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Network dynamics

Network dynamics is identified by a triple

The network dynamics F': M~ — M? is given by:

N
re MY — Fy(x) :f(a:i)—l—aZAij hxj,z;) i=1,...,N.
j=1
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Network dynamics

Sparse representation of the network dynamics

1° assumption (f, G, h):
m The network is sparse.
m f and h are in the span Ly

m
Fi:Zé(ﬁz, ¢ €R™, i=1,...,N,
=1

where ¢; is a sparse vector.

Ly is basis of homogeneous polynomials
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etwork dynamics

Reconstruction procedure as a linear equation
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Network dynamics

Reconstruction procedure as a linear equation

To obtain the graph structure we solve for the coefficient vector:

.'E;:(I)Q(X)Ci, Zzl,,N

m If we have lots of data n > m: least square solutions

argmin ||z} — ®o(X)ul|2
u€R™

m Large networks n < m: short time series

3;'; q’o(X) C;

nxm
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Network dynamics

Reconstruction procedure is done separately

Network reconstruction procedure: Solve the basis pursuit:

min |lul|; subject to ®¢(X)u = /.
u€R™

Do(X)u =o'

\c

D. Napoletani and T. Sauer - Reconstructing the topology of sparsely connected dynamical networks - Phys. Rev. E (2008).
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Network dynamics

{5 vs. {1 minimization problem

| f5 norm

£1 norm

length of time series

n>m

no<n<m

uniqueness condition

Do (X) full rank

Both are unstable when the time series length is not large
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Network dynamics

Examples: ¢; reconstruction

m f is the logistic map with b = 3.98 and o = 0.001
m h(z,y) = p(xz) — p(y) where p is a cubic monimial
m G is a ring network of 10 nodes
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Network dynamics

Examples: ¢; reconstruction
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{1 reconstruction of logistic maps on a ring
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Network dynamics

Heuristics

How much data?

For /1 and /5 length of time series is O(n?)
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Determine n.( to obtain uniqueness of solutions

Determine n( to obtain uniqueness of solutions
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Determine n.( to obtain uniqueness of solutions

Uniqueness of sparse solutions depends on ¢

We search a unique s-sparse solution via basis pursuit.

Informal statement: Uniqueness of s-sparse solutions !

If a set of 2s columns of ®y(X) is nearly orthonormal (RIP), then the basis
pursuit has uniqueness of s-sparse solutions.

= (I) T ‘I) _1 < 2 B 1
2= g max ) [(®@)s(®)s = 1asll2 <

1E.J. Candes and T. Tao - Decoding by linear programming. - IEEE Transactions on Information Theory, 51(12):4203-4215 (2005).
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Determine n.( to obtain uniqueness of solutions

Key Idea

m Change the basis Ly to a new Lcy

Dy (X) is RIP with the correct constant
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Determine n.( to obtain uniqueness of solutions

Challenges around the corner

m Guarantee that that solutions are also sparse in the new basis

m Obtain RIP constant for “many” trajectories
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Determine n.( to obtain uniqueness of solutions

Control linear dependence

m Controlling linear dependence of pair of ®(X) columns (coherence);

m for any two columns v; and v; of ®y(X)

(vi,v5) Z¢z (F*(2(0))); (F"((0)))

I =0

+/¢i-¢jdu
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Determine n.( to obtain uniqueness of solutions

Control linear dependence

Ergodicity assumption:

{vi, v;) Z ¢i(F"((0)))d;(F*(2(0)))

%/ oyt
Y
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Determine n.( to obtain uniqueness of solutions

Exponential mixing systems

2° assumption: exponential decay of correlations

’/ w-(sooF")du—/ ¢du/ sodu’SK(w,SO)e’”", n>0
MN MN MN
Concentration inequality result®:

u(w(O) e MV . ‘%Eﬂ o Fk(x(()))) > E) < 4o 0mew)
k=0

2H. Hang and |. Steinwart - A Bernstein-type inequality for some mixing processes and dynamical systems... - The Annals of Statistics (2017).
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Determine n.( to obtain uniqueness of solutions

