlation factor composed of electron-nucleus
and electron-electron terms with expansion order eight, and
electron-electron-nucleus terms with expansion order three, as
described in Ref. 20. The orbitals and external potential Venv
are represented by B splines. The parameters of the Jastrow
factor are optimized by variance minimization.21 The diffusion

TABLE I. Formation energies (mH) for cavities at various values
of the electron isodensity-contour parameter nc from the model of
Ref. 11, based on the cavitation energy method of Ref. 17.

104 nc (bohr−3) 3.0 5.0 7.0 8.1 9.0

Dimethyl ether 9.0 7.8 7.0 6.7 6.5
Ethanol 8.9 7.7 7.0 6.7 6.4
Propane 10.3 8.9 8.0 7.7 7.5
Acetone 10.6 9.2 8.3 8.0 7.7

Monte Carlo time step is 0.01 H−1. (Going from 0.01 to
0.001 H−1, we found the time-step error to be within the statis-
tical uncertainty we report for the solvation energy for acetone
in Fig. 1, with the solvation parameter nc = 7 × 10−4 bohr−3.)
Molecular geometries are from the Computational
Chemistry Comparison and Benchmark Database: either
from experimental data if available, or density-functional
optimization using the Becke three-parameter Lee-Yang-Parr
(B3LYP) functional and the correlation-consistent polarized
valence triple zeta (cc-pVTZ) basis set.22

For the continuum description of water, we use
the local dielectric function ε[n(r)] = 1 + (εb − 1)
erfc{ln[ n(r)

nc
]/(

√
2σ )}/2, where εb is the bulk dielectric

constant of the fluid, nc specifies the value of the
solute electron density at which the dielectric cavity
forms, and σ controls the transition width.11 This
description of water leads to the expression Aenv[nDFT] = 1

2∫
dr3(nDFT − N )((∇·ε(nDFT)∇

−4π
)−1 − ( ∇2

−4π
)−1)(nDFT − N), where

N represents the nuclei of the solute.
Results. Figure 1(b) shows the resulting solvation energies

for acetone as a function of nc. The results are not sensitive
to σ , so we leave this value fixed at 0.6 and optimize the
values of nc for use in diffusion Monte Carlo. All of the
variational Monte Carlo results and nearly all the diffusion
Monte Carlo results lie below the density-functional theory
data. The variational Monte Carlo results with no Jastrow
factor (and thus no correlation, but exact exchange energy)
and the diffusion Monte Carlo results lie very near to each
other, indicating that the primary corrections in solvation
energy to the density-functional results come from the exact
treatment of the exchange and that corrections to correlation
beyond the local -density approximation largely cancel for
the solvation energies, at least for acetone.

A least squares fit of the data shown in Fig. 1(b) yields
nc = 7.0 × 10−4 bohr−3 as optimal for diffusion Monte Carlo
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FIG. 1. (Color online) (a) Joint density-functional theory descrip-
tion of acetone in aqueous solution: Electron density contours as green
(gray) surfaces, solvent as solid purple (dark gray). (b) Solvation
energies for acetone: Diffusion Monte Carlo (DMC) as red (gray)
x’s, variational Monte Carlo (VMC) as green (gray) strikethrough
x’s, joint density-functional theory (JDFT) as blue (gray) circles,
joint density-functional theory best fit as a dashed black line, and
experiment as a horizontal red (gray) line.

in the open source code JDFTX,15 interfaced with CASINO.16

In anticipation of applying our method to large solvated
surfaces, we use for our starting point the computationally
inexpensive local density approximation at full solute-solvent
self-consistency. Figure 1(a) illustrates the cavity formation
for acetone, a small molecule chosen for its well-known
experimental solvation energy. Our reported solvation energies
include, in addition to the electrostatic components from our
simplified electrostatic functional, the cavitation energy shown
in Table I, estimated from classical density functional theory
following the procedure in Ref. 17 as included in the JDFTX
package15 and employing a functional based on Ref. 18.

The density-functional theory and Hartree-Fock calcula-
tions employ pseudopotentials from Burkatzki et al.19 and
expand the wave functions in a plane-wave basis with a cutoff
energy of 30 H (hartree). The local density approximation
is employed for the density functional theory calculations,
performed using JDFTX,15 and a simulation box of 40 bohr3.
The quantum Monte Carlo calculations are performed using
CASINO16 and employ a trial wave function of a product of
a single Slater determinant of density-functional orbitals and
a Jastrow correlation factor composed of electron-nucleus
and electron-electron terms with expansion order eight, and
electron-electron-nucleus terms with expansion order three, as
described in Ref. 20. The orbitals and external potential Venv
are represented by B splines. The parameters of the Jastrow
factor are optimized by variance minimization.21 The diffusion

TABLE I. Formation energies (mH) for cavities at various values
of the electron isodensity-contour parameter nc from the model of
Ref. 11, based on the cavitation energy method of Ref. 17.

