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* The world is big

 Need approximate models (Q,V, i, P) = model
misspecification

* What is the price? How to keep the price low?



e Markov Decision Processes
e M= (‘S: A, P = (Pa)aecfl»r — (ra)aec/l)




Online RL
* Given: sequential access to M

e Goal: Take actions to
maximize expected return (=total reward)

State & Reward




Planning with a simulator (+ reset)
e Given: stochastic simulator of M with reset

e Goal: find a policy with high expected return
with a few queries




Batch RL
* Given: data from past interaction with M
e Goal: find a policy with high expected return

Environment

action reward state
Data collection Trajectories
Baseline agent

Deployed system

Policy training ) EENIEWAele]|[aY




e Challenges
—Jd is huge
— A is huge

e Theorem: Computing " is P-complete
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THE COMPLEXITY OF MARKOV DECISION PROCESSES* f

CHRISTOS H. PAPADIMITRIOU* AND JOHN N. TSITSIKLIS?

We investigate the complexity of the classical problem of optimal policy computation in
Markov decision processes. All three variants of the problem (finite horizon, infinite horizon
discounted, and infinite horizon average cost) were known to be solvable in polynomial time
by dynamic programming (finite horizon problems), linear programming, or successive ap-



Supervised learning

RL Solver “seneralization
oracle”

Can we design
e efficient methods (no scaling with S, A)

e RL-error < C * SL-error
Parars



How???

SL Oracle

il 0*"! g,

Environment

Oracle-using

or
solver

Simulator

Modeling: Q,V, P, m, ...



Black box, supervised learning oracles
* Internals unknown/hidden/..
* |nput: Data

e Qutput: Function
— Linear function approximation
— Neural nets
— Nonparametric techniques




White box oracles
e Known internals
e Linear function approximation

— Action-value approximation: Q™" =~ ®0"
—Access to @ € R34*d

)
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e Gains from compressed representation
* No learning, no randomization
 Unconventional/unrealistic oracles



Methods: Value-, policy-iteration, LP

Vieer = TiVie = TVi + €,

Oracle: Linear function approximation,
model compression, ..



m, € I' TV, (greedy one-step lookahead)
Ve > V* — 61 with some § > 0?

Discounting: 0 <y < 1.
Misspecification error: ||€x ]l < € VK >0

Theorem: For k “large” enough,

Ce
< :
0 < (1-y)?

1 . .
€ K i 1 — y gives nontrivial results.

Unimprovable!



How do we control €, ?

Machine learning approach (1990s-today):

Learn T V.|

Sampling => random training set
Set-up and solve regression

Problem: |[ex e vs. ll€xll 2,



Distribution mismatch

Theorem (Sz., Munos, 2005): aifias
. 2y
V" = VEElp,p < 1= )2 {Clo,w) P e, +6,}

€1 = de(u) (TT; j:') + error

poly (log(N) , log(zlﬂl) ,log(K), dim(il'-'))

N

lteration
price

Number of queries: NMK | A |
no dependence on |S|!




Can we control C(p, 1)?

White box:
Use linear function approximation!

Can achieve § error with poly(%, |A|, d)
queries when d o, (Q", @) < €?

Du et al. 2019: Nope when 6 < €.
Weisz, Lattimore, Sz.: Yes, when § > CVde.



0 < €: Exp complexity

8 =/ de: Poly complexity
Why?

Insight from bandits! § = {1}, A is large!
r=a0, + e

How many queries of r(a) are needed to
find argmax,r(a)?



r=o0,+e
® known, others unknown. Find argmax,7r(a).

Return argmax, ¢(a)' 8

¢+ 0 =G"1(p) Lap(@r(a)p(a):
of 0,

e p:distribution over A, support g K |A]
G(p) = ) p(a)p(a) §]
a

)



Theorem (WLSz):
Linearly many queries are enough to get

0 = (2\/3 + 1)6.

For any @ € R**? there exists p

with ¢ = [supp(p)| = 0(d)
such that for any r € R¥:

Ir — @ 8|, < (2Vd + 1) infllr — ©6l|.

)



MiNiMUM-VOLUME

Kiefer-Wolfowitz Theorem (1960): e

9(p) = maxllp(@IF-1,)

G(p) = Lap(@p(a)p'(a)

The following are equivalent:
1. p*isaminimizer of g

2. p*isamaximizer of log det G(p)
3. g(p*) =d

Todd: 3p s.t. |supp(p)| = 0(d) and g(p) < 2d



Good:
e Query complexity is small
Bad:

e Errors blow up by a factor of Vd

e Overall computation scales with k

Can we do it with noise? Yes
Can we do it online? Bandits.. Yes.



Can we avoid the blow-up? Not in worst-
case (Du et al. 2019)

Let H = {DO + e: ||e]|, < €}

(U) If eq, ..., e, € H, then at least k queries
will be needed to get 0 < 1.

If ¢(a) are unit length, |[{d(a),d(b))| < €
for a # b then (U) holds:

with 8 = ¢(a), | PO — e, || < €.

JL Lemma: Such & existsif d =




Corollary (WLSz):

For any § > € there exists ® € R*¥*? with
k large enough s.t. any method that finds a
o-optimal action for any r € H needs at
least

gueries.
Exponential in d for 6 = O(€) and

vacuous for § = Q(\/Ee).



