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“The world (at the nanoscale) is cruel. And the only morality in a
cruel world is chance. Unbiased. Unprejudiced. Fair.”

Two-Face (from the Dark Knight)
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KMC is based on transition state theory




ADb Initio Kinetic Monte Carlo

Ep = E(transition state) — E(current state)

E is calculated with a Molecular Potential or using Density
Functional Theory

Rates are based on transition state theory which gives
TRInitial State—Final State — W eXp(_EB/kBT)

w is the “attempt” frequency, kg1’ is the thermal energy




Detailed Balance

A natural property of transition state theory is the following

[ e_EA/k:BTTRA_)B — B_EB/RBTTRB_)A — we_ET/kBT

e F4 and Ep are the energies of states A and B

e The above relationship between TR,_,5 and T'Ry_,, is called
detailed balance




Bond Counting Kinetic Monte Carlo

TRInitial State—Final State — W eXp(_’an/kBT)

where n is number of bonds of the atom in its initial state.




Bond Counting Kinetic Monte Carlo

One considers a system where all the atoms are on a fixed

lattice.
e We shall use a simple cubic lattice

e /= —~ - number of bonds




Bond Counting Kinetic Monte Carlo

i
N{ L eV

Simple Cubic Lattice

Nearest Neighbor Interaction




Bond Counting Kinetic Monte Carlo
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Bond Counting Kinetic Monte Carlo

Ep = E(transition state) — E(current state)

FE(transition state) ~ F/(without red atom) — Ej

E(current state) = F/(with red atom)
EB ~ —AFE — EO
AFE = E(with red atom) — F(without red atom)

TRInitial State—Final State — W eXp((EO —|_ AE)/kBT))



Bond Counting Kinetic Monte Carlo
AFE = E(with red atom) — E(without red atom)
AE = —vyny

np = number of bonds of the red atom

EO/kBTe_nb’Y/kBT

TRred = Wwe

Hopping Rate = R..q = dweEo/ksT o—nyy/kpT




Solid-on-Solid Bond Counting Kinetic Monte Carlo

Consider 141 dimensions with M sites in the z-direction
e Film profile is given by a function h;, 1 =1, ..., M.
e We use periodic boundary conditions

e When an atom hops it moves to left or right with equal

probability.

Hopping rate of an atom is at site ¢ is R; = Qexp(—vyny/kpT)

Q) = 2wePo/kBT

Deposition is eagsily included.




Schematic for SOS BC KMC

- For convenience kgT'=1and Q=1 = R; =e ™"

- np = number of nearest neighbors




Implementation

Make a list of rates, R;, for all atoms

4 = Zz]\il R; is the total transition rate

P; = R;/Z is the hopping probability
Choose an site with a probability given by P;

Hop the surface atom at site ¢ to either site 1 — 1 or 7 + 1 with

equal probability
Update the values of R; and P; that have changed

Repeat the above steps
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Example - v = log(100) =~ 4.6052
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Example - v = log(100) =~ 4.6052
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Example - v = log(100) =~ 4.6052
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Example - v = log(100) =~ 4.6052
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Example - v = log(100) =~ 4.6052

R, =107°
Ry =109
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Site 5 was picked (an unlikely choice) =
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How do we choose the site ?

Choose an site with a probability given by F;

where P; = R;/Z is the hopping probability

and Z = qu,il Rz

In other words we need to sample a distribution




2.
3.
4.
D.
6.
7.
8.
9.

Rejection Method

. Suppose we wish to generate a random variable whose pdf is

f(x) with f(z) >0 for a < z <b.

Let f,, be the maximum value of f(x)

Let U = uniform(0, 1) and Y = uniform(a, b)
Sample Y and let the value be y.

Sample U and let the value be u.