104 nc (bohr−3) 3.0 5.0 7.0 8.1 9.0

Dimethyl ether 9.0 7.8 7.0 6.7 6.5
Ethanol 8.9 7.7 7.0 6.7 6.4
Propane 10.3 8.9 8.0 7.7 7.5
Acetone 10.6 9.2 8.3 8.0 7.7

Monte Carlo time step is 0.01 H−1. (Going from 0.01 to
0.001 H−1, we found the time-step error to be within the statis-
tical uncertainty we report for the solvation energy for acetone
in Fig. 1, with the solvation parameter nc = 7 × 10−4 bohr−3.)
Molecular geometries are from the Computational
Chemistry Comparison and Benchmark Database: either
from experimental data if available, or density-functional
optimization using the Becke three-parameter Lee-Yang-Parr
(B3LYP) functional and the correlation-consistent polarized
valence triple zeta (cc-pVTZ) basis set.22

For the continuum description of water, we use
the local dielectric function ε[n(r)] = 1 + (εb − 1)
erfc{ln[ n(r)

nc
]/(

√
2σ )}/2, where εb is the bulk dielectric

constant of the fluid, nc specifies the value of the
solute electron density at which the dielectric cavity
forms, and σ controls the transition width.11 This
description of water leads to the expression Aenv[nDFT] = 1

2∫
dr3(nDFT − N )((∇·ε(nDFT)∇

−4π
)−1 − ( ∇2

−4π
)−1)(nDFT − N), where

N represents the nuclei of the solute.
Results. Figure 1(b) shows the resulting solvation energies

for acetone as a function of nc. The results are not sensitive
to σ , so we leave this value fixed at 0.6 and optimize the
values of nc for use in diffusion Monte Carlo. All of the
variational Monte Carlo results and nearly all the diffusion
Monte Carlo results lie below the density-functional theory
data. The variational Monte Carlo results with no Jastrow
factor (and thus no correlation, but exact exchange energy)
and the diffusion Monte Carlo results lie very near to each
other, indicating that the primary corrections in solvation
energy to the density-functional results come from the exact
treatment of the exchange and that corrections to correlation
beyond the local -density approximation largely cancel for
the solvation energies, at least for acetone.

A least squares fit of the data shown in Fig. 1(b) yields
nc = 7.0 × 10−4 bohr−3 as optimal for diffusion Monte Carlo
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FIG. 2. (Color online) Theoretical versus experimental solvation
energies for ethanol, dimethyl ether (DME), propane (left to right):
Joint density-functional theory as blue (gray) circles, zeroth-order
diffusion Monte Carlo as black strikethrough x’s, first-order corrected
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• Solvation energies for ethanol, dimethylether, and propanol in water
• Solvation energies include cavitation energy estimated from classical DFT

Application to Small Molecules
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FIG. 1. (Color online) (a) Joint density-functional theory descrip-
tion of acetone in aqueous solution: Electron density contours as green
(gray) surfaces, solvent as solid purple (dark gray). (b) Solvation
energies for acetone: Diffusion Monte Carlo (DMC) as red (gray)
x’s, variational Monte Carlo (VMC) as green (gray) strikethrough
x’s, joint density-functional theory (JDFT) as blue (gray) circles,
joint density-functional theory best fit as a dashed black line, and
experiment as a horizontal red (gray) line.

in the open source code JDFTX,15 interfaced with CASINO.16

In anticipation of applying our method to large solvated
surfaces, we use for our starting point the computationally
inexpensive local density approximation at full solute-solvent
self-consistency. Figure 1(a) illustrates the cavity formation
for acetone, a small molecule chosen for its well-known
experimental solvation energy. Our reported solvation energies
include, in addition to the electrostatic components from our
simplified electrostatic functional, the cavitation energy shown
in Table I, estimated from classical density functional theory
following the procedure in Ref. 17 as included in the JDFTX
package15 and employing a functional based on Ref. 18.

The density-functional theory and Hartree-Fock calcula-
tions employ pseudopotentials from Burkatzki et al.19 and
expand the wave functions in a plane-wave basis with a cutoff
energy of 30 H (hartree). The local density approximation
is employed for the density functional theory calculations,
performed using JDFTX,15 and a simulation box of 40 bohr3.
The quantum Monte Carlo calculations are performed using
CASINO16 and employ a trial wave function of a product of
a single Slater determinant of density-functional orbitals and
a Jastrow correlation factor composed of electron-nucleus
and electron-electron terms with expansion order eight, and
electron-electron-nucleus terms with expansion order three, as
described in Ref. 20. The orbitals and external potential Venv
are represented by B splines. The parameters of the Jastrow
factor are optimized by variance minimization.21 The diffusion

TABLE I. Formation energies (mH) for cavities at various values
of the electron isodensity-contour parameter nc from the model of
Ref. 11, based on the cavitation energy method of Ref. 17.

