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Abstract
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MH101504, P30HD003352, U54HD09025, UL1TR002373, NSF DMS-2010778, 2112455 

The tutorial introduces a data-driven topological data analysis (TDA) 
framework, designed to elucidate the state spaces in dynamically changing 
functional brain networks. This educational session will guide participants 
through fundamental concepts of TDA, moving towards a comprehensive 
understanding of how topological distance can be leveraged to cluster 
brain networks into distinct states without models. Special attention will be 
given to the incorporation of the temporal dimension of brain network 
data, utilizing the scalability of Wasserstein distance to provide a more 
nuanced analysis of network changes over time. Participants will gain in-
depth experience with this method, learning why it is advantageous over 
traditional methods such as k-means clustering for estimating state spaces. 
The tutorial will delve into the intriguing investigation of if TDA is sensitive 
and flexible enough to determine the heritability of state changes. The 
tutorial is based on arXiv:2201.00087 (PLOS Computational Biology). 

https://arxiv.org/pdf/2201.00087.pdf
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Problem statement



Subject 1

Subject 2

Subject 3

479 subjects

Topological state space estimation

Is this make sense?

How many states?



Brain Imaging Data
T1-MRI 

functional MRI 
diffusion MRI



Magnetic resonance imaging (MRI)

3T GE Discovery X750 
Waisman Brain Imaging Laboratory
University of Wisconsin-Madison

3T GE Discovery MR750
Center for Imaging Research
Medical College of 
Wisconsin, Milwaukee, WI



T1-MRI
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Topological methods will not detect  site 
and  sex effects – ABCD study

7000+ subjects

FDR 
(false discovery rate)



How big brain network data is?
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Connectivity matrix

wijwij

2019 Cambridge University Press

300000 voxels (1mm) 
à 90 billion connections 
à 700 GB memory 

p=25972 voxels (3mm) in the brain
à 25972 x 25972 = 0.67 billion connections
5.2GB memory



Huang et al. 2020 IEEE Transactions on Medical Imaging
Chen et al. 2023 arXiv:2307.00385

T1-MRI à Sulcal and gyral trees on cortical manifolds

Wasserstein 
distance

http://pages.stat.wisc.edu/~mchung/papers/huang.2020.TMI.pdf
arxiv:2307.00385


2-Wasserstein distance between vertices of sucal graphs
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X ⇠ f1
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Y ⇠ f2Random variables:
<latexit sha1_base64="1VIgPzk8BTKZfyCVTB7T9E/D/Ho="></latexit>

D(X,Y ) =
�
inf EkX � Y k2

�1/22-Wasserstein distance: 
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f1(x) =
1

q

qX

i=1

�(x� xi)
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f2(y) =
1

q

qX
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�(y � yi)

Hungarian algorithm in
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O(q3)

<latexit sha1_base64="/RzV2vESHSlixjgkXw+j767AvzI="></latexit>

L(P1, P2) = inf
 :P1!P2

⇣ X

x2P1

kx�  (x)k2
⌘1/2



Intersubject variability
in FreeSurfer output

Intersubject variability
after Wasserstein distance

96% reduction

Chen et al. 2023 arXiv:2307.00385

T-stat (274 females – 182 males)

arxiv:2307.00385


dMRI à 1 million white matter fiber tracts per subject  

Fiber count within 2mm radius 
around nodes on trees

Chung et al. 2019 LNCS 11848:42-53

https://pages.cs.wisc.edu/~mchung/papers/chung.2019.CNI.pdf


Differential structural connectivity between sulci/gyri

70% higher 
fiber density

Distribution out of 358 subjects



rs-fMRI (every 30 second)

0

15000



Dynamically changing correlation brain network at voxel level

Correlation network of 300000 time series
Dynamically changing omplete graph with about 3000002/2 cycles.



Dynamically
changing functional 
connectivity 
superimposed on top 
of white matter fibers



Differential functional connectivity across sulci and gyri

Cross
correlation
0.0027



https://github.com/laplcebeltrami/rsfMRI

Huang et al. 2020 Neuroscience Methods 331:108480

rs-fMRI time series data

Important biological
questions are added

https://github.com/laplcebeltrami/rsfMRI
https://www.stat.wisc.edu/~mchung/papers/huang.2020.NM.pdf


Time series averaged into 116 brain regions



Subject level brain connectivity matrix

Subject 1

Subject 2

Subject 3

Subject 400

Correlation
computed over 
whole time points



Edge weights

Sm
al

l w
or

ld
ne

ss
Why we need to avoid graph theory features?