If u < f(y)/fmn then X =y (success)

If w> f(y)/fm then go back to step 4 (rejection)
The pdf for the random variable X is f(x)

If f takes on wide range of values then this is quite inefficient

as much time will be spent rejecting choices



Proof

=PY <z|U< f(Y)/fm)

PV <@, U < F(V)/f)
P(U < f(Y)/fm)

Since Y and U are independent random variables, their joint

, L a<y<b and O<u<l
pdf is @

0 otherwise

P(U Y)/fm) f ff(y)/fm 1adudy

b
— <b—i)fm Jo f(W)dy = (b—a) fm




Proof Continued

- (a—b)fm fa f y d
Therefore, P(X <z) = [ f(y
Therefore pdf of X is f(x)




Rejection Method for KMC

Let Pj; be chosen such that P; < Pys for all ¢
Pick a site random with equal probability.
Let r =U(0,1).

If r < P;/ Py then pick that site.

If » > P;/ Py got back to step one

If P, P, ... take on wide range of values then this is quite

inefficient as much time will be spent rejecting choices




Rejection Free Sampling

Let X be a random variable whose pdf is f(x)

Let F(z) = [ __ f(y)dy (i.e. The cdf of X )

Let R = U[O, 1]

Claim: The random variable Y = F~1(R) has a pdf given by
f(x)




e Let g(y) be the pdf for YV
e P(Y<a)=["_ g(y)dy
F7HR) <a) = [°_ g(y)dy

a

P(
P(R< F(a)) = ["__g(y)dy
F(a)

= /" 9(y)dy
f(a) = g(a)
= Y = F~!(R) has a pdf given by f(x)



Picture




Rejection Free Sampling for KMC

Let C; = Z;Il P; ( Cpr =1 — Discrete cdf)

Define C() =0
Let R =U|0,1]

Pick site j such that C;_; < R < C;




C7<r<C8

site 8 will be picked

N

hopping probabilie




Detailed Analysis of KMC Model




Our Solid-on-Solid KMC Model

e F'ilm is pinned at one end

e [Film is “free” at the other

red—red bon

green—-red bond




Our Solid-on-Solid KMC Model

There are M active sites of a semi-infinite 1+1 dimensional

crystal
1 = 1 and ¢ = M are boundary sites
1 =0 and 1 = M + 1 are ghost sites

ho = (0 and hM_|_1 = hM

h = (hg, h1, ho, ..., har)




Rates
Ignore the boundary terms for now
Recall Hopping Rate R; = 2wefo/kBT ¢=vn0/kpT
Let £y = —Ep + v and n; = number of lateral bonds

= R; = 2we PED =P

Adatom hopping rate 2we P#Fp

Ep is the energy barrier for diffusion




Rates
Choose the time scale so that adatom hopping rate = 1

= Qwe PED — 1

= Rz = 6_757“

Rates satisfy detailed balance




KMC dynamics

. A site is chosen with a probability p; = r;/ sz\il r;. Let ic

denote the chosen site.

. If 2 <ic < M —1 then that atom hops sites i¢ +1 or 1 — 1
each with probability %

. If ic = 1 then the atom hops to the right with probability % or
does not hop with probability %

. If ic = M then the atom hops to the left with probability % or
does not hop with probability %




KMC dynamics

These dynamics ensure that the system conserves mass and our

consistent with hg = 0.

Our KMC simulations will have the following restriction on the

dynamics

(1)

Since the dynamics conserves mass, then the above condition is

enforced by the choice of initial conditions.




Energy

Total Energy
£ = —v - ( # red-red bonds) — 37 - (# red-green bonds)

E(hg,h1,ha,....;har) = E — Ep—g

E(h) =~ Y ity min(hi, hio1) = (7/2)har =7 X0, By

First two terms are due to horizontal bonds and the last one is

from vertical bonds




Energy
Let Zi\il hz =N
Then E(h) = —2yN + H(h)

where H(h) = 1y 327 |hy — hi_1]

H(h) is the “perturbed” energy. Notice that for a flat interface
H(h)=0.

AE; = E(h) — E(h(i)) = AH; — 2y = H(h) — H(h(i)) — 27

where h(7) is the configuration where the surface atom at site ¢

is removed




R, = e VPN

= R; = ePrefAEi

AE; = E(h) — E(h(i))

h(t) is the configuration where the surface atom at site 7 is

removed
AFE; = FE(with) — F(without)
Rates satisfy detailed balance

The expression above for R; is valid at the boundary sites.




