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Part 1: Diffeomorphic Metrics
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@ d is the dimension of the underlying space (1,2 or 3).
@ We fix an open subset Q in RY.

o A diffeomorphism of € is an invertible transformation from € to itself,
which is continuously differentiable (C!) with a differentiable inverse.

e Diffeomorphisms form a group for composition, denoted Diff(£2).
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o Diffeomorphisms being transformations of Q, they alter quantities
that are included in, or defined on Q.

@ Examples: collections of points, functions, densities, measures, tensor
fields, etc.

@ Generic notation: m = a deformable object, belonging to some space
M.

@ Diffeomorphisms act on M if, for any diffeomorphism ¢ and any
object m, a deformed object ¢ - m can be defined. The requirements
areid-m=mand ¢- (- m) = (poe) - m.
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Examples of Actions

@ For configurations of points, m = (my,..., my), we have
p-m=(px),...,00mw))-

e For images, m: Q — R, we have p-m=mo¢™L.

o For densities m: Q — R*, we have ¢ - m = mo ¢~1|det D(p71)],
where D is the differential.
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Vector Fields and ODE'’s

@ Given a time-dependent vector field, i.e., a function
v (t,y) — v(t,y) defined on [0,1] — Q, define the ordinary
differential equation (ODE) on Q2

Bty = V(tvy)'

@ The flow associated to this equation is the function (¢, x) — ¢(t, x)
such that, for a given x, t — ¢(t, x) is the solution of the ODE with
initial condition y(0) = x.

@ It is uniquely defined under standard smoothness assumptions on v,
and for fixed t, x — ¢(t, x) is a diffeomorphism of Q (under suitable
boundary conditions).
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The Basic Hilbert Space

@ Consider a Hilbert space space V of vector fields on © with dot

product, (v,w) — (v, w),, and norm |lv|}}, = (v, v), .

@ Assume that the dot product is associated to an operator, L, with

||VH%/:/ Lv T vdx.
Q

(to be understood in a generalized sense: Lv € V* can be singular).

@ L is the duality operator between V and V*, with inverse K = Lt
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@ For all our models, K is a smooth kernel operator: there exists a
function (x, y) — K(x,y) such that

(Kv)(x) = /Q K(x.y)v(y).

(We make the common abuse of notation of using the same letter for
the operator and the kernel.)

e In full generality, K(.,.) is matrix valued, although all our applications
use a scalar kernel.

@ Typical example:

K(x,y) = exp(—|x — y|?/20%).
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Riemannian Metric on Diffeomorphisms

e Use (., .), for the metric at ¢ = id on Diff(Q2), and use the
associated right invariant metric

Iwlly = llw o o™ v

@ With this metric, the kinetic energy of a path in diffeomorphisms
t— o(t,.),te0,1]is
[ ek

with drp(t,.) = v(t, p(t,.)).
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Part 2: Diffeomorphic Gradient Evolution
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Gradient descent on Diff(2)

@ Assuming it exists, the gradient of a function E on a manifold M,

denoted VE(m), is defined by

0-E(m(e))|_o = (VE(m(0)), 0=y, ) )

(It is a map from M to TM.)

@ Gradient descent is
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Case of diffeomorphisms

e When M = Diff(Q2), the gradient is defined by

O-E(p+e0p)._, = (VE(p)op™", dpopt), .
o Letting v =3dpo 1,
O-E((id+ev)o )., = (VE(p) o1, V)

The left-hand side is the shape derivative of E at .
Letting S(p) = VE(p) o 91, gradient descent becomes

Orp = —=S(p) o e

@ This generates a flow.
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Example: Greedy Image Matching (Christensen et al.)

@ Fix two images m and m’ and minimize

E(p) = /Q(m o™t — m')dy.

@ Then (using the kernel on V)

S(2)() = =2 [ K(xy)mo () = m (@) (mo o~ )(u).
o When K~! = L = (ald — A)* (where A is the Laplacian), the
associated gradient descent evolution is the equation proposed by

Christensen et al (1993). The gradient descent formulation is due to
Trouvé (1998).
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Adding a regularization term

@ Define
Ee) = [ (moyt = m)dy+ ) [ Dyl
Q Q

(with the matrix norm |A[> = trace(AAT) in the penalty term).

