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Why large scale systems  
• Overcome the finite size effect in quantum mechanical 

calculation 
 

• Quantum dot and nano system 
 

• Defect formation energy 
 

• Dislocation core 
 

• Solvent, interfaces 
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Defects 
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Formation energy of 𝑉𝐴𝐴3+ defect in 
GaAs 
[Lany and Zunger, PRB 2008] 

Binding energy divacancies of Al 
[Radhakrishnan and Gavini, PRB 2010] 



Kohn-Sham density functional theory 

• Efficient: Single particle theory 
• Accurate: Exact ground state energy for exact 𝑉𝑥𝑥[𝜌], 

[Hohenberg-Kohn,1964], [Kohn-Sham, 1965] 
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𝐻 𝜌 𝜓𝑖 𝑥 = −
1
2
Δ + 𝑉𝑒𝑒𝑒 + ∫ 𝑑𝑥′

𝜌 𝑥′

𝑥 − 𝑥′
+ 𝑉𝑥𝑥 𝜌 𝜓𝑖 𝑥 = 𝜀𝑖𝜓𝑖 𝑥  

𝜌 𝑥 = 2� 𝜓𝑖 𝑥 2
𝑁/2

𝑖=1

,   ∫ 𝑑𝑑 𝜓𝑖∗ 𝑥 𝜓𝑗 𝑥 = 𝛿𝑖𝑖 



Self Consistent Field Iteration 
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𝐻[𝜌𝑖𝑖] 𝜌𝑖𝑖 

𝜌𝑜𝑜𝑜 

Discretization 

Evaluation Iteration 



Self Consistent Field Iteration 
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𝐻[𝜌𝑖𝑖] 𝜌𝑖𝑖 

𝜌𝑜𝑜𝑜 

New discretization: ALB-DG  
(Adaptive Local Basis in a Discontinuous Galerkin framework) 

New evaluation: PEXSI 
(Pole Expansion and Selected 
Inversion) 

New iteration: EP 
(Elliptic Precoditioner) 



New discretization method 
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[LL-Lu-Ying-E, JCP 2012 (a)] 
[LL-Lu-Ying-E, JCP 2012 (b)]  
[LL-Ying, PRB, 2012] 



New evaluation method 

8 

[LL-Lu-Car-E, PRB 2009] 
[LL-Lu-Ying-E, CAM 2009] 
[LL-Lu-Ying-Car-E, CMS, 2009] 

[LL-Yang-Lu-Ying-E, SISC 2011] 
[LL-Yang-Meza-Lu-Ying-E, TOMS, 2011] 
[LL-Chen-Yang-He, submitted] 



New iteration method 
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[LL-Yang, arxiv:1206.2225] 



Evaluation by diagonalization 
• Diagonalization: lowest N/2 eigenvalues and 

eigenfunctions 
 

• Cubic scaling due to orthogonalization of an 𝑂 𝑁 × 𝑂(𝑁) 
matrix. 
 

• regularly hundreds of atoms, at most ~10,000 atoms 
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Evaluation: Alternatives? 
• Linear scaling algorithms 

• Near-sightedness [Kohn, 1996] 
• Truncation based algorithm:  
   low to intermediate accuracy 
• Only applicable to insulators. 

 
[Bowler and Miyazaki, Rep. Prog. Phys 2012] 
“…The second challenge is that of metallic systems: there is 
no clear route to linear-scaling solution for systems with low or zero 
gaps and extended electronic structure…” 

 
• Difficult task:  

• Accurate and efficient 
• Uniformly applicable to metals as well as insulators. 
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Δ𝑉(𝑟′) 
Δ𝜌(𝑟) 

𝑟′ − 𝑟 



Outline 
 

PEXSI: Pole EXpansion Selected Inversion 
 
 

• Pole Expansion 
 
• Selected Inversion 
 
• Quantum chemistry basis set 
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KSDFT: Matrix point of view 

𝜌 𝑥 = 2� 𝜓𝑖 𝑥 2
𝑁/2

𝑖=1

= 𝜓1(𝑥) … 𝜓𝑁𝑡(𝑥)
𝜒(𝜀1 − 𝜇)   