Lee et al. 2011 IEEE Transactions on Medical Imaging 30:1154-1165

https://pages.stat.wisc.edu/~mchung/papers/lee.2011.TMI.pdf


Topological data 
analysis (TDA)

Completely data driven!
No explicit model! 
No distributional assumption!



First persistent 
homology paper
in brain imaging

Chung et al., 2009 
Information Processing 
in Medical Imaging 
(IPMI) 5636:386-397.

http://www.stat.wisc.edu/~mchung/papers/IPMI.2009.pdf


Lee et al. 2012 IEEE Transactions 
on Medical Imaging 31:2267-2277 

First persistent homology paper
in brain network analysis

Lee et al. (2011) ISBI

http://www.stat.wisc.edu/~mchung/papers/lee.2012.TMI.pdf
http://www.stat.wisc.edu/~mchung/papers/lee.2012.TMI.pdf
http://pages.stat.wisc.edu/~mchung/papers/lee.2011.ISBI.pdf


Matlab toolbox PH-STAT 
Statistical Inference on Persistent Homology

https://github.com/laplcebeltrami/PH-STAT

Manual:
Chung 2023, PH-STAT arXIv:2304.05912

The self-contained package can do topological 
clustering and inference explained in this talk

https://github.com/laplcebeltrami/PH-STAT
https://arxiv.org/pdf/2304.05912.pdf


Will be built on top of 
7000+ custom functions

Goal: scalable computation 
in laptop



Weighted complete graph

✏0 < ✏1 < ✏2 < · · ·
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Graph Filtrations

Node
 set

X = (V,w)
Edge
weight 
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w = (wij)

X✏0 � X✏1 � X✏2 � · · ·
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Graph filtration

for increased edge weights
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X✏ = (V,w✏)

Binary graph

<latexit sha1_base64="hwjkBd+hRyBOT+7S3YVvS8C37Q4="></latexit>

w✏,ij =

(
1 if wij > ✏;

0 otherwise.

Chung et al. 2019 Network Neuroscience 3:674-694Lee et al. 2011 MICCAI 6892:302-309

http://pages.stat.wisc.edu/~mchung/papers/chung.2019.NN
http://brainimaging.waisman.wisc.edu/~chung/DTI/literature/lee.2011.MICCAI.pdf


Theorem: Birth & death decomposition

Songdechakraiwut and Chung. 2023, Annals of Appled Statistics 17:403-433 

http://pages.stat.wisc.edu/~mchung/papers/song.2021.MICCAI.pdf


Wasserstein distance for graph filtrations

<latexit sha1_base64="uvoVLiblTK5Q5l17Ci1SSyz+MJY=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwiQNbd0V3XRZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jpK2gogcuHM65l3vvCRLOlEbow1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G0+vc795TqVgs7vQsoX6Ex4KFjGBtpNvmEA1LZWRf1quuV4XIRqjmuE5O3JpX8aBjlBxlsEJrWHofjGKSRlRowrFSfQcl2s+w1IxwOi8OUkUTTKZ4TPuGChxR5WeLU+fw3CgjGMbSlNBwoX6fyHCk1CwKTGeE9UT99nLxL6+f6rDuZ0wkqaaCLBeFKYc6hvnfcMQkJZrPDMFEMnMrJBMsMdEmnaIJ4etT+D/puLZTtSs3XrlxtYqjAE7BGbgADqiBBmiCFmgDAsbgATyBZ4tbj9aL9bpsXbNWMyfgB6y3TyO3jbk=</latexit>

H0 0D persistent diagram

<latexit sha1_base64="oPu6LBXDgkw0xjC63ZPjgiBJXSM=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSbaaLMruumyon1AG8pkOmmHTiZhZiKU0E9w40IRt36RO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek+vc79xTqVgs7vQ0oX6ER4KFjGBtpNvGwBmUK8hGruc6CCLbRY53nhPPq1VdFzo2mqMClmgOyu/9YUzSiApNOFaq56BE+xmWmhFOZ6V+qmiCyQSPaM9QgSOq/Gx+6gyeGGUIw1iaEhrO1e8TGY6UmkaB6YywHqvfXi7+5fVSHdb8jIkk1VSQxaIw5VDHMP8bDpmkRPOpIZhIZm6FZIwlJtqkUzIhfH0K/yftM9u5sM9vqpX61TKOIjgCx+AUOOAS1EEDNEELEDACD+AJPFvcerRerNdFa8FazhyCH7DePgE1eY3G</latexit>