@ The resulting function S(p) decomposes in S(¢) = S1(¢) + AS2(p),
with S; as before.

@ For S5, we have

S2(p) =2 / (det Do ') Dpop  (Dpo ™) ViKdx.
Q
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Diffeomorphic Segmentation

@ Let m be a template (e.g. a binary volume).

@ Define
E(p) = — /Q mo e 1(x)(y)dy

where f is some function, associated to an observed image,
quantifying the relative likelihood for a point with coordinate y to
belong in the interior of the shape rather than in the exterior.

@ Then
S()() = / o KN,
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Finitely Generated Gradient (F. Arrate)

@ Define N control points xi, ..., xy relative to the template geometry.
@ Restrict the "gradient” to take the form VE(p) = 5(¢) o ¢ with

=2

5()() =D Ko, 0(x)) .

k=1
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Finitely Generated Gradient (F. Arrate)

@ Define N control points xi, ..., xy relative to the template geometry.
@ Restrict the "gradient” to take the form VE(p) = 5(¢) o ¢ with

=2

5()() =D Ko, 0(x)) .

k=1

o Take 5(y) as the orthogonal projection of S(i) on

N
W = {Z Ko(., o(xk))ak : ai,...,ay € Rd}
k=1

for the dot product (., .),.
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o Let K and Kj be Gaussian kernels (with Q = RY).
o With g 2(u) = (2702)~9/2 exp(—|u|?/20?), take

K(x,y) = 8r2(x —y) and Ko(x,y) = g,2(x = )

with o¢g > 0.

@ Then solve
/gao o2y —¢(a))e S(v Zgzo o2 (k) — (1)) €] .

e Use

dry Zgoz(sot ~ pela))au(t).
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Example

Segmentation in the hippocampal region
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Example

Segmentation in the hippocampal region
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Diffeomorphic MCF (Zheng et al.)

o Let E(m) = area(m).

@ Use an area-normalized metric:

€82, = inf {(pmV s pmv) v m =€}

with

pmly) = ¢ /m K(y, x)do(x).

@ The flow for this metric is (for a point p € M)

% = pm(p)l/ K(p,y)pm(y) " H(y)N(y)do(y)-

where H is the mean curvature and N the normal to the surface.
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Experiments

Original cortical surface
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DMCF at t = 1.
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Part 3: Geodesics
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EPDiff

@ Geodesic equations for our metric on groups of diffeomorphisms have
a long history, starting with Arnold 1966, re-analyzed by Marsden,
Ratiu, Holm (Euler-Poincaré Reduction).

@ They are evolution equations that describe time-dependent
diffeomorphisms t — (t,.) that have no acceleration in the group
metric.

@ This is a necessary (and locally sufficient) condition for being energy
minimizing.
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EPDiff

@ Geodesic equations for our metric on groups of diffeomorphisms have
a long history, starting with Arnold 1966, re-analyzed by Marsden,
Ratiu, Holm (Euler-Poincaré Reduction).

@ They are evolution equations that describe time-dependent
diffeomorphisms t — (t,.) that have no acceleration in the group
metric.

@ This is a necessary (and locally sufficient) condition for being energy
minimizing.
@ The 'classical’ (non-singular) form of this “EPDiff" equation is

OtLv + D(Lv)v + LvV - v + (Dv)TLv =0

with d:p(t,.) = v(t,.) o ¢(t,.).
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@ Another, more general, characterization is: for all smooth vector field
WY

(9t/ LVTWdX:—/ LvT(Dvw — Dw v)dx.
Q Q
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@ Another, more general, characterization is: for all smooth vector field
WY

(9t/ LVTWdX:—/ LvT(Dvw — Dw v)dx.
Q Q

o Letting a; = Lv;, EPDIff can also be written as

Ve = Kat
Otpr = Ve 0
8tat == —Datvt - atV Ve — (th)Tat
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Momentum Representation

o EPDIff provides an important representation of diffeomorphisms via
the Riemannian exponential map.