 ⋱  
  𝜒(𝜀𝑁𝑡 − 𝜇)

𝜓1(𝑥)
⋮

𝜓𝑁𝑡(𝑥)
= 𝜒(𝐻 𝜌 − 𝜇𝜇) 𝑥,𝑥 

 
• 𝜇 : Chemical potential such that #{𝜎 𝐻 ≤ 𝜇} = 𝑁/2 

• 𝜒 : Heaviside function satisfying  𝜒 𝑥 = �2,  𝑥 ≤ 0,
0,  𝑥 > 0 

 
𝜌 =  diag 𝜒(𝐻 𝜌 − 𝜇𝜇) 
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Finite temperature: Fermi operator 

𝜌 = diag
2

1 + 𝑒𝛽(𝐻[𝜌]−𝜇𝜇) 

 

• 𝛽 = 1/𝑘𝐵𝑇: inverse temperature 
• 𝜇: Chemical potential 

 
 

• Finite temperature,  Fermi-Dirac 
• Zero temperature, Heaviside 
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Fermi operator expansion 

• Δ𝐸 = 𝜎(𝐻 − 𝜇𝜇). 
• Fermi operator expansion: solving KSDFT without diagonalization 

 
• [Goedecker, 1993], 𝑃 ∼ 𝑂 𝛽Δ𝐸  
• [Head-Gordon et al, 2004], 𝑃 ∼ 𝑂(𝛽Δ𝐸) but with 𝑂( 𝛽Δ𝐸) 

operation   
• [Ceriotti et al, 2008], Q ∼ 𝑂 𝛽Δ𝐸 ; other work 
 

 

𝜌 = diag
2

1 + 𝑒𝛽(𝐻[𝜌]−𝜇𝜇) = diag
2

1 + 𝑒𝛽Δ𝐸 𝐻[𝜌]−𝜇𝜇
Δ𝐸 

≈ diag �𝑐𝑙

𝑃

𝑙=1 

𝐻 𝜌 − 𝜇𝜇
Δ𝐸 

𝑙

+ �
𝜔𝑙 

𝑧𝑙𝐼 −
𝐻 𝜌 − 𝜇𝜇

Δ𝐸 
𝑞𝑙

𝑄

𝑙=1
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Pole expansion 
• [LL, Lu, Ying and E, 2009], 𝑄 ∼ 𝑂 log 𝛽Δ𝐸  

 
 

𝜌 ≈ diag�
𝜔𝑖

𝐻 − 𝑧𝑖𝐼

𝑄

𝑖=1

 

 
• 𝑧𝑖 ,𝜔𝑖 ∈ ℂ are complex shifts and complex weights 
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Contour integral technique 

Fermi-Dirac 

𝜌 𝜉 =
1
2𝜋𝜋

�
𝜌 𝑧
𝑧 − 𝜉

𝑑𝑑 ≈
1
2𝜋𝜋

�
𝜌 𝑧𝑖 𝑤𝑖
𝑧𝑖 − 𝜉

𝑄

𝑖=1Γ
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Contour integral technique 

Fermi-Dirac 

𝜌 𝜉 =
1
2𝜋𝜋

�
𝜌 𝜉
𝑧 − 𝜉

𝑑𝑑 ≈
1
2𝜋𝜋

�
𝜌 𝑧𝑖 𝑤𝑖
𝑧𝑖 − 𝜉

𝑄

𝑖=1Γ
 

 

Simpler problem 

[Hale, Higham and Trefethen, 2008] 
 
𝜌 𝜉 − 𝜌𝑄 𝜉 ∼ 𝑂(𝑒−𝐶𝐶/ log(𝑀/𝑚)) 
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Domain transformation 
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Contour selection 
• [Hale, Higham, Trefethen 2008]   𝐾

′

2𝐾
∼ 1

log𝑀𝑚
 

• Trapezoid rule for periodic function gives geometric 
convergence 
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Pole expansion 
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Numerical result 
H: Tight binding model on a 2D grid 
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Outline 
 