H1

1D 
persistent 
diagram

1D assignment problem
has known analytic solution

<latexit sha1_base64="0GajnO551YW1UJlV2h0rKadyDjI=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxC3YREpdpd0Y07K9gHNKFMppN26CSTzkyEGoq/4saFIm79D3f+jZO2gs8DA4dz7uWeOX7MqFS2/W7k5uYXFpfyy4WV1bX1DXNzqyF5IjCpY864aPlIEkYjUldUMdKKBUGhz0jTH5xnfvOGCEl5dK1GMfFC1ItoQDFSWuqYO26IVB8jll6OS0OX8R4cHnTMom1VbKdSduBv4lj2BEUwQ61jvrldjpOQRAozJGXbsWPlpUgoihkZF9xEkhjhAeqRtqYRCon00kn6MdzXShcGXOgXKThRv26kKJRyFPp6Mssqf3qZ+JfXTlRw6qU0ihNFIjw9FCQMKg6zKmCXCoIVG2mCsKA6K8R9JBBWurCCLuHzp/B/0ji0nLJ1dHVcrJ7N6siDXbAHSsABJ6AKLkAN1AEGt+AePIIn4854MJ6Nl+lozpjtbINvMF4/AGjHlTc=</latexit>

O(q log q)

<latexit sha1_base64="spgYxQVc7nTfQ3hqe315D3k07GM=">AAAB6HicdVDLSgMxFL3js9ZX1aWbYBFcDTMq1e6Kbly2YB/QDpJJb9vYTGZIMkIZ+gVuXCji1k9y59+YPgSfBwKHc84l954wEVwbz3t3FhaXlldWc2v59Y3Nre3Czm5Dx6liWGexiFUrpBoFl1g33AhsJQppFApshsPLid+8Q6V5LK/NKMEgon3Je5xRY6Va9aZQ9Nyy55dLPvlNfNeboghz2PxbpxuzNEJpmKBat30vMUFGleFM4DjfSTUmlA1pH9uWShqhDrLpomNyaJUu6cXKPmnIVP06kdFI61EU2mREzUD/9CbiX147Nb3zIOMySQ1KNvuolwpiYjK5mnS5QmbEyBLKFLe7EjagijJju8nbEj4vJf+TxrHrl9yT2mmxcjGvIwf7cABH4MMZVOAKqlAHBgj38AhPzq3z4Dw7L7PogjOf2YNvcF4/AB08jSo=</latexit>

P

<latexit sha1_base64="spgYxQVc7nTfQ3hqe315D3k07GM=">AAAB6HicdVDLSgMxFL3js9ZX1aWbYBFcDTMq1e6Kbly2YB/QDpJJb9vYTGZIMkIZ+gVuXCji1k9y59+YPgSfBwKHc84l954wEVwbz3t3FhaXlldWc2v59Y3Nre3Czm5Dx6liWGexiFUrpBoFl1g33AhsJQppFApshsPLid+8Q6V5LK/NKMEgon3Je5xRY6Va9aZQ9Nyy55dLPvlNfNeboghz2PxbpxuzNEJpmKBat30vMUFGleFM4DjfSTUmlA1pH9uWShqhDrLpomNyaJUu6cXKPmnIVP06kdFI61EU2mREzUD/9CbiX147Nb3zIOMySQ1KNvuolwpiYjK5mnS5QmbEyBLKFLe7EjagijJju8nbEj4vJf+TxrHrl9yT2mmxcjGvIwf7cABH4MMZVOAKqlAHBgj38AhPzq3z4Dw7L7PogjOf2YNvcF4/AB08jSo=</latexit>

P

<latexit sha1_base64="2o/OJ0bXNDxh6mi6G1Z5XthRyeE=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUorkFvXiMkA2SIfR0epI2Pd1Dd40QhvyDFw+KePV/vPk3dhbB9UHB470qquqFieAGPO/dyS0tr6yu5dcLG5tb2zvF3b2mUammrEGVULodEsMEl6wBHARrJ5qROBSsFY6upn7rjmnDlazDOGFBTAaSR5wSsFKzWx8yIL1iyXMrnl8p+/g38V1vhhJaoNYrvnX7iqYxk0AFMabjewkEGdHAqWCTQjc1LCF0RAasY6kkMTNBNrt2go+s0seR0rYk4Jn6dSIjsTHjOLSdMYGh+elNxb+8TgrRRZBxmaTAJJ0vilKBQeHp67jPNaMgxpYQqrm9FdMh0YSCDahgQ/j8FP9PmieuX3ZPb85K1ctFHHl0gA7RMfLROaqia1RDDUTRLbpHj+jJUc6D8+y8zFtzzmJmH32D8/oB5ouPXg==</latexit>

