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Outline of the talk
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That amazing diffusion...

Random walk of ¥
a "blind” particle

Main transport mechanism:

e biology and physiology
e chemistry (heterogeneous catalysis)

e building industry (cement, concrete)




Three kinds of problems

e FORWARD PROBLEM:

What are the transport properties in a known geometry?

e INVERSE PROBLEM:

What kind of geometrical information can be extracted
from measurable transport properties?

M. Kac : Can one hear the shape of a drum?

e OPTIMIZATION PROBLEM:

What is the optimal geometry for a better realization of
chosen transport properties?
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How to monitor

restricted diffusion?




Schematic principle of NMR
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Schematic principle of NMR

Static magnetic field B,

Phase at time T
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Schematic principle of NMR

Time-dependent linear
magnetic field gradient
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Schematic principle of NMR

Bloch-Torrey equation

time evolution diffusion gradient encoding
N, S e
(— _ DA + iyB(7 t)) m(7,¢) = O

ot
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magnetization
m(7,0) = p(7) initial condition (e.g., uniform)

0
D@—m(F, t) + Wm(r,t) = 0 boundary condition
n

5 = / dr¥ m(7,T) macroscopic signal
Torrey, Phys. Rev. 104, 563 (1956)




Matrix formalism with

Laplacian eigenfunctions
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Time-independent magnetic field
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D, y and K are the parameters

(% + DA+ mB) C(t) = 0

C(t) = C(0) exp[— (DA + iyB)t]

ol —




Time-independent magnetic field

S = /dfF’ m(7, ) = Zcm(t)/dF i (7)
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C(t) = C(0)exp[— (DA + ivB)t]




Matrix product “rule”:

exp[— (DA + ivB)t]

Initial Evolution operator for
magnetization  diffusion and encoding
Free Induction Decay (FID)

Spin-echo signal
CPMG echo train a
—(D/\—I—ivB)t/Q e—(D/\—ivB)t/Q]




Matrix product “rule”:

exp[— (DA + ivB)t]

Initial Evolution operator for
magnetization  diffusion and encoding

Free Induction Decay (FID)
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Matrix B: weighted correlations

Unit interval W &) — cos(mma)
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Computation for simple shapes
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Barzykin, J. Magn. Reson. 139, 342 (1999)




Computation for simple shapes
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Many other applications...

m Relaxation/trapping/reaction processes
m Residence and local times
m First passage/exit times

m Fxchange processes




Residence time distribution

Region o
of interest A

start Feynman-Kac formula
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rebenkov, PRE 76, 041139 (2007)




Local time distribution

Feynman-Kac formula

1{e~ %) = / R

Greb)nkov, PRE 76, 041139 (2007)




Superposition of
attenuation mechanisms

S = (Uexp[—(DA + ivB+ WB)t] U)

m Magnetic field gradient encoc

ing

m Dipole magnetic field (susceptibility)

These are independent attenuation mechanisms

&

Simple superposition in Bloch-Torrey equation




Simple versus Complex?

Do we understand diffusion

in complex geometries?

{

<

Many analytical and
numerical results

Grebenkov, Rev. Mod. Phys 79, 1077 (2007)




Porous media...
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Porous media...
in chemistry and electrochemistry
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a porous catalyst




Porous media...

P in physiology
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3D tomography
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Spectral insight

Diffusion
> properties
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Localization of eigenfunctions

"Regular” domains  um(x) = sin(mwmzx)

(interval, disk, sphere) /\ A /\ A A
VARV " \VARVARY

Nonlocalized (extended) eigenfunction:
Any compact subset of the domain
supports a fraction of eigenfunction

Localized eigenfunction:
There exists a smail compact subset that >
supports a iarge fraction of eigenfunction -




Localization of eigenfunctions




Localization of eigenfunctions

Geometrical irregularity

&

Localized eigenfunctions




Localization of eigenfunctions

Trapping/exchange process

Particular structure of B




Spectral approach: pro & contro

Pro

m A complete description of restricted diffusion
m Fasy implementation ot various attenuation mechanisms
m Very accurate and rapid computation

m Possibility for profound theoretical analysis, investigation
of different diffusion regimes, etc.

Contro

m Computation of the Laplacian eigenfunctions in
complex geometries is a difficult numerical task

http://pmc.polytechnique.fr/pagesperso/dg/MCF/MCF_e.htm




Open questions

Forward problem

®m How does a complex geometry modity
the signal and other related quantities?

m How does a complex geometry modify
the Laplace operator eigenfunctions
(e.g., the structure of the matrix B)?

m What 1s the role of localization in
diffusion processes?




Open questions

Computational problem

’ =) um(7) =) B, A
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Open questions

Inverse problem
m Can one “hear” the shape of the lungs?
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Gordon et al., Bull. Am. Math. Soc. 27, 134 (1992)




Main message

We need efficient numerical
techniques to calculate Laplacian

eigenfunctions in complex model
geometries, especially in 3D

Thank you for your attention!!!

denis.grebenkov(@polytechnique.edu