PEXSI: Pole EXpansion Selected Inversion 
 
 

• Pole Expansion 
 
• Selected Inversion 
 
• Quantum chemistry basis set 
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Selected inversion 
 

𝜌 ≈ diag�
𝜔𝑖

𝐻 − 𝑧𝑖𝐼

𝑄

𝑖=1

 

 
• All the diagonal elements of an inverse matrix. 
• 𝐻 is a sparse matrix, but 𝐻 − 𝑧𝑖𝐼 −1 is a full matrix. 
• Naïve approach: 𝑂 𝑁3 . 
• Need selected inversion. 
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Selected inversion: basic idea 
• 𝐿𝐿𝐿𝑇 factorization 

𝐴 =
𝐴11 𝐴21𝑇

𝐴21 𝐴̂22
= 1 0

𝐿21 𝐼
𝐴11 0

0 𝑆22
1 𝐿21𝑇
0 𝐼

 

 
𝐿21 = 𝐴21𝐴11−1,   𝑆22 = 𝐴̂22 − 𝐴21𝐿21𝑇  

 
• Inversion 

𝐴−1 = 𝐴11−1 + 𝐿21𝑇 𝑆22−1𝐿21 −𝐿21𝑇 𝑆22−1

−𝑆22−1𝐿21 𝑆22−1
 

 
 

 
 

25 

Observation: 
If 𝐿21 is sparse, 𝐿21𝑇 𝑆22−1𝐿21 only require rows and columns 
of 𝑆22−1 corresponding to the sparsity pattern of 𝐿21. 



Recursive relation 

𝑆22 =
𝐴22 𝐴32𝑇

𝐴32 𝐴̂33
 

 

𝐴 = 1 0
𝐿21 𝐼

1 0 0
0 1 0
0 𝐿32 𝐼

𝐴11 0 0
0 𝐴22 0
0 0 𝐴̂33

1 0 0
0 1 𝐿32𝑇
0 0 𝐼

1 𝐿21𝑇
0 𝐼

 

 

𝐴−1 =
𝐴11−1 + 𝐿21𝑇 𝑆22−1𝐿21 −𝐿21𝑇 𝑆22−1

−𝑆22−1𝐿21
𝐴22−1 + 𝐿32𝑇 𝑆33−1𝐿32 −𝐿32𝑇 𝑆33−1

−𝑆33−1𝐿32 𝑆33−1
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Recursive relation 
• 𝐼 = 𝑖 𝐿21 𝑖, 1 ≠ 0 , 2 ∈ 𝐼 
• 𝐿21 𝑖, 1 ≠ 0 ⇒ 𝑆22 𝑖, 𝑗 ≠ 0, 𝑖, 𝑗 ∈ 𝐼   
 because 𝑆22 = 𝐴22 − 𝐴21𝐿21𝑇  
  ⇒ 𝐿32 𝑖, 2 ≠ 0, 𝑖 ∈ 𝐼 
 

• 𝐴−1 =
𝐴11−1 + 𝐿21𝑇 𝑆22−1𝐿21 −𝐿21𝑇 𝑆22−1

−𝑆22−1𝐿21
𝐴22−1 + 𝐿32𝑇 𝑆33−1𝐿32 −𝐿32𝑇 𝑆33−1

−𝑆33−1𝐿32 𝑆33−1
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General result 
 

• For non-experts: 𝐴−1 restricted to the non-zero pattern of 
𝐿 is “self-contained” 
 

• For experts: calculating 𝐴𝑖𝑖−1 only requires 𝐴𝑘𝑘−1 such that 
𝑘, 𝑙 are on the critical path of 𝑖 and 𝑗 on the elimination 
tree 

 
[LL, Yang, Meza, Lu, Ying and E, 2011] 
Similar work: [Erisman and Tinney, 1975], [Takakashi et al 1973], [Li, 
Darve et al, 2008], [LL, Lu, Ying, Car and E, 2009] 
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Complexity 
• For Laplacian (or Schrödinger) operator, the cost of 

evaluating L is 𝑂(𝑁) for 1D systems, 𝑂 𝑁1.5  for 2D 
systems, and 𝑂(𝑁2) for 3D systems. 
 

