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Decision-Making under Uncertainty

Applications:

Supply Chain Mgmt. Portfolio Mgmt. Machine Learning

Risk:

Optimal risk:

R(P, �) = EP[�(ξ)]

R(P, L) = inf
��L

EP[�(ξ)]



Data-Driven Decision-Making

Structural:

Statistical:

P supported on Ξ � Rm

�ξ1,�ξ2, . . . ,�ξN � PN

Nominal problem:

training samples
�ξ1,�ξ2, . . . ,�ξN

nominal
distribution �PN

Available information:

Nominal risk:

Optimal nominal risk: R(�PN, L)

R(�PN, �)



Non-parametric estimators:

Nominal Distribution

Empirical distribution: �PN =
1
N

N�

i=1

δ�ξi

Parametric estimators:

�PN = Eg(�μN, �ΣN)Elliptical distribution:

1
N

�ξi

�



Nominal Distribution

Non-parametric estimators:

Empirical distribution: �PN =
1
N

N�

i=1

δ�ξi

Parametric estimators:

�PN = Eg(�μN, �ΣN)Elliptical distribution:

f(ξ) = C det(�ΣN)�1 g((ξ � �μN)�ΣN
�1(ξ � �μN))Density function:

density generator

1
N

�ξi

�



Nominal Distribution

Non-parametric estimators:

Empirical distribution: �PN =
1
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Parametric estimators:
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Nominal Distribution

Non-parametric estimators:

Empirical distribution: �PN =
1
N

N�

i=1

δ�ξi

Parametric estimators:

�PN = Eg(�μN, �ΣN)Elliptical distribution:

1
N

�ξi

�

covariance matrix



Estimation Errors

The nominal distribution 
depends on                      and is thus random;  
differs from the data-generating distribution    . 

Q: How to measure estimation errors? 
A: Use the Monge / Kantorovich / Wasserstein distance!

�PN

P

�ξ1,�ξ2, . . . ,�ξN

Gaspard Monge 
(1746 – 1818)

Leonid Kantorovich 
(1912 – 1986)

Leonid Vaseršteĭn 
(*1944)



Wasserstein Distance

Definition:

ξ ξ�

Q
Q�

π

Π(Q, Q�) = set of couplings with
marginals Q and Q�

Wp(Q, Q�) =

�
inf

π�Π(Q,Q�)

�

Rm�Rm
�ξ � ξ��p π(dξ, dξ�)

� 1
p



Wasserstein Distance

Definition:

ξ

Q

�

A

ξ�

Q�

�

B

π(A� B)

π(A� B) =
mass moved from  
source region A to 
target region B�

Wp(Q, Q�) =

�
inf

π�Π(Q,Q�)

�

Rm�Rm
�ξ � ξ��p π(dξ, dξ�)

� 1
p

price paid for moving 
mass from    to     �

�ξ � ξ��p = ξ ξ�



Stability Theory

Question: How big is the estimation error in              ?R(�PN, �)

Assume: 
                                                                    ; 
the estimation error in      is small,                       .
�(ξ) is Lipschitz continuous with Lip(�) = L

W1(�PN, P) � ε�PN

Dupačová, Ann. Oper. Res., 1990; Römisch & Schultz, Ann. Oper. Res., 1991.



Stability Theory

Question: How big is the estimation error in              ?R(�PN, �)

���R(�PN, �) � R(P, �)
��� = L ·

���E�PN [�(ξ)/L] � EP[�(ξ)/L]
���

� L ·W1(�PN, P) � L · ε

K-R Theorem

Estimation error at most amplified by L=�

Assume: 
                                                                    ; 
the estimation error in      is small,                       .
�(ξ) is Lipschitz continuous with Lip(�) = L

W1(�PN, P) � ε�PN

Dupačová, Ann. Oper. Res., 1990; Römisch & Schultz, Ann. Oper. Res., 1991.



Stability Theory

Assume: 
                                                                               ; 
the estimation error in      is small,                       .W1(�PN, P) � ε�PN
`(ξ) is Lipschitz continuous with Lip(`)  L 8` 2 L
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Question: How big is the estimation error in               ?R(�PN, L)

Dupačová, Ann. Oper. Res., 1990; Römisch & Schultz, Ann. Oper. Res., 1991.



Stability Theory

Question: How big is the estimation error in               ?

Estimation error at most amplified by L=�

���R(�PN, L) � R(P, L)
��� � L · ε

R(�PN, L)

Assume: 
                                                                               ; 
the estimation error in      is small,                       .W1(�PN, P) � ε�PN
`(ξ) is Lipschitz continuous with Lip(`)  L 8` 2 L
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Dupačová, Ann. Oper. Res., 1990; Römisch & Schultz, Ann. Oper. Res., 1991.



Distributionally Robust Optimization (DRO)

Nominal risk:

Optimal nominal risk: R(�PN, L)

R(�PN, �)

A: Robustify the risk w.r.t. all distributions     with Q
<latexit sha1_base64="lld/Jkmu+P0OuEH4WU1EpVxo6xA="></latexit><latexit sha1_base64="lld/Jkmu+P0OuEH4WU1EpVxo6xA="></latexit><latexit sha1_base64="lld/Jkmu+P0OuEH4WU1EpVxo6xA="></latexit>

Wp(Q, bPN)  ε
<latexit sha1_base64="xDBdRuwQ3oWb/EdsTt6ITH9+Mrs="></latexit><latexit sha1_base64="xDBdRuwQ3oWb/EdsTt6ITH9+Mrs="></latexit><latexit sha1_base64="xDBdRuwQ3oWb/EdsTt6ITH9+Mrs="></latexit>

Q: If we have found a      that approximates    best in Wasserstein 
distance, how can we further reduce the out-of-sample risk?