The Film in Thermodynamic Equilibrium




Statistical Mechanics

Consider a system in equilibrium with a heat bath at

temperature 1’

Suppose the system has discrete energy levels E;, 7 =1,2,3....

Define Z = } _ e~ Fi/kBT (The partition function)

P(state j) = e Fi/ksT |7




Statistical Mechanics

Free Energy F' = —kpgT'logZ

Ensemble Average (g) = % o ge~U(state)/ksT

Chemical potential: u = F — F’, F’ Free Energy with one atom

removed

The larger the chemical potential the easier it is for atoms to

evaporate

If 1 > 0 atoms have no energetic barrier from leaving the

surface




The Partition Function

7 — Z e—E(State)/kBT

all states

in our case this becomes

7 = i i io: e~ E(ho,hassha) kT _ Z e~ E(h)/kBT
h,h=0

hlz—OO hQI—OO hMI—OO

Zi]\il hi=0

It is basic fact from statistical mechanics that finding the system in

a given state h is given by

o—E(h)/kpT




In our system we have sz\il h; = 0 therefore

QkB

M
P(h) = Zz e  HW/keT — 71 oxpy Z — hi—1]

It follows then, in equilibrium that,




Unfortunately, the mass constraint makes a direct evaluation of Z
quite difficult and instead most people compute the grand partition
function, =. When computing the grand partition function one
removes the mass constraint but adds a term to the energy namely
1N where p is the chemical potential and N is the excess mass.
The strategy is to compute the grand partition function and find u

so that the expectation of sz\il h; is zero.

In what follows we shall use the notation

ZZZ >

hl——OO hg——OO hM——OO




The Grand Partition Function

The grand partition function is

M
=(p) = Z exp <5E(h) + B Z hz’)
h i=1

in view of our formula for the energy we have

EW)Z}Z@@(ﬁ -+6u+27§: )
h i=1

However, in equilibrium, we have P(h) = P(—h), therefore we need

po= 27 = fle

(He) = ZeXp [% <Z |h; — hil)] = Ze_ﬁH(h)

h h




Explicit Calculation of the Grand Partition Function

This sum can now be summed explicitly but it is crucial that we

use hg = 0.

©. @) ©.@) ©. @)
(Me) o E E .« o E 6_9|h’1|6_9|h’2_h’1| ...e_eth_hM—1|

hlz—OO hQZ—OO h,M:—oo

— By
5

g1=h1 —ho=hy and g, =h;—h;1 for 1=2,3,....M

where 6 we use the change of variables

oo o0 o0
(:ue) § E s E 6_9|91|e_‘9|92|6_9|g3| . 8_‘9|9M|

g =——00 go=——00 gn=——00

()




oo

Z L0l _ 1+ e’ cosh(0/2)  cosh(Bv/4)

—1+¢e? sinh(§/2)  sinh(Bvy/4)

k=—o0

cosh(8v/4) ] Y
sinh(8v/4)

o) = |




Calculation of the Free Energy

Z = =(le)

F ~ —kpT M log(coth(Bv/4))
Free Energy per surface atom

!
g

log(coth(8v/4)




Calculation of the Entropy

The Entropy is

_ s —E(h)/ksT
(h) = klog Z + — > E(h)e

h,N=0
Recalling

F = —kgTlog Z e~ E(h)/kBT

h,N=0
It then follows,

S=——
oT
Now we use Z(u.) for Z to find

~ L
MS R 2Tcsch(yﬂ/2) + klog(coth(~(3/4))




Surface Atom Mobility

We wish to calculate the hopping rate of a surface atom when the
film is in equilibrium. That is to say we wish to compute

(Rj)

Using the Partition Function

M
/ = Z e BE()  with the constraint Z h; =0

h i=1
which we will write as
7 — Z e~ BE(h)
h,N=0

The probability of the system being in state h is

1
1 _—sEMm

Z




and the ensemble average of a quantity is given by
1
_ - —BE(h)
(9)=— D ge
h,N=0

The hopping rate of of the jth atom is

R, = B ~E(hy)




657<65(E(h)—E(h(j)))>

eBY

> e PEMSEM =B G)

h
eBY

p o—BE(h(})))

h

Z/
7€ﬁ7

7! — Z e BE(G)) — Z o—BE(R)

h,N=0 h,N=—1

Recalling that
F = —ﬂ_llogZ and ,LL:F_F’

where F' and F’ are the free energy with and without an surface
atom.