104 nc (bohr−3) 3.0 5.0 7.0 8.1 9.0

Dimethyl ether 9.0 7.8 7.0 6.7 6.5
Ethanol 8.9 7.7 7.0 6.7 6.4
Propane 10.3 8.9 8.0 7.7 7.5
Acetone 10.6 9.2 8.3 8.0 7.7

Monte Carlo time step is 0.01 H−1. (Going from 0.01 to
0.001 H−1, we found the time-step error to be within the statis-
tical uncertainty we report for the solvation energy for acetone
in Fig. 1, with the solvation parameter nc = 7 × 10−4 bohr−3.)
Molecular geometries are from the Computational
Chemistry Comparison and Benchmark Database: either
from experimental data if available, or density-functional
optimization using the Becke three-parameter Lee-Yang-Parr
(B3LYP) functional and the correlation-consistent polarized
valence triple zeta (cc-pVTZ) basis set.22

For the continuum description of water, we use
the local dielectric function ε[n(r)] = 1 + (εb − 1)
erfc{ln[ n(r)

nc
]/(

√
2σ )}/2, where εb is the bulk dielectric

constant of the fluid, nc specifies the value of the
solute electron density at which the dielectric cavity
forms, and σ controls the transition width.11 This
description of water leads to the expression Aenv[nDFT] = 1

2∫
dr3(nDFT − N )((∇·ε(nDFT)∇

−4π
)−1 − ( ∇2

−4π
)−1)(nDFT − N), where

N represents the nuclei of the solute.
Results. Figure 1(b) shows the resulting solvation energies

for acetone as a function of nc. The results are not sensitive
to σ , so we leave this value fixed at 0.6 and optimize the
values of nc for use in diffusion Monte Carlo. All of the
variational Monte Carlo results and nearly all the diffusion
Monte Carlo results lie below the density-functional theory
data. The variational Monte Carlo results with no Jastrow
factor (and thus no correlation, but exact exchange energy)
and the diffusion Monte Carlo results lie very near to each
other, indicating that the primary corrections in solvation
energy to the density-functional results come from the exact
treatment of the exchange and that corrections to correlation
beyond the local -density approximation largely cancel for
the solvation energies, at least for acetone.

A least squares fit of the data shown in Fig. 1(b) yields
nc = 7.0 × 10−4 bohr−3 as optimal for diffusion Monte Carlo
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FIG. 2. (Color online) Theoretical versus experimental solvation
energies for ethanol, dimethyl ether (DME), propane (left to right):
Joint density-functional theory as blue (gray) circles, zeroth-order
diffusion Monte Carlo as black strikethrough x’s, first-order corrected
diffusion Monte Carlo as red (gray) x’s. Experimental values from
Ref. 23.
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DMC1 Agreement between QMC and 
experiment is encouraging 

given the simple fluid model
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Summary of QMC Solvation Method

• Solvation of small molecules successfully 
described in QMC through use of external 
potential

• Method avoids need for phase space 
sampling of the fluid

• Accurate for molecules and promising for 
surfaces where QMC is needed

Solvated Water in DMC

Method Dielectric energy Cavitation energy Solvation energy

DFT -19 mHa

DMC -20(1) mHa

Classical DFT* 4.90 mHa

Classical DFT+DMC -15(1) mHa

Expt5 -10 mHa

5.  T. Truong and E. Stefanovich, Chem. Phys. Lett. 240. 253 (1995).* Classical DFT from Ravishankar Sundararaman
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FIG. 1. (Color online) (a) Joint density-functional theory descrip-
tion of acetone in aqueous solution: Electron density contours as green
(gray) surfaces, solvent as solid purple (dark gray). (b) Solvation
energies for acetone: Diffusion Monte Carlo (DMC) as red (gray)
x’s, variational Monte Carlo (VMC) as green (gray) strikethrough
x’s, joint density-functional theory (JDFT) as blue (gray) circles,
joint density-functional theory best fit as a dashed black line, and
experiment as a horizontal red (gray) line.

in the open source code JDFTX,15 interfaced with CASINO.16

In anticipation of applying our method to large solvated
surfaces, we use for our starting point the computationally
inexpensive local density approximation at full solute-solvent
self-consistency. Figure 1(a) illustrates the cavity formation
for acetone, a small molecule chosen for its well-known
experimental solvation energy. Our reported solvation energies
include, in addition to the electrostatic components from our
simplified electrostatic functional, the cavitation energy shown
in Table I, estimated from classical density functional theory
following the procedure in Ref. 17 as included in the JDFTX
package15 and employing a functional based on Ref. 18.