⇥
<latexit sha1_base64="2o/OJ0bXNDxh6mi6G1Z5XthRyeE=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUorkFvXiMkA2SIfR0epI2Pd1Dd40QhvyDFw+KePV/vPk3dhbB9UHB470qquqFieAGPO/dyS0tr6yu5dcLG5tb2zvF3b2mUammrEGVULodEsMEl6wBHARrJ5qROBSsFY6upn7rjmnDlazDOGFBTAaSR5wSsFKzWx8yIL1iyXMrnl8p+/g38V1vhhJaoNYrvnX7iqYxk0AFMabjewkEGdHAqWCTQjc1LCF0RAasY6kkMTNBNrt2go+s0seR0rYk4Jn6dSIjsTHjOLSdMYGh+elNxb+8TgrRRZBxmaTAJJ0vilKBQeHp67jPNaMgxpYQqrm9FdMh0YSCDahgQ/j8FP9PmieuX3ZPb85K1ctFHHl0gA7RMfLROaqia1RDDUTRLbpHj+jJUc6D8+y8zFtzzmJmH32D8/oB5ouPXg==</latexit>

⇥



Theorem:  Wasserstein distance on graph filtrations

⌧⇤0 :The i-th smallest birth value to the i-th smallest birth value

L1D(⇥, P ) = min
⌧

X

d2E1

⇥
d� ⌧(d)

⇤2

=
X

d2E1

⇥
d� ⌧⇤1 (d)

⇤2

:The i-th smallest death value to the i-th smallest death value

L0D(⇥, P ) = min
⌧

X

b2E0

⇥
b� ⌧(b)

⇤2

=
X

b2E0

⇥
b� ⌧⇤0 (b)

⇤2

<latexit sha1_base64="ocl7IkKM8tcZbcifUOLVpsMRQRE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSKIh5KIqMeiF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMbyZ+84lrI2J1j6OE+xHtKxEKRtFKrQ7StOs9nHZLZbfiTkEWiZeTMuSodUtfnV7M0ogrZJIa0/bcBP2MahRM8nGxkxqeUDakfd62VNGIGz+b3jsmx1bpkTDWthSSqfp7IqORMaMosJ0RxYGZ9ybif147xfDKz4RKUuSKzRaFqSQYk8nzpCc0ZyhHllCmhb2VsAHVlKGNqGhD8OZfXiSNs4p3UXHvzsvV6zyOAhzCEZyAB5dQhVuoQR0YSHiGV3hzHp0X5935mLUuOfnMAfyB8/kDZ3qPjQ==</latexit>

⌧⇤1

Birth set

Death set

Songdechakraiwut and Chung. 2023, Annals of Appled Statistics

http://pages.stat.wisc.edu/~mchung/papers/song.2021.MICCAI.pdf


Wasserstein distance between networks

Between-group distance

Within-group distance

0D and 1D combined distances

<latexit sha1_base64="OiDOcGxdoFw+hnn/rs5QB4QLGvA="></latexit>

C1 [ C2 = {X1, · · · ,Xn}, C1 \ C2 = ;

<latexit sha1_base64="XVDWbvcjP1oF4G2grAuEtrBxSMM="></latexit>

lB /
X

i2C1,j2C2

L(Xi,Xj)

<latexit sha1_base64="FAqfohdZSE+r1KjHVGKYKEUIoL0="></latexit>

lW /
X

k

X

i,j2Ck

L(Xi,Xj)