It follows

and

R;) = ePvePr recall = PV ePAE
J J

This is a very general result and very important since it connects
the microscopic dynamics of atom hopping with a
thermodynamical quantity, the chemical potential, . Recall we
had established that © = —2v, so

(Rj) =e

Remember, the hopping rate of an adatom was 1. Our calculation
shows that the average hopping rate can be quite a bit smaller than

the adatom hopping rate.




Using the Grand Partition Function

Krug et al use Z(u.) instead of Z and they compute

1
(Ri) = =Y Rie M

_ Py § 7 HAH: - BH ()
(ILLG) h

S e PH)

where =’ () is the value of the grand partition function with one

less atom. One can show Z(ue) = Z/(te).




Proof that =(ue) = Z' (e)

Proof 1. The first way is to notice that since there is no mass
constraint, all the possible states will be summed over where or not

an atom is removed or not.

Proof 2. Use:
e The grand potential: A = —kpT log=(u.)
e The free energy F' = —kpgT1'log Z
e and relationship A = F — uNN.




This means that
—~kpT'log=(pe) = F—p.N and —kpTlog='(p.) = F'—pe(N—1)

Take the difference

_kBTlogE(Me) + kBTlog E/(:ue) — (F o ,ueN) o (F/ T ,ue(N o 1))

SO
~kpT (log Z(pe) —log =/ (pte) ) = F' — F' — pue
But FF— F' = .. So it follows that =(ue) = Z'(e)




Film Evolution

P = P(h,t) is the probability of the film taking on the
configuration h at time ¢

P(h,t) = P(h1,ha, ... har, 1)

heZM where Z=1{.,-2,-1,0,1,2,..}

th(hat) =1

The equation that describes the time evolution of P(h,t) is
called the master equation

If one performed large number of ensembles of kinetic Monte
Carlo simulations and computed a probability density function
from them, its time evolution would be predicted by the master

equation




The Master Equation

The master equation takes the form

OP
S = RHS

Here we will derive RHS for our KMC model. Consider the
contribution, 7; ;411 to RHS due to contributions for hops between
sites ¢ and ¢ + 1 where ¢ and 7 & 1 are not boundary sites.

The hopping rate at site ¢ depends on h;, h;11,h;—1 we write

Ri = Ri(hi—1, hi, hiy1)




Contribution from an atom hop from ¢ to i + 1

Piece 1 - atom hops into A

—|—% P(, hz -+ 1, hz'_|_1 — 1, ) Ri(hi—la hz + 17 h’H—l o 1)

7

after the hop=P(h,t)

Piece 2 - atom hops from A

_%P(7 h’i) h/z'—f—l? )Rz(hz—ly h/z'a hi—l-l)




Contribution from an atom hop from 7+ 1 to ¢

Piece 1 - atom hops into A

—|—% P(, hz — 1, hz’—i—l -+ 1, ) Ri—l—l(hi — 17 hi—i-l + 17 hH‘l)

after the hop="P(h,t)

Piece 2 - atom hops from A

—%P(, hz’: hz'_|_1, )Rz—l—l(hw h’H—l? hi+2)




Contribution from an atom hops between ¢ to ¢ + 1

hi +1, b1 — 1, )R (v, by + 1, higq — 1)
vohg =1L hinr + 1, )R (hy — 1, hia1 + 1, hiso)
s h, higt, )R (hi1, hiy higt)

v b, higt, ) Riga (hiy higt, hig2)

P
P
P
ip

We also have

TO,l =0 and TM,M—I—l =0

since no atoms can hop between these sites.