The density-functional theory and Hartree-Fock calcula-
tions employ pseudopotentials from Burkatzki et al.19 and
expand the wave functions in a plane-wave basis with a cutoff
energy of 30 H (hartree). The local density approximation
is employed for the density functional theory calculations,
performed using JDFTX,15 and a simulation box of 40 bohr3.
The quantum Monte Carlo calculations are performed using
CASINO16 and employ a trial wave function of a product of
a single Slater determinant of density-functional orbitals and
a Jastrow correlation factor composed of electron-nucleus
and electron-electron terms with expansion order eight, and
electron-electron-nucleus terms with expansion order three, as
described in Ref. 20. The orbitals and external potential Venv
are represented by B splines. The parameters of the Jastrow
factor are optimized by variance minimization.21 The diffusion

TABLE I. Formation energies (mH) for cavities at various values
of the electron isodensity-contour parameter nc from the model of
Ref. 11, based on the cavitation energy method of Ref. 17.

104 nc (bohr−3) 3.0 5.0 7.0 8.1 9.0

Dimethyl ether 9.0 7.8 7.0 6.7 6.5
Ethanol 8.9 7.7 7.0 6.7 6.4
Propane 10.3 8.9 8.0 7.7 7.5
Acetone 10.6 9.2 8.3 8.0 7.7

Monte Carlo time step is 0.01 H−1. (Going from 0.01 to
0.001 H−1, we found the time-step error to be within the statis-
tical uncertainty we report for the solvation energy for acetone
in Fig. 1, with the solvation parameter nc = 7 × 10−4 bohr−3.)
Molecular geometries are from the Computational
Chemistry Comparison and Benchmark Database: either
from experimental data if available, or density-functional
optimization using the Becke three-parameter Lee-Yang-Parr
(B3LYP) functional and the correlation-consistent polarized
valence triple zeta (cc-pVTZ) basis set.22

For the continuum description of water, we use
the local dielectric function ε[n(r)] = 1 + (εb − 1)
erfc{ln[ n(r)

nc
]/(

√
2σ )}/2, where εb is the bulk dielectric

constant of the fluid, nc specifies the value of the
solute electron density at which the dielectric cavity
forms, and σ controls the transition width.11 This
description of water leads to the expression Aenv[nDFT] = 1

2∫
dr3(nDFT − N )((∇·ε(nDFT)∇

−4π
)−1 − ( ∇2

−4π
)−1)(nDFT − N), where

N represents the nuclei of the solute.
Results. Figure 1(b) shows the resulting solvation energies

for acetone as a function of nc. The results are not sensitive
to σ , so we leave this value fixed at 0.6 and optimize the
values of nc for use in diffusion Monte Carlo. All of the
variational Monte Carlo results and nearly all the diffusion
Monte Carlo results lie below the density-functional theory
data. The variational Monte Carlo results with no Jastrow
factor (and thus no correlation, but exact exchange energy)
and the diffusion Monte Carlo results lie very near to each
other, indicating that the primary corrections in solvation
energy to the density-functional results come from the exact
treatment of the exchange and that corrections to correlation
beyond the local -density approximation largely cancel for
the solvation energies, at least for acetone.

A least squares fit of the data shown in Fig. 1(b) yields
nc = 7.0 × 10−4 bohr−3 as optimal for diffusion Monte Carlo
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FIG. 2. (Color online) Theoretical versus experimental solvation
energies for ethanol, dimethyl ether (DME), propane (left to right):
Joint density-functional theory as blue (gray) circles, zeroth-order
diffusion Monte Carlo as black strikethrough x’s, first-order corrected
diffusion Monte Carlo as red (gray) x’s. Experimental values from
Ref. 23.
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• Shape control of ligand-stabilized nanocrystals core
by modification of ligand coverage
•Anisotropic ligand coverage nanocrystals leads to

anisotropy interactions and affects assembly
• Solvation can be included in QMC

through external potential
• Successful for small molecules, promising for surfaces

ACS Nano 6, 2118 (2012), JACS 133, 3131 (2011),
Phys. Rev. B 85, 201102 (R) (2012)

Richard G. Hennig, Cornell University 

Control of Nanocrystal Morphology and Assembly and 
Quantum Monte Carlo Method for Solvation

How can we predict the morphology and assembly of nanocrystals?
How can we include solvation effects in quantum Monte Carlo

for molecules and surfaces?

!
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