<latexit sha1_base64="txG6glyzcl3qQaiVAeQHt/ysxDs=">AAACKXicbVDLSsNAFJ34rPUVdelmsAgVS0nE10Kh6MaFiwr2AU0Ik+m0nXbyYGYilJDfceOvuFFQ1K0/4qQNUlsPDJw5517uvccNGRXSMD61ufmFxaXl3Ep+dW19Y1Pf2q6LIOKY1HDAAt50kSCM+qQmqWSkGXKCPJeRhju4Tv3GA+GCBv69HIbE9lDXpx2KkVSSo1eYcwUPIXMa8BJaIvKcmJb6CbQ8JHsYsfg2Kf7yZuLQEpz89g8cvWCUjRHgLDEzUgAZqo7+arUDHHnEl5ghIVqmEUo7RlxSzEiStyJBQoQHqEtaivrII8KOR5cmcF8pbdgJuHq+hCN1siNGnhBDz1WV6ZZi2kvF/7xWJDvndkz9MJLEx+NBnYhBGcA0NtimnGDJhoogzKnaFeIe4ghLFW5ehWBOnzxL6kdl87R8cndcqFxkceTALtgDRWCCM1ABN6AKagCDR/AM3sC79qS9aB/a17h0Tst6dsAfaN8/TremIQ==</latexit>

lB + lW =
X

i,j

L(Xi,Xj)

<latexit sha1_base64="2IYX3RmmI7WtRnuRX98pzQ8lJOo=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwiSmmoKLQjcuK9oHtKFMppN26GQSZiZCCf0ENy4UcesXufNvnD4EFT1w4XDOvdx7T5hypjRCH9bK6tr6xmZhq7i9s7u3Xzo4bKkkk4Q2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HNdnfvueSsUScacnKQ1iPBQsYgRrI93W+06/VEZ2tYo8z4fIriDX9SqGoHPX9x3o2GiOMlii0S+99wYJyWIqNOFYqa6DUh3kWGpGOJ0We5miKSZjPKRdQwWOqQry+alTeGqUAYwSaUpoOFe/T+Q4VmoSh6Yzxnqkfnsz8S+vm+nID3Im0kxTQRaLooxDncDZ33DAJCWaTwzBRDJzKyQjLDHRJp2iCeHrU/g/abm2c2FXbrxy7WoZRwEcgxNwBhxwCWrgGjRAExAwBA/gCTxb3Hq0XqzXReuKtZw5Aj9gvX0CJ96NuQ==</latexit>

C1
<latexit sha1_base64="AJJZWqXVMeuhHrgtPGQ13nXT7fc=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ6bOtB1wUejGZUX7gHYomTRtQzOZIckIZegnuHGhiFu/yJ1/Y/oQVPTAhcM593LvPWHCmdIIfVhr6xubW9u5nfzu3v7BYeHouKXiVBLaJDGPZSfEinImaFMzzWknkRRHIaftcFKf++17KhWLxZ2eJjSI8EiwISNYG+m23i/1C0VkI893KyWIbA85vntpiO9X3bIHHRstUAQrNPqF994gJmlEhSYcK9V1UKKDDEvNCKezfC9VNMFkgke0a6jAEVVBtjh1Bs+NMoDDWJoSGi7U7xMZjpSaRqHpjLAeq9/eXPzL66Z6WA0yJpJUU0GWi4YphzqG87/hgElKNJ8agolk5lZIxlhiok06eRPC16fwf9Iq2U7Z9m7cYu1qFUcOnIIzcAEcUAE1cA0aoAkIGIEH8ASeLW49Wi/W67J1zVrNnIAfsN4+AT+xjco=</latexit>

C2

<latexit sha1_base64="ljSQS5BQgM7OEadC0OyBqgtFEbU=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZlNTEzAQyAXjxHNA5IlzE5mkyGzD2ZmhRDyCV48KOLVL/Lm3zibRFDRgoaiqpvuLi8WXGmMP6zM2vrG5lZ2O7ezu7d/kD88aqsokZS1aCQi2fWIYoKHrKW5FqwbS0YCT7CON2mkfueeScWj8E5PY+YGZBRyn1OijXTbGJQG+QK2caVcwzWE7TJ2qguCcaVaLCHHkBQFWKE5yL/3hxFNAhZqKohSPQfH2p0RqTkVbJ7rJ4rFhE7IiPUMDUnAlDtbnDpHZ0YZIj+SpkKNFur3iRkJlJoGnukMiB6r314q/uX1Eu1X3RkP40SzkC4X+YlAOkLp32jIJaNaTA0hVHJzK6JjIgnVJp2cCeHrU/Q/aRdtp2KXby4K9atVHFk4gVM4BwcuoQ7X0IQWUBjBAzzBsyWsR+vFel22ZqzVzDH8gPX2CSZfjbg=</latexit>