The Master Equation

The master equation is then

M—1

oP

5 = Z Tiit1
i—1

This can be written in the following form

OP(h, 1)

where h’ is any configuration that is one hop away from h and
T'(h,h') is the transition rate between h and h'.




Transition Rates and Detailed balance

Suppose there is transition between sites ¢ and ¢ + 1 then
h' = {.., hz — 1, hz'_|_1 + 1, } or h/ = {.., hz -+ 1, hz‘_|_1 — 1, }

Consider the case b’ ={..,h; — 1, h;41 + 1, ...}, then

T(h, b') = %e—memmh)—ﬂ(h(i))

T(W h) = %e—ﬁveﬁ(H(h’)—H(h’(iJrl)))

Notice

e~ BHIT(h 1) = %e—me—w(h(z‘))




h(Z) — {,hz — 1, hi_|_1, } and h/(’l, + 1) — {, hz — 1, hz'—l—la }

Since h(i) = h'(i + 1) it follows,

e PHMT (R, b = e PEMIT (R, h)

This is detailed balance.




Now consider the case b’ = {...,h; + 1, h;411 — 1,...} then

jﬂ(h7 h/) = 16_/8766(H(h)—[—[(h(z’+1))

2

and

T(H h) = 2e=1eBHM)=HH ()

2
Now

h(Z + 1) — {...,hz', hz'_|_1 — 1, } and h/(’l,) — {, hz’; hi—|—1 — 1, }

so again it follows

e PEMT(h, 1) = e PHOIT(R! h)




Equilibrium Solution of the Master Equation

The master equation is

aP h,t) ZP (' 1 h) — P(h,t)T(h,R")

where the transition rates satisfied detailed balance
e PEMT (B, 1) = e PHOIT (R h)

It follows that P.,(h) = Z~te #H (") is a solution of the master

equation.




Long Time Behavior of the Master Equation

It also follows that for any normalized initial condition P(h,0) that

lim P(h,t) = Z te PHM)

t—0o0

To prove this result we will use a Lyapunov function, sometimes

called the relative entropy, namely

L= Zh: P(h,t)log 1; (f(}f))

One can prove that £ > 0 with £ =0 if and only if P = P,,.

Now we will compute £ and show that it is less than zero for all

P # P,, which implies the claim above.




(1 + log

> (1—|—log

h,h'
Notice that sum is over h and A’ and that for each term in the sum,

P(h,t)

(1—Hogp )
eq

) (PO OT (1) = PO AT (0, 1)
there is a corresponding term,

(1 + log ie(j(/}’;))) (PR, )T (h, 1)) — P(W', )T (K, h))

and when these are added one finds

(log ]f((hh gﬁzgz))) (P(W, )T (W, k) — P(h,t)T(h, 1')).




Therefore

d
%L

% (log Ji(hff i;ﬁzg%) (P(W,t)T (W, h) — P(h,t)T(h,h'))

distinct pairs

3 (log P(h,t)/Peq(h) ) (P(h’,t) P(h,t)

P(I8)/Peg(W) ) \ Peg(h') Peq(h)> Feq(R)T (R, 1)

h,h’
distinct pairs

The last simplification comes from using detailed balance.




(logx —logy)(z —y) >0 forall >0 y>0

then it follows that each term on the rhs of £ < 0. Therefore

d
—L <0
dat  —

Furthermore, £ = 0, only if P(h,t) = P.,(h). Therefore £ decreases
in time for all P(h,t) # P.q(h). Since £ > 0 with £ = 0 only when
P(h,t) = P.q(h), it follows that

lim P(ha y) — PeQ(h)

t— 00




Proof that £ >0 with £ =0 iff P = P,,,.

We start with Jensen’s inequality. Suppose X is random variable
and f(x) is convex function (f”(z) > 0). Then

BlFC0)2 SEX) o [ s> 1 ( [eperr)

where p(x) is the pdf of X.

