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How are related the geometrical and the
transfer properties of an irreqgular
interface?

= Electrochemistry

* Heterogeneous catalysis
* NMR

* Biological membranes




Gas exchange driven by diffusion




The oxygen transfer in the lung

subacinus entrance
= diffusion source

into the alveolar air:
Steady-state diffusion — Fick's law

at the air-blood interface:
Membrane of permeability W,




The oxygen transfer in the lung

P = P,

blood
2 PO 2

Linear PDE Problem

O°P =0 in the bulk

oP — 4 P on the alveolar membra

on
P=P, at the acinus entrance

A\ =D/W unscreened perimeter length




Heterogeneous catalysis

Irregular catalytic surface (X)

Molecular diffusion

source of A4 molecules




Fractal electrode

ABSORPTION AU PREMIER CONTACT ABSORPTION APRES CINQ CHOCS

L

B. Sapoval




Diffusion screening

Makarov, 1985
Concentration




The physical meaning of A
Conductance to reach a part of the boundary:

Yieach =~ D

reach

Conductance to cross a part of the boundary:

Y

e W Lp (£, : perimeter of the part)

Y = — Lpz/\

reach — ' cross




Electrochemistry
Copper ion deposit onto an irregular surface

M. Rosso et al., 1997




Question:

If one knows the current

crossing the system for any A,
what do we know about the
geometry of the domain?




The lattice model

Bulk: random walk on a lattice:  Membrane: reflecting boundary

Definitions

parameters a, T parameter €

probability fo reach the site /on the
membrane when starting from the source

probability to reach the site jon the
membrane when starting from the site /on
the membrane



Continuous limit of the lattice model

Discrete  RCEEAVIERVEARS N Brownian [NWESSSEN | aplace
random walk Motion equation

Lattice Continuous

—




“Black box"” measurement:

: C
System impedance : Zsystent™ TO

Zmemt(W) = Zsysten(W) . Zsysten(W = °°) =G

Flux across the system :

Problem : Compute the probabilities PI'S




Transfer through a permeable membrane:
a Markov process

No intermediate hit 1 hit 2 hits

Zpl?lﬁ Ok, k, €Yk, j (1_8)

kKo

M.F. and B. Sapoval, 1999



The "spreading operator”

Q = (qij ) “transport” probability matrix

Properties:

P = Pig current distribution crossing the membrane

Markov process: |58:(1 )Po+g( )QPO+8 ( —8)Q2|50+...

P = (1—8)[| —g(j_l P




The electrode impedance

Discrete impedance:

Vi

ad—l(

continuous limit  Z .

20t ¢
a l-¢

M.F and B. Sapoval, 1999

Diagonalization: Qv=) A,(vm,)d, (A,0,) eigenvalue -vectorsof Q

1-A ¢

o

= Py 1 (pom, f

— 1_}L(1

continuous limit
Ho =




The "geomeftrical spectrum”

only depends on the
geometry of the boundary
—"geometrical spectrum”

D.S. Grebenkov, M.F., B. Sapoval, 2004




Dirichlet-to-Neumann operator spectrum




Decomposition of the harmonic measure




Numerical test: 2D electrodes

M.F. and D.S. Grebenkov, 2008




I

Extracting the “harmonic geometrical spectrum’




Self-similar electrodes
Quadratic Von Koch curves

D.S. Grebenkov, M.F., B. Sapoval, 2007



Mode reduction




Mode reduction




Eigenvectors
of the Dirichlet-to-Neumann operaTor
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Structure of the probability matrix
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Hierarchical spectra




“Analytical® model of the electrode

=1
(a=1)
3.480
3.050
3.008
2.992 116.336

Lty (0 3 ST
1.000 0.656
1.000 0.463 1.335

1.000 0.441 0.522 2,545
1.000 0,437 0.772 1.465 2573

F9L, 1.000 | 0.667 | 1111 | 1.852 3.086

F.L,

Table 1: Comparison between the main contributing peaks of the harmonic geometrical spectra
for the first four generations of the quadratic Koch eurve of fractal dimension In5/In 3 and the

mode] scaling relations for ;LL"” and F,::m.




Analytical model

0.4 (5/3)% k>0
1 k=0

.

D.S. Grebenkov, M.F., B. Sapoval, 2007



Reconstiructed impedance
for large generations

dIn Z(A)d In A
05 .

B=0.6826




Deterministic vs random
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Model electrode : Von Koch surface




Experimental study
on prefractal electrodes




Concave vs Convex

Figure 11: Generators for two cubie Koch surfaces of fractal dimension In 13/ In3: concave (a)
and convex (b).

concave .
g=1

Figure 12: Harmonic geometrical spectra F, (. ) for the first two generations of two eubic Koch
surfaces of fractal dimension In13/1In 3.




Fast random walk in deterministic self-similar
Von Koch domains

(a)
FIG. 2: (a) Initial arrow-like cell 4 is divided into the ro-

tated square and five small triangles; (b) when random par-
ticle arrives into a small triangle, it can “see” the following
generation,
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FIG. 3: First generation of the cubic Koch surface. Three
dimenional cell 4 is composed of the pyramid (of square base
L = L and of height L/2) and small cube (with edge L/3).
This cell is divided onte 13 smaller cells 4y, and the volume
An of the rest.

D.S. Grebenkov, A.A. Lebedev, M.F., B. Sapoval, 2005




Numerical simulations of the harmonic
measure




Deuxieme génération :
experience et théorie

Re[Z(w)]-R (chm) . . . !m[Z{m_]I] {Ohm)
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Deuxieme génération :
expéerience et theorie

Re[Z(w)]-R (ohm) . . . J’m[Z{m_]l] {Ohm)




T iﬁtﬁiﬁ

E. Chassaing, M.F., B. Sapoval, 2004
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Prefractal electrode of dimension 3

-|:‘“ = {1} Calbratng referenos
—— {3} Fracisl el=cirode

10 i00 1000 10 100
Frequency /Hz

Solufion Resistivity / Zom

. Chassaing, M.F., B. Sapoval, 2004




Open questions

» Spectral properties of the Dirichlet-to-
Neumann operator (fractal boundaries).

> Knowing (F,4) of a boundary, what can we say
about its geometry?

> Properties of the ‘“spread harmonic
measure”

> Link between RBM and Dirichlet-to-
Neumann

> Iransient operators?