C3

<latexit sha1_base64="6ne+Vil1ePqRmuhOMHK512WRx9w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13V5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrdTv/XEtRGxesRxwv2IDpQIBaNopQfZa/XKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDaz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3Wb24P6/UbvI4inAEx3AKHlxBDe6gDg1gMIBneIU3RzovzrvzMW8tOPnMIfyB8/kDNHKNvg==</latexit>

lW

<latexit sha1_base64="GoKEZsKNnre6yBckSZ9mcoynS4c=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00r3sXffKFbfqzkD+Ei8nFchR75U/u/2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCjqzSJ2GsbSkkM/XnREYjY8ZRYDsjikOz6E3F/7xOiuGlnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+/Jc0T6reefXs7rRSu8rjKMIBHMIxeHABNbiFOjSAwQCe4AVeHek8O2/O+7y14OQz+/ALzsc3FJ6NqQ==</latexit>

lB



Topological inference on the ratio statistic

<latexit sha1_base64="KrCEDtvZ8+psa3ndoqdbEz9JPcA=">AAACEHicbVBLSwMxGMzWV62vVY9egkWsCGVXfB2LevBYwT6gW0o2zbah2eySfCuUpT/Bi3/FiwdFvHr05r8x2/agrQOBYWY+wowfC67Bcb6t3MLi0vJKfrWwtr6xuWVv79R1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+IPrzG88MKV5JO9hGLN2SHqSB5wSMFLHPhSdtDHCHkR4wo6xd8MEEFwCRWQcaZ4Fjzp20Sk7Y+B54k5JEU1R7dhfXjeiScgkUEG0brlODO2UKOBUsFHBSzSLCR2QHmsZKknIdDsdFxrhA6N0cRAp8yTgsfr7IiWh1sPQN8mQQF/Pepn4n9dKILhsp1zGCTBJJx8FicCmfrYO7nLFKIihIYQqU51i2ieKUDAbFswI7mzleVI/Kbvn5bO702LlajpHHu2hfVRCLrpAFXSLqqiGKHpEz+gVvVlP1ov1bn1MojlrerOL/sD6/AFsGpw6</latexit>

lW ! lW +�(tranposition)

<latexit sha1_base64="Z5XqMNMuSZ7/qzbTFsvHsI67vxk=">AAACEHicbVBLSwMxGMzWV62vVY9egkWsCGVXfB1L9eCxgn1AdynZNG1Ds9kl+VYoS3+CF/+KFw+KePXozX9jtu1BqwOBYWY+wkwQC67Bcb6s3MLi0vJKfrWwtr6xuWVv7zR0lCjK6jQSkWoFRDPBJasDB8FasWIkDARrBsOrzG/eM6V5JO9gFDM/JH3Je5wSMFLHPhSdtDrGHkR4yo6xd80EEFwCRWQcaZ4Fjzp20Sk7E+C/xJ2RIpqh1rE/vW5Ek5BJoIJo3XadGPyUKOBUsHHBSzSLCR2SPmsbKknItJ9OCo3xgVG6uBcp8yTgifrzIiWh1qMwMMmQwEDPe5n4n9dOoHfpp1zGCTBJpx/1EoFN/Wwd3OWKURAjQwhVpjrFdEAUoWA2LJgR3PnKf0njpOyel89uT4uV6myOPNpD+6iEXHSBKugG1VAdUfSAntALerUerWfrzXqfRnPW7GYX/YL18Q0nhpwQ</latexit>

lB ! lB +�(tranposition)

P-value 0.0086

Observed
statistic

Songdechakraiwut and Chung 2023 
Annals of Appled Statistics

100 million 
transpositions

<latexit sha1_base64="/6ls6PhPqvsES3qKwlABBgLWpB8=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJpKgbodSNywrWFpoQJtNJO3TyYGYilJCNv+LGhSJu/Qx3/o2TNgttPXAvh3PuZeYeP+FMKsv6Niorq2vrG9XN2tb2zu6euX/wIONUENolMY9F38eSchbRrmKK034iKA59Tnv+5Kbwe49USBZH92qaUDfEo4gFjGClJc88cpIxQ9fICQQmGffauW69vOaZdathzYCWiV2SOpToeOaXM4xJGtJIEY6lHNhWotwMC8UIp3nNSSVNMJngER1oGuGQSjebHZCjU60MURALXZFCM/X3RoZDKaehrydDrMZy0SvE/7xBqoIrN2NRkioakflDQcqRilGRBhoyQYniU00wEUz/FZEx1lEonVkRgr148jJ5OG/YF43mXbPeapdxVOEYTuAMbLiEFtxCB7pAIIdneIU348l4Md6Nj/loxSh3DuEPjM8frUKV1Q==</latexit>