@ This map takes in input an initial velocity vp (or the corresponding
momentum Lvp) and solves the EPDiff equation until time t = 1.

@ The output being the final diffeomorphism, (7, this yields a

transformation
P:Lvg— p1=P(Lw) € G

IPAM, July 2008 31 /54
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Visualizing the momentum on a binary volume. Left: template image;

center: target image; right: momentum superimposed on the template

image. The momentum can then be used as a deformation signature for
shape studies.

Laurent Younes (JHU) Diffeomorphic Evolution Equations IPAM, July 2008 32 /54



EPDiff and LDDMM

o EPDiff coincides with the Euler-Lagrange equation for the Large
Deformation Diffeomorphic Metric Matching algorithms (LDDMM).

o LDDMM minimizes energy of the form

E(p) = dv(id, ¥)* + Edata(eo - mo)

@ So, solving the LDDMM problem automatically provides the
momentum representation of the optimal diffeomorphism .
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@ The EPDIff equation “projects” on shapes and images when
combined with the notion of horizontality, which are preferred
directions of deformation relative to the object.

@ A geodesic starting from mg € M must take the form m; = ;- mg
with

(i) t — ¢ is a geodesic on Gy (it satisfies EPDIff).
(i) The initial velocity at time ¢t = 0 is horizontal at my.

@ Property (ii) propagates over time: if it is true, then v; is horizontal
at my for all t.

@ Because horizontal vector fields have specific forms for specific types
of objects, this simplifies in specific object-dependent forms of EPDiff.
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Case of point sets

@ Horizontal vector fields at m = (x, ..., xy) must take the form

N
= Z K(., xk)a
k=1

o EPdiff becomes

CEPLE
vi(x

Orxx — )
8tak = — Zle(Xk,X/)OZZ—Oz/
I=1

Here, V1K represent the gradient of (x,y) — K(x, y) with respect
to the first coordinate, x.

@ The momentum representation for landmarks is captured by the
family of d dimensional vectors, ag. The initial conditions (mg, ag)
uniquely specify the values of m; and a; at all times.
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Case of Images

@ When objects are images, horizontal vector fields are characterized by
the property that Lv is orthogonal to the level lines of the image.

o Important example: Lvp(x) = ao(x)Vmg(x).

@ In this case, geodesics satisfy

== [ KCp)a)Tmily)dy
(3tmt + VmZ—Vt =0
8tat + V- (atvt) =0
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Case of densities

@ Horizontal momenta at m are also orthogonal to the level sets of m.

@ With Lvg = agVmg, the evolution equations are

ve = /Q K(y)Varly)me(y)dy
atmt +V- (mtvt) =0
8tat + VatTvt =0

@ The roles of m and a are reversed compared to the image case.
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A common form for these equations

@ All previous geodesic equations have the form

ve = F(my, a)

Ormy = H(my, vy)

Orar = G(my, at, vt)
where the functions F, G, H are linear in a and v, but not necessarily
in m.

@ The function t — a; can be interpreted as a representation for
horizontal momenta, via the relation Lv = LF(m, a).

Laurent Younes (JHU) Diffeomorphic Evolution Equations IPAM, July 2008 38 / 54



Part 4: Parallel translation

Laurent Younes (JHU) Diffeomorphic Evolution Equations IPAM, July 2008 39 / 54



Parallel Translation

@ The momentum representation (exponential map) is an important
tool that can provide a normalized representation of a family of
shapes relative to a fixed template.

o Parallel translation can be used to transport this representation from
one template to another.

@ Applications: asymmetry, longitudinal studies (follow-up vs. baseline),
etc...
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Parallel translation on a manifold is an operation that takes a tangent
vector at some point in the manifold and translate it along a given
curve (for example: a geodesic between two "templates’).