Consider a new random variable Y = p(X)/q(X) > 0 where
q(X) >0 and [ q(z)dr =1

Now, —log z is convex and by Jensen’s inequality
E[-log(Y)] > —log(E(Y)).

But
El—log(Y)| = -




Therefore we have

L= / log(p(x)/q() )p(x)dzx > 0

Now for £ = 0 it must be true that p(x)/q(x) =1 for all x.
Therefore p(z) = q(x).




So far we have learned that any initial condition for the film will

result in the film relaxing to the Boltzmann distribution,

lim P(h,t) = Poy(h) = Z e HMW/ksT

t— 00

One can use this to establish that

(hiy =0 as t— o0

How natural question to ask is: exactly how does (h;) — 0 7

This question, not surprising, has a long history. For the most part,
insight has been provided by continuum theory.




Outline of what is next
e Discuss the continuum formulation of film relaxation.

e Discuss the connection between KMC and continuum

formulation.

e Derive a continuum model for the KMC dynamics invoking the

notation of local equilibrium.




Continuum Model

Film is assumed to be in:
— mechanical equilibrium (for strained systems)

— local thermodynamic equilibrium

Free Energy: F'= Surface energy

F = [~ds

F = Fh]; h = h(x,t) where h is the film profile




The Chemical Potential

h—v

T~

1 = F - F(one surface atom removed)

OF
Sh

v(z, x")dr’

_6F
~ Sh

v(x,z")dx’'

OF
E(x)

~ Ugq

v, 1s the atomic volume




Drift Speed

_ DF
 kgT

V (Einstein)

V' is the drift speed
F is the thermodynamic driving force.
D is the surface diffusivity

kg1 is the thermal energy



Continuum Model
o
0s
e Surface Flux of Atoms: j = vV

vD Ou

kBT 88
oh dj

e Mass Conservation: — + v, =

ot 0s

where s is arc length and v is the number density of surface atoms.

o F =

(Thermodynamic Force)

=0




Film Dynamics

OF
= Va5 = UakY (Herring, 1951)

viyvD 9%k
kBT 882

This the basic mathematical description of surface diffusion

(Mullins, 1957)

small slope approximation: h; = —Bhyzzq




Connection Between

Continuum Mechanics

and Kinetic Monte Carlo




Statistical Mechanics of KMC

Consider Film in Thermodynamic Equilibrium

Free Energy F' = —kpgT log Z where Z = ) e—U(state) /kpT

states

—U (state) /kpT

Ensemble Avera (g) = = > ... ge

p=F—F,=kpgTlog(exp|(U —U,)/kpgT]) (Chemical
Potential)

R, =wexp|(U—-U,)/kpT| (Hopping Rate)

= (R) = we”*/*8T (Ensemble Averaged Hopping Rate)




Local Thermodynamic Equilibrium

= (R)(x) = wet(®)/ksT

O(R)
Js
M depends on the details of the hopping rules and ¢ is the

Fick’s Law: j = — MY/

atomistic length

- MU(R) Op
kBT 88

D = M?2(R)

o j =

= j=— — (same as continuum)




Comment

It is interesting to note that in this and many continuum models
the chemical potential plays a key role. However, in Ab Initio
Kinetic Monte Carlo and in Molecular Dynamics the chemical

potential does not make an explicit appearance. The reason it

appears in our KMC model (and others like it) is because it was

convenient to define a transition state with an atom removed from
the system. The success of continuum models, suggests that using
Ey + AFE to approximate an energy barrier must be quite

reasonable.




Plan

Next we will attempt to derive a closed model for the time

evolution for (h;) from the master equation. To begin we must

write the master equation in a different form.

But first some notation







therefore

D

j+1[DF F]

= F(, hj + 1, hj_|_1, ) — F(, hj, hj_|_1, )
—F(..., ]’Lj + 1, hj_|_1 — 1, ) + F(, ]’Lj, hj_|_1 — 1, )

—F(..;hj+1,hjir—1,.)+ DIF+ F(...,hj,hji1 —1,...)

—F(..;hj+1,hjo1—1,.)+ DIF — D\ F+F(....,hj, hj;1,...)