� =
lB
lW



Structural covariance network data
https://github.com/laplcebeltrami/maltreated

Chung et al. 2024 Network Neuroscience arXiv:2304.05908

<latexit sha1_base64="CbsXre12OZZ5ohaX0S/I9rs8AQQ=">AAACCnicbZBNS8MwGMfT+TbnW9Wjl+gQPI1WfLsIQy/iaYJ7gbWMNE23sDQtSSqO0rMXv4oXD4p49RN489uYbgV18w+BH//neZI8fy9mVCrL+jJKc/MLi0vl5crK6tr6hrm51ZJRIjBp4ohFouMhSRjlpKmoYqQTC4JCj5G2N7zM6+07IiSN+K0axcQNUZ/TgGKktNUzd6/hOXQCgXDqxEgoihj0sx++z3pm1apZY8FZsAuogkKNnvnp+BFOQsIVZkjKrm3Fyk3zCzEjWcVJJIkRHqI+6WrkKCTSTcerZHBfOz4MIqEPV3Ds/p5IUSjlKPR0Z4jUQE7XcvO/WjdRwZmbUh4ninA8eShIGFQRzHOBPhUEKzbSgLCg+q8QD5DORen0KjoEe3rlWWgd1uyT2vHNUbV+UcRRBjtgDxwAG5yCOrgCDdAEGDyAJ/ACXo1H49l4M94nrSWjmNkGf2R8fAPG5Zpc</latexit>
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Riemannian 
metric tensor
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det g

Volume
element

https://github.com/laplcebeltrami/maltreated
https://arxiv.org/pdf/2304.05908.pdf


Theorem: Topological clustering converges locally. 

Algebraic proof: 
Chung et al. 2023 NeuroImage

Geometric proof: 
Chung et al. 2024 PLOS Computational Biology

Topological clustering
<latexit sha1_base64="dnGeWEr9qKpHlGGSTWPsgKB5kyo="></latexit>
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Minimize the within cluster distance

The Wasserstein distance is equivalent to the 
Euclidean distance in the convex set
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Mathematical equivalence of 
topological clustering and topological inference

Proof in Chung et al. 2023 NeuroImage

There exists a monotonically decreasing 
function f satisfying 

p-value = f (clustering accuracy)

Inference             Clustering

https://arxiv.org/pdf/2302.06673.pdf


Geometric methods fail topological clustering task

K-means 
clustering
0.98 +- 0.01

Hierarchical 
clustering
1.00 +- 0.00

Topological
clustering
0.63 +- 0.04 

All false positives



Birth-death 
embedding:
Functional 
connectivity

centroid
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(dk(i) � µd)
i-th subject



Chung et al. 2023 NeuroImage 

Temporal lobe epilepsy

Birth-death 
embedding:
Functional 
connectivity
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Decreasing birth 
values à more 
disconnected 
networks 
Decreasing death 
values à cycles are 
disappearing

Structural
connectivity
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Topological transient 
connectivity patterns - 
state space estimation



Subject 1

Subject 2

Subject 3

Clustering on
479 subjects

Topological State space estimation



The within cluster variance 6 times smaller
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State space estimation on 479 subjects

Topological mean in each state

Sample mean in each statek-means

Topological clustering
Chung at al. 2023 arXiv:2201.00087

https://arxiv.org/pdf/2201.00087.pdf


UW-Madison twin study (200 twin pairs)

Is the state-change heritable?  



ρMZ = A    +    C

ACE genetic model for twins

ρDZ = A 2  +   C

Additive 
genetics

Common
environment

HI= A = 2(ρMZ − ρDZ )
Falconer's formula for heritability index (HI)

MZ-twins share 100% of genes
DZ-twins share 50% of genes

Twin
correlation



low heritability index



Hidden Markov 
model (HMM)

PNAS 2017 
114:12827-12832

low heritability index



Structural equation models

low heritability index



MZ-twin correlation

DZ-twin correlation

Heritability indexbilateral

Chung et al. 2024
arXiv:2201.00087 (PLOS 
Computational Biology)

https://arxiv.org/pdf/2201.00087.pdf
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