• Combined with pole expansion: 
  At most 𝑂 𝑁2  scaling for solving Kohn-Sham problem.  
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Parallel selected inversion 
[LL, Yang, Lu, Ying and E, SISC (2011)] 
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2D Quantum-dot 

[LL, Yang, Lu, Ying and E, SISC(2011)] 
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SelInv: Numerical results 
SelInv: a selected inversion package for general sparse 
symmetric matrix written in FORTRAN. 
[LL-Yang-Meza-Lu-Ying-E, TOMS, 2011] 
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Outline 
 

PEXSI: Pole EXpansion Selected Inversion 
 
 

• Pole Expansion 
 
• Selected Inversion 
 
• Quantum chemistry basis set 
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Why quantum chemistry basis set? 
• Much smaller degrees of freedom (DOF) per atom 

 
 
 
 
 

 
• Difficulty 

• Nonorthogonal basis 
• Not mentioned yet: Energy, Free energy and Force 

• [LL-Chen-Yang-He, submitted] 
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Basis Example DOF / atom 
Uniform basis Planewave 

Finite difference 
Finite element 

500~10000 or more 

Quantum 
chemistry basis 

Gaussian orbitals 
atomic orbitals 

4~100 



Setup 
• Basis Φ = [𝜑1 𝑥 ⋯𝜑𝑁 𝑥 ]  
• Kohn Sham orbitals 𝜓𝑖 𝑥 = ∑ 𝜑𝑗 𝑥 𝑐𝑗𝑗𝑁

𝑗=1  or  Ψ = Φ𝐶 

• Projection matrix H𝑖𝑖 = ∫ 𝑑𝑑 𝑑𝑥′ 𝜑𝑖 𝑥 𝐻�(𝑥, 𝑥′)𝜑𝑗 𝑥𝑥  
• Overlap matrix 𝑆𝑖𝑖 = ∫ 𝑑𝑑 𝜑𝑖 𝑥 𝜑𝑗 𝑥  
 
 
Kohn-Sham problem (Ξ is a diagonal matrix) 
 

𝐻𝐻 = 𝑆𝑆Ξ 
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Electron density in the real space 
𝜌 𝑥 = Ψ 𝑥 𝑓 Ξ − 𝜇 ΨT 𝑥 = Φ 𝑥 𝐶𝐶 Ξ − 𝜇 𝐶𝑇Φ𝑇 𝑥  

 
Pole expansion for a diagonal matrix 

𝑓 Ξ − 𝜇 ≈�
𝜔𝑖

Ξ − 𝑧𝑖𝐼

𝑄

𝑖=1

 

𝜌 𝑥 = Φ 𝑥 �
𝜔𝑖

C−𝑇ΞC−1 − 𝑧𝑖𝐶−𝑇𝐶−1

𝑄

𝑖=1

ΦT 𝑥  

          = Φ 𝑥 �
𝜔𝑖

𝐻 − 𝑧𝑖𝑆

𝑄

𝑖=1

ΦT 𝑥  

          = �𝜑𝑖 𝑥 𝛾𝑖𝑖𝜑𝑗(𝑥)
𝑖,𝑗
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Sparsity is the key 
• H and S are sparse 

 
 
 
 
 
 

• 𝜑𝑖 𝑥 𝜑𝑗 𝑥 ≠ 0 ⇒ 𝑆𝑖𝑖 ≠ 0 ⇒ 𝐻𝑖𝑖 ≠ 0 ⇒ 𝛾𝑖𝑖 ≠ 0 
• Selected elements: {(𝑖, 𝑗)|𝐻𝑖𝑖 ≠ 0} 

• Selected inversion for 𝜔𝑖
𝐻−𝑧𝑖𝑆
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Total energy 

𝐸𝑡𝑡𝑡 = 𝑇𝑇 𝛾𝛾 −
1
2
∬𝑑𝑑𝑑𝑑

𝜌 𝑥 𝜌 𝑦
𝑥 − 𝑦

+ 𝐸𝑥𝑥 𝜌 𝑥

− ∫ 𝑑𝑑 𝑉𝑥𝑥 𝜌 (𝑥)𝜌(𝑥) 
 

