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How are related the geometrical and the 
transfer properties of an irregular 
interface?

Electrochemistry

Heterogeneous catalysis

NMR

Biological membranes



Gas exchange driven by diffusion
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The oxygen transfer in the lung

• subacinus entrance
= diffusion source

• into the alveolar air:
Steady-state diffusion → Fick’s law

• at the air-blood interface:
Membrane of permeabilityWM
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Linear PDE Problem
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HeterogeneousHeterogeneous catalysiscatalysis

) ,(catalysis 1kXAXA +→+ *

source of A molecules

Molecular diffusion

Irregular catalytic surface (X)



Fractal electrode

B. Sapoval

Diffusion screening



Diffusion Diffusion screeningscreening

Concentration
Current density

Makarov, 1985



The physical meaning of Λ

Conductance to reach a part of the boundary:

Yreach ~ D 

Conductance to cross a part of the boundary:

Ytra ~ W Lp (Lp : perimeter of the part)

Λ≈⇒≈ pcrossreach LYY



Electrochemistry
Copper ion deposit onto an irregular surface

M. Rosso et al., 1997

Λ



Question:Question:

If one knows the current If one knows the current 
crossing the system for anycrossing the system for any ΛΛ, , 
whatwhat do do wewe knowknow about about thethe
geometrygeometry ofof thethe domaindomain??



The lattice model

Bulk: random walk on a lattice:

parameters a , τ

Membrane: reflecting boundary

ε1− parameter εε

Definitions

ε
iP = probability to reach the site i on the 

membrane when starting from the source

ijq = probability to reach the site j on the 
membrane when starting from the site i on 
the membrane

i

i j



ContinuousLattice

Continuous limit of the lattice modelContinuous limit of the lattice model
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Discrete 
random walk

1,ε0,τ0a →→→ Brownian 
Motion

Laplace 
equation
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““Black boxBlack box”” measurementmeasurement

System impedance : 
I
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Transfer through a permeable membrane:
a Markov process
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The The ““spreading operatorspreading operator””

( )ijq=Q “transport” probability matrix

Properties: Probabilities → real

Random walk → symmetric

→ contraction1<q
j

ij∑
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Markov process: ( ) ( ) ( ) +...PQε1+εPQε1+εPε1=P 02200ε
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current distribution crossing the membrane( )εiε P=P
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The electrode impedance
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Discrete impedance:

M.F and B. Sapoval, 1999



The “geometrical spectrum”
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DirichletDirichlet--toto--Neumann operator spectrumNeumann operator spectrum



Decomposition of the harmonic measureDecomposition of the harmonic measure



Numerical test: 2D electrodesNumerical test: 2D electrodes
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M.F. and D.S. Grebenkov, 2008
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Extracting the “harmonic geometrical spectrum”Extracting the “harmonic geometrical spectrum”



SelfSelf--similar electrodessimilar electrodes
Quadratic Von Koch curves
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D.S. Grebenkov, M.F., B. Sapoval, 2007



Mode reduction



Mode reduction



EigenvectorsEigenvectors
of the of the DirichletDirichlet--toto--Neumann operatorNeumann operator

(a) (b)

(c) (d)

Harmonic 
measure density



Structure of the probability matrixStructure of the probability matrix



Hierarchical spectraHierarchical spectra
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““Analytical” model of the electrodeAnalytical” model of the electrode



Analytical modelAnalytical model
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Reconstructed impedanceReconstructed impedance
for large generationsfor large generations

10
−15

10
−10

10
−5

10
0

10
5

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

1.05

Λ/L
g
 

d ln Z(Λ)/d ln Λ 

g=15 
g=10 

g=5 

β=0.6826



10
−1

10
0

10
1

10
2

10
3

0

0.1

0.2

0.3

0.4

0.5

0.6
f
α

µ
α

10
−1

10
0

10
1

10
2

10
3

0

0.1

0.2

0.3

0.4
f
α

µ
α

Deterministic Deterministic vsvs randomrandom



Model electrode : Von Koch surfaceModel electrode : Von Koch surface



Experimental study
on prefractal electrodes



Concave Concave vsvs ConvexConvex



Fast random walk in deterministic self-similar
Von Koch domains

D.S. Grebenkov, A.A. Lebedev, M.F., B. Sapoval, 2005



NumericalNumerical simulations simulations ofof thethe harmonicharmonic
measuremeasure
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PrefractalPrefractal electrode of dimension 3electrode of dimension 3

E. Chassaing, M.F., B. Sapoval, 2004



PrefractalPrefractal electrode of dimension 3electrode of dimension 3

E. Chassaing, M.F., B. Sapoval, 2004



Open questionsOpen questions

�� Spectral properties of the Spectral properties of the DirichletDirichlet--toto--
Neumann operator (fractal boundaries).Neumann operator (fractal boundaries).

�� KnowingKnowing ((FF,µ,µ)) of a boundary, what can we say of a boundary, what can we say 
about its geometry?about its geometry?

�� Properties of the “spread harmonic Properties of the “spread harmonic 
measure”measure”

�� Link between RBM and Link between RBM and DirichletDirichlet--toto--
NeumannNeumann

�� Transient operators?Transient operators?