Assume that the geodesic equation is

Vi = F(mt,at)
Orm; = H(mn Vt)

Orar = G(mn at, Vt)
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@ Then parallel translation is

p

H(me, F(m¢, O¢b)) = %{Hm(mt, Ve)ne — Hm(me, we)&e
+H(me, Fm(me, ae)ne — Fm(me, be)&e)
+H(me, F(me, G(me, b, ve) + G(me, e, w))) |
& = H(me, ve) = Ormy
ne = H(me, we)

Vi = F(mt, 3t)

Wt = F(mt, bt)

e F,, and H,, the differentials for F and H with respect to the first
variable, m.

@ The first equation defines db/dt implicitly, involving the inversion of
the linear operator § +— H(m, F(m, 3)).
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Case of diffeomorphisms

1
atbt = EL(DVi“Wt - DWt.Vt)
1
—E(Dbtvt + ti - Vi + DVtht + DatWt + atV © W -+ Da;rWt)

with ay = LVt and bt = LW1_-.
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(xa(t), ..., xn(t)) and a¢ = (a1 (t), ..., an(t))

@ My =

(

IEN;K(X,(,X, ). = = (th(Xk)nk — Dwi(xk)&k
+ /XN;(Vz K (i, x1) Tmiay + VoK (i, x1) 7€ 61)
_ IZN; K (xk, x1)(Dve(x) T By + Dth(X/)a/))

we = EN: K(x(1)Bi(t)

N = \:v:tth)
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o Let m; be a geodesic for the image metric with v = K(a:Vm;). Let
& = —Vm/ v;, and assume that wy = —K(byVmy) is given with
No = —VmOTWO.

@ The parallel translation of ng along m; for the image metric is

1
Vm;rK(ﬁttimt) = E (Vn;rvt — Vf;rwt + VmZ—K(ath — tié-t)
—thTK(V . (tit + atWt)th)>

ne = —Vm/] K(b:Vmy)
L Wt = K(timt)

e To explicitly compute db;/dt, one needs to invert the operator
C— VmIK(¢CVmy).
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Case of densities

V. (mK(mVOibt)) = —%<V “(neve — Eewe)—

V- (meK(neVa = €Vby)) + V - (meK(meV - (Val we + Vb )
ne =V - (m:K(m:Vbe))
wy = —K(m:Vby)

\
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General characterization of Par. Trans.

@ The relation between parallel translation on diffeomorphisms and on
objects is
(|) (6tWt — I’(/A(Vt7 Wt)) My = 0,
(i) wg is horizontal at m;.

with
1
A(Vh Wt) = EL(DVt'Wt — DWt.Vt)
1
—Q(Dbtvt =+ btv © Vi =+ DVtht
+DatWt + atv - We + DaZ—Wt)

with ar = LVt and bt = LWt.
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Part 5: The Jacobi Equation
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Jacobi Equation

@ They are first order variations of geodesics with respect to changes in
their initial conditions.

@ Important when solving variational problems that involve geodesics:
LDDMM, J.Ma's template estimation algorithm,. ..

@ Also provides an alternate implementation of parallel transport.

Laurent Younes (JHU)
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@ The equation is

(SVt = Fm(mt,at)dmt + F(mt,(Sat)
3t5mt == Hm(mt, Vt)(smt + H(mt7 6Vt)
81-(531- = Gm(5mt, at, Vt)émt + G(mt, (Sat, Vt) + (';(rnt7 dat, (5Vt)

@ The Jacobi field is, by definition, J(t) = tdm;.
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Bayesian Template Estimation: hippocampi (110 images)

(Jun Ma)

4 targets out of 110

Hypertemplate Estimated template
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Conclusion

@ We have described, in this paper, a whole range of evolution equations
(gradient descent, geodesics, parallel transport, Jacobi fields) that are
related to important aspects of computational anatomy.

@ These equations have all taken part in medical imaging applications,
for smoothing, segmentation, registration, longitudinal analysis etc.

@ This provides a complementary angle on computational anatomy,
which more often focuses on variational formulations, like LDDMM.

@ This also brings new open problems: extension to new shape
modalities, their numerical implementation, new applications for
medical data.

Laurent Younes (JHU) Diffeomorphic Evolution Equations IPAM, July 2008 54 / 54