𝑇𝑇 𝛾𝛾 = �𝛾𝑖𝑖𝐻𝑗𝑗
𝑖𝑖

 

 Selected inversion 
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Helmholtz free energy 
• Finite temperature effect [Mermin, 1965, Alavi et al, 1994] 
• Energy and Entropy 
 

𝐹𝑡𝑡𝑡 = 𝑇𝑇 𝛾ℱ𝑆 + 𝜇𝑁𝑒 

             −
1
2
∬𝑑𝑑𝑑𝑑

𝜌 𝑥 𝜌 𝑦
𝑥 − 𝑦

+ 𝐸𝑥𝑥 𝜌 𝑥 − ∫ 𝑑𝑑 𝑉𝑥𝑥 𝜌 𝑥 𝜌 𝑥  

 
Free energy density matrix 
 𝛾ℱ = 𝐶𝑓ℱ Ξ − 𝜇 𝐶𝑇 
  
 𝑓ℱ 𝑥 − 𝜇 = −2𝛽−1 log(1 + 𝑒𝛽 𝜇−𝑥 )  
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Helmholtz free energy 
 
• 𝑓ℱ 𝑥 − 𝜇 = −2𝛽−1 log(1 + 𝑒𝛽 𝜇−𝑥 )  
• Same analytic structure as 𝑓(𝑥 − 𝜇) 

• 𝛾ℱ ≈ ∑ 𝜔𝑖
ℱ

𝐻−𝑧𝑖𝑆
𝑄
𝑖=1  

 
• Pole expansion with the same shift 
   but different weight 
• The same selected elements of  
  𝐻 − 𝑧𝑖𝑆 −1 
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Force 

𝐹𝐼 = −
𝜕𝜕
𝜕𝑅𝐼

= −𝑇𝑇 𝛾
𝜕𝜕
𝜕𝑅𝐼

+ 𝑇𝑇 𝛾𝐸
𝜕𝜕
𝜕𝑅𝐼

 

 
 
 
 
• Energy density matrix 

 𝛾𝐸 = 𝐶𝑓𝐸 Ξ − 𝜇 𝐶𝑇 
 𝑓𝐸 𝑥 − 𝜇 = 𝑥𝑥(𝑥 − 𝜇) 
• Pole expansion with the same shift 
   but different weight 
• The same selected elements of  
  𝐻 − 𝑧𝑖𝑆 −1 
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Hellmann-Feynman 
force 

Pulay force 



Numerical examples with atomic orbitals 
 
 
 
 

Boron Nitride Nanotube 
 
 
 

 
Carbon Nanotube 

Atomic orbitals by [Chen et al, 2010, 2011] 
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Accuracy of the pole expansion 
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PEXSI 



Efficiency of the selected inversion 
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 Boron Nitride 

 
SZ: single-zeta 
(4 basis per 
atom) 
 
DZP: Double-
zeta with 
polarization (13 
basis per atom) 
 



Efficiency of the selected inversion 

45 

 
 Carbon 

nanotube 
 
SZ: single-zeta 
(4 basis per 
atom) 
 
DZP: Double-
zeta with 
polarization (13 
basis per atom) 
 



Geometry optimization: BNNT 
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Truncated BNNT.  504 B atoms, 504 N atoms, 16 H atoms 



Geometry optimization: BNNT 
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Geometry optimization: BNNT 
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Conclusion 
• Pole Expansion and Selected Inversion (PEXSI) method 

for Kohn-Sham density functional theory 
• Accurate calculation of density, total energy, free energy 

and force. 
• Selected inversion: 𝑂(𝑁) for quasi-1D system, 𝑂(𝑁1.5) for 

quasi-2D system, and 𝑂(𝑁2) for 3D bulk systems. 
• Quantum chemistry basis set (Gaussian orbitals, atomic 

orbitals etc) 
• Black-box: suitable for all codes with quantum chemistry 

basis set 
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