Exponential mixing systems

3° assumption: weak coupling (stochastic stability)

There is a product measure v close to p
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Determine n(y to obtain uniqueness of solutions

Ergodic basis pursuit has exact reconstruction

Informal statement: exact reconstruction

F has an s'-sparse representation in Lo and (F, i) is an exponential mixing with v > 0
and d(v, u) < e. Then we construct a set of orthonormal functions w.r.t. v,

Ly, ={p:: / pipjdv = bi5}
MN

such that
The map Lo — £, maps s’-sparse to s-sparse representations of the dynamics

For large network sizes N (v) there is a large set of i.c. such that if
n>K(2s—1)*In (m(m — 1)),
@, (X) := ®(L,, X) has 625 < V2 — 1.
The reconstruction via the ergodic basis pursuit
ul'él]gln |lull1 subject to @, (X)u = z’

has a unique s-sparse solution.
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Determine n.( to obtain uniqueness of solutions

EBP outperforms the classical basis pursuit

m using that v is a product of Chebchev measures.
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EBP (green) does not depend on the network size.
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Determine n.( to obtain uniqueness of solutions

EBP outperforms the classical basis pursuit

m Length of time series

no > K(2s —1)*In (m(m — 1)),
S
oIn N

= Implying

no > K(2s —1)2In N,

m If f and h are in the basis

no > KA%In N,
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Determine n.( to obtain uniqueness of solutions

EBP outperforms the classical basis pursuit

m Estimation of the measure p from data (weakly coupled networks)

Kernel density estimator using all data

m Additional computational cost to orthornomalize the initial basis L.
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Robust reconstruction

Robust reconstruction
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Robust reconstruction

Ergodic basis pursuit from noisy measurements

y(t) = (t) + =(1),

where (zy,)n>0 corresponds to an i.i.d. [—ep,e0]"-valued noise process for
€0 € (0,1) with probability measure p., .
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Robust reconstruction

Noise reconstruction

Informal statement: noise reconstruction

Consider the setting as before. The family {c*(€)}.~o given by

¢*(€) = argmin { 2]}, subject to |,,,(Y)i — y'|l2 < e}
aeR™

satisfies for a constant K = K (d25) >0
llc*(e) —cll2 < Ke

as long as € > €.
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Robust reconstruction

Searching robust connections

Ergodic basis pursuit

Noisy data Invariant measure induces B q h
adapted basis functions < relaxing pat
% £(u) Robust connections Isolated dynamics

3

:

$1
Ergodic measure o2 /g'\\@:;

I

f Ppipjdfi = d;;

Application: optoelectronic networks (Expts from Raj Roy and Joe Hart).
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Robust reconstruction

Optoelectronic experimental data and density estimation

N = 17 lasers diffusively coupled on a given network
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Robust reconstruction

Optoelectronic experimental data and density estimation

m Discard some regions of small density

m Look for a product measure that approximates the data

Parabolic shape
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Robust reconstruction

Searching robust connections (Recap)

Ergodic basis pursuit

Noisy data Invariant measure induces Bk h
a A adapted basis functions e relaxing pat

% £(p) Robust connections Isolated dynamics
1
i :
A 1
L $1 i
1

Ergodic measure i i L]

©2 3 i
14 False connection: i
i
H

J pipjdis = 8;;
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Robust reconstruction

Robust reconstruction of the optoelectronic network

a) Original Network b) B. relaxing path c) False links proportion
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For € ~ 0.3 excellent stable reconstruction for the whole network
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Robust reconstruction

Take Home

Optimization & Ergodic Theory

uniquess of solutions and stability

Estimating measure from data
m Large deviation and measure approximation for networks (oportunities)

= Find a scheme for large coupling (open)
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