Bandit Algorithm

r =00, +e v @
with ||e]|, = iIBIfHT — DO|| . |

Setm = 0(d).

1. Find p over A s.t.

A S

supp(p)| = 0(d) and g(p) < 2d.
Play each a € A, [mp(a)] times,

Estimate 6, let r* = max 40 ' (a)0.
etA={a€A:¢p"(a)d >r"—C(d,m)}

)OUbIe ml gOtO 1 C(d,m) =2 %log(kn)




Theorem (WLSz): With some C > 0
universal, the expected regret, R,,, satisfies

e First, unrealizable stochastic banaditre
* ¢ was not needed by the algorithm

e If it is known, log(n) can be removed
from the second term

e For k = n, the bound is tight



 Back to RL, planning with a simulator

e ¢: = sup inf|[Q™" — DO Also;
up infl|Q I

e Can we find a -

optimal policy with
gueries?

e Answer (LWSz): Yes.

— API, with least-squares regression, to
predict action-values using rollouts from a
“core set” obtained by optimizing g(p). [ =5




Details

| | log(...
. #iterations:  k = -°8G-)
1=y
. | _ log(...)
#rollouts: m = 26€2(1-)2
log(...)

e fistepsin rollout: n =
1-y

. . — N d
e Queries: kmnlel =0 (62(1—]/)4)



e “API, with least-squares regression, to
predict action-values using rollouts from
a “core set” obtained by optimizing

g(p).”
 Why this way?
—Rollouts, core set: Obvious choice given
work on bandits

—For AVI we would need to deal with the max
in setting up the regression problem
(YW’19)

—No max =2 better query complexity



e Question: What if only Q* =~ 87
e AVI/API is doomed!

@ Bellman operator:

@ Tsitsiklis & Van Roy (1996) (TV)(x1) = 0+4~V(x)
@ State space: X = {xq,x} (TV)(x2) = 0+~V(x).
@ Dynamics:
/ﬂ) @ Function-space:
[ F={0s|0 R},
- . o(x1) =1, d(x2) = 2.

lteration:

Ot11 = argming||f¢ — T(6:9)]|2
= argming(0 — 720;)% + (20 — 726;)? = (6/57)0; — +c

u is the uniform distribution



Alternative approach:
Approximate Linear Programming

@ IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 63, NO. 4, APRIL 2018

A Linearly Relaxed Approximate Linear Program for Markov
Decision Processes

Chandrashekar Lakshminarayanan =, Shalabh Bhatnagar =, and Csaba Szepesvari



Method

Reduce # variables using V = ®8.

2. Reduce # constraints by keeping
constraints atacoresetC C §

3. Choose C such that Vs € §,
d(s) = Qgree A" )P(s") with A = 0.



Theorem (LBSz'18):
Let 8 be the output. Then:

inf||V* — ®0|| ,

* 2 7
v -, <C =5

with a universal constant C > 0.



Theorem (w. Roshan Shariff, in prep.):

Query complexity to get an
0 = CE\/C_i/(l — v¥)?%-optimal action

at some state is

1 1
poly(Z, 7=, 4. IC1).



Beyond worst-case?

Yes: Vde can be reduced if @ is “nice”
What makes a feature map nice?

Blow-up factor:

Allow algorithms g queries.

How much does the approximation error
blow up? A, (P)



Proposition:

14(®) = minmax (D) o

|IC|=q

x|l 4 = inf{2j|uj| X =Y ua;,u; € R}
“gauge fn. of x w.rt co{a,, ...,aq, —ay, ..., —agz}”

Note: [|x|| 4 < mp1n||x||621(p)_

Refines Zanette et al. 19



Other bandit results

* |nfinite action sets:
— Covering argument, replace log(k) with d.

 Ghosh et al’17: Cheap linearity test:
R, < min(d,Vk)yn

e Contextual case; LinUCB?

— Gopalanetal’l6 ||e||, = €.

— Needs modification! Needs knowledge of
€. Refinement of Jin et al.’19



Approximately linear MDPs (Q™ =~ ®O8™)
— Avila-Pires, Sz’ 16:
e P =~ RQ; solve compressed model = U~

e errors at V*, VT U* matter only!

—Yang and Wang’19a: discounting, “feature
regularity” (anchors), incomparable result

—Yang and Wang’19b: online RL, finite
horizon

—Jin et al.19: online RL, finite horizon (LSVI)



With Q" = ®6

— Zanette et al.’19
Finite-horizon backward computation;
multiplicative error propagation!

— Du et al.’20: Deterministic MDPs.
Find optimal policy when
approximation error is very small



Summary

Models arise because of the need for “compression”
— Not optional
— Long history
Good model = good performance? How good?
Many modeling assumptions; comparable vs. incomparable

Even under strong assumptions graceful degradation is not trivial to
obtain

— To control query complexity, we had to open the “black box”!

Linear function approximation

— Core sets/good extrapolation are key: How to get them? Implications for
feature learning?

— Not all feature maps are born equal; Vd is upper bound

Do we need to know the level of misspecification? Oh no!
Beyond linear function approximation?

Modeling policies?



Details

Hiterations:

#rollouts:

#isteps in rollout: n =

Queries: kmn|C| = O (

()

 2€2(1-y)2

log(e(ll—y))
1-y

62(161—)/)4)



Wang et al 20:

FAPP closed under optimistic
iImprovement.

No misspecification
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