Consequently we have

F(.hj+1,hjy1—1,..)=F+DIF—-D_ F—D;

D} F]

J+1 7+1

In a similar way, we have

F(..hj—1,hj1+1,.)=F+ D/ \F—D;F— D

J+1 J—l-l[Dj_F]

Note: these formulas are akin to a discrete form of a Taylor series.




The Master Equation Again

ZP hi4 1,k — 1, ) Ri(hie1, hi + 1, hipr — 1)

—I—P(, hi—1,hj1q1 4+ 1, )Rﬁ_l(hz —1,h;y1 + 1, hH_Q)
—P (s hishiga, ) Ri(hio1, iy hig)

—P(. by by, )R (i, i, hig2)




Using previous identities we can rewrite the master equation as

(PR;) — D11 [D} (PRy)]

apht ZD+PR — D7

Jj+1 Jj+1

+D}11(PRj11) = Dy (PRj11) — D\ [D} (PRj11)]




Moments of the Master Equation

First we make the following definition

(hi) = Z hiP(hi, ha, ..., har)
h

from which we see

O(hi)
ot

In what follows we shall assume that

lim P =0 forall k

hk—>:|:OO



Summation by Parts

One can use summation by parts to show the following

— > P(.,hy.)

hj:—OO

— > P(.,hy.)

hj:—OO




Moment Computation

% th 7(PR;) — Dj,(PR;) — D1 [D] (PR;)]

1=1

+ D41 (PRj1) — Dy (PRjy1) — D4 (D (PRj11)))

We now apply summation by parts to obtain




’

—(R1) + (R2) EL=1
<Rk_1> — 2<Rk> + <Rk_|_1> 1l<k< M

| (Rav—1) — (Rm) k=M

Note this system is not closed since we do not have an expression of

the form (Ry) = Ri((h1), (ha),...(hnr))




Closure

The closure of the model we propose here is based on the
observation that the average film profile evolves on a much

slower time scale than 1/(R).,.

To estimate (Ry) we propose to do the following. We will
modify the KMC hopping rates in such a way that an average
film profile can be prescribed.

This prescribed film profile is now the equilibrium profile for
the film.

One now computes the equilibrium values of the new hopping

rates.

These should be a good approximation of the hopping rates of

the original system.




Modifying the KMC rates for a prescribed film profile
Recall the hopping rates of our model were R; = e~ 7P H:

We modify H(h) to

HL(h) — H(h) - Z(hz — hi—l)mz’

1=1

where m; are user specified.
The new hopping rates are }?z — e PrefAHLY

These new rates also satisty detailed balance.




Therefore this modified system will converge to the Boltzmann

distribution which is now

M

x|

In equilibrium the ensemble average of a quantity is

1=1

100



Our plan is as follows

1. Find mq, mo,...,mps so that (hg), can be arbitrarily specified.

3. Use (Ry)r in place of (Ry) to close the system equations for
i (hie).

101



Remark

® P, is called a local Boltzmann or Maxwellian distribution.

e The concept of a local Maxwellian is well known in the kinetic

theory of gases.

e In that setting it used to close the set of equations that arise

when taking moments of the Boltzmann equation.

102



Calculation of =

Notice as long as |m| < /0 then

i 6_9|k|‘|‘/8mk _ sinh 6
cosh 6 — cosh fm

k=—o0

Therefore we find, provided that |m;| < /2,

.
_ sinh 0
=7, = | |

cosh @ — cosh 6m;

1=1

103



Determination of m;

sinh Bmy

~ cosh @ — cosh Smy

104



Therefore by choosing mj one can prescribe the average profile of
the film. On the other hand, one can instead prescribe the average
profile of the film which determines (hy — hy_1)r, and solve the

above equation for mj. Doing so one finds

mip — kBT G(<hk — hk—1>L)

x2 cosh  — \/1 + 22 sinh? @
2 —1

G(z) = sgn(z) cosh™

105



Local Chemical potential

We note that H; can be rewritten, using summation by parts as

M

Hp =H+ Z(mz’—l—l — m;)h;
i—1

provided we take mps41 = 0.

Now define the local chemical potential as

pi = —(mip1 — my)

M
1=1

106



Prescribed Profile

Now suppose we consider the following problem. We prescribe an

average height profile h; i = 1,2, ..., M. Then we calculate

m; :kBTG(Bi_Bi—l) for = 1,...,M

and set mpr11 = 0. We then use these value to calculate p; These
values of p; are used in Hy. We now consider a KMC simulation
where the rates are determined using Hy. Then, in equilibrium we

have

and

107



Proofs

1
— 2 :(hk L hk_l)e—/BHL(h)
=T
h
sinh Bmy.

cosh 6 — cosh Bmy,

sinh(G(hy, — hi—1))
cosh @ — cosh(G(hy, — hir_1))
hi — hi—1

Therefore, (hi)r, = hs

108



Proofs

= LY Ry
=7, 3

_ A 7 6P PAHL = HL(W

L

h

_ e 7 PUH B ~H (k) g~ BH (1)
=L 4
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Proofs

Recall: Hp ( Z ih

e 7 PUHR)=H(h(k) o= BHL (M

Z o—BHMRE)+BY | hip

Lo |
[

i =Bk

110



Proofs

—By
<Rk>L — 6’_‘— g eﬁﬂk—ﬁH(h(k))—l—ﬁzizl hipi — Bk
=L
h

—
M

e 7 Z Blur—Hr(h(k)))
=1 4

e P ePrik

Lo |
[
— L

§ e Hu k)
h
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The Closed System

Recall we had derived the exact system

=< ((Rg_1) — 2(Rg) + (Rga1)) where k=1,.. M

with <R1> = <R2> and <RM_|_1> = <RM>

Closure Relation:

(R;) = (R;)1, = e~ B ePHi

where p; = —(m;+1 —my;) and m; = kT G((h;) — (hi—1))

112



The Closed System

This system can be written as

% — le_ﬁ’Y (eﬁ,uk:—l - 265,“1@ i €5Mk+1)

a2
where yr = (hy), provided we take:

Yo =0, Yym+1 =Ym, Mo=p1, and, pUp = Upr41-

113



An Energy Estimate
If we let %Q = G with G(0) = 0 then G is convex and the quantity

Uy) = Zg(yk — Yk—1)

has the property that U(y) > 0 with U(y) = 0 only if y = 0. In
addition one can show

d
—U <0
dt  —

and £U = 0 only if y = 0.

Therefore y — 0 as t — oo

114



How well does this work ?

Quite well

In the pictures that follow the red dot represents the solution of the

closed system and the solid blue line are ensembles of KMC

simulations
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Marginals

Here we consider Q)(g,t) instead of P(h,t) and compare the actual

marginals

oo

Qo= 3 3 3 3 Qe

g1——00 gk —1——"X0 gk41=——0CC gnm ——00

where g = hy — hip—1. with the ones computed using Q)

oo oo oo

Quegy (grt) = Y+ > Y ) Queglynt)

gi1——00 gk—1——" X gk4+1=—0CC gn =—0C
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A Continuum Limit

In our model the atomistic scale is taken to be one. For a
continuum limit to exist we must suppose that u; varies very slowly
on the atomistic scale. Consequently there must exist a smooth
function p(x) such that

pi = pa(i)

which means that

Bre—1 _ 9eBik | Brktt oy § oBH()

The smoothness of u; implies that y; is also smooth and we write
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ay 1 — 2 x
ey = le Mameﬁu( )

6“(56) — _aa:G(ya;) — _G/(ya:)ya::c

cosh «9\/1 + 22sinh? 0 — 1
1 + 22(sinh® 6 + cosh 0v/1 + 22 sinh? 0)

G'(x) =

B

where 6 = 5*. This is a fourth order nonlinear diffusion equation.
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If we make the small slope approximation one has
G'(z) ~coshf —1 and PBu(z) =~ —(coshd — 1)y,
This gives

Yy
— =-b TTTL
ot Y

B %e_m(coshﬁ —1)
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