�PN P
<latexit sha1_base64="u8wPXqma9As2JPRWFqT/q+t1oyQ="></latexit><latexit sha1_base64="u8wPXqma9As2JPRWFqT/q+t1oyQ="></latexit><latexit sha1_base64="u8wPXqma9As2JPRWFqT/q+t1oyQ="></latexit>



Wasserstein DRO 

Pflug & Wozabal, Quant. Finance, 2007; Pflug & Pichler, Springer, 2014.

ε

�PN

Contains every     obtainable by re-
shaping       at a cost of at most ε�PN

Q

Definition:

Worst-case risk:

Worst-case optimal risk:

Rε,p(bPN, `) = sup
Q2Bε,p(bPN)

EQ[`(ξ)]
<latexit sha1_base64="x+2TdfR3S8PVkNRJVh8cz4XHyjk="></latexit>

Rε,p(bPN,L) = inf
`2L

Rε,p(bPN, `)
<latexit sha1_base64="MOY2WPhA60joq70/r5KLHB8kbtc="></latexit>

Bε,p(�PN) =
�

Q � P(Ξ) : Wp(Q, �PN) � ε
�



Three Simple Bounds on the  
Worst-Case Expectation



Robust Lower Bound (any p)

Theorem: If       is the empirical distribution, thenbPN
<latexit sha1_base64="vUJfFrzQL2Kxw2vWExQBbH/nPcU="></latexit>

Rε,p(bPN, `) �

8
>>>>>>>>>>><

>>>>>>>>>>>:

sup
1
N

NX

i=1

`(bξi + θi)

s.t. θi 2 Rm 8i 2 [N]
bξi + θi 2 Ξ 8i 2 [N]

1
N

NX

i=1

kθikp  εp.
<latexit sha1_base64="sAG51Ieoh+4jhDVjpTdO/56S9GQ="></latexit>



Lipschitz Regularization (any p)

Theorem: The worst-case risk is bounded above by the 
Lipschitz-regularized nominal risk, i.e.,

Rε,p(bPN, `)  R(bPN, `) + ε · Lip(`).
<latexit sha1_base64="NzKRG2WuB/aK7LMtetFjmz6g1pM="></latexit><latexit sha1_base64="NzKRG2WuB/aK7LMtetFjmz6g1pM="></latexit><latexit sha1_base64="NzKRG2WuB/aK7LMtetFjmz6g1pM="></latexit>



Gelbrich Bound (p = 2)

1) Gelbrich, Mathematische Nachrichten, 1990.

W2(Q,Q0) �

s

kμ � μ0k22 + Tr
✓
Σ+ Σ0 � 2

⇣
Σ1

2 Σ0Σ1
2

⌘ 1
2
◆
.

<latexit sha1_base64="5GnQPxBYQd/B52D7irnxJn6meD4="></latexit><latexit sha1_base64="5GnQPxBYQd/B52D7irnxJn6meD4="></latexit><latexit sha1_base64="5GnQPxBYQd/B52D7irnxJn6meD4="></latexit>

Theorem: If                  and                    , then1)Q0 ⇠ (μ0,Σ0)
<latexit sha1_base64="JV7ihCM/YP+kB2XjTGEn0mMXvCw="></latexit><latexit sha1_base64="JV7ihCM/YP+kB2XjTGEn0mMXvCw="></latexit><latexit sha1_base64="JV7ihCM/YP+kB2XjTGEn0mMXvCw="></latexit>

Q ⇠ (μ,Σ)
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Gelbrich Bound (p = 2)

1) Gelbrich, Mathematische Nachrichten, 1990.

= dG
�
(μ,Σ), (μ0,Σ0)

�
<latexit sha1_base64="6sMC54/aI8ZjOzCjBWEWa/MupOo="></latexit>

W2(Q,Q0) �

s

kμ � μ0k22 + Tr
✓
Σ+ Σ0 � 2

⇣
Σ1

2 Σ0Σ1
2

⌘ 1
2
◆

| {z }
.
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Theorem: If                  and                    , then1)Q0 ⇠ (μ0,Σ0)
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Q ⇠ (μ,Σ)
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Gelbrich Bound (p = 2)

1) Gelbrich, Mathematische Nachrichten, 1990.

The bound is exact if          are elliptical with the same generator.Q,Q0
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= dG
�
(μ,Σ), (μ0,Σ0)

�
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W2(Q,Q0) �

s

kμ � μ0k22 + Tr
✓
Σ+ Σ0 � 2

⇣
Σ1

2 Σ0Σ1
2

⌘ 1
2
◆

| {z }
.
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Theorem: If                  and                    , then1)Q0 ⇠ (μ0,Σ0)
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Q ⇠ (μ,Σ)
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Gelbrich Bound (p = 2)

Uε(bμ, bΣ) =
n
(μ,Σ) 2 Rm ⇥ Sm+ : dG

⇣
(bμ, bΣ), (μ,Σ)

⌘
 ε2

o

<latexit sha1_base64="I02cYWwsO4zsAMqXevGOJG6LLf8="></latexit>

Uncertainty set for mean vectors and covariance matrices:



Mean-covariance “projection”:

Gelbrich Bound (p = 2)

Uε(bμ, bΣ) =
n
(μ,Σ) 2 Rm ⇥ Sm+ : dG

⇣
(bμ, bΣ), (μ,Σ)

⌘
 ε2

o

<latexit sha1_base64="I02cYWwsO4zsAMqXevGOJG6LLf8="></latexit>

Uncertainty set for mean vectors and covariance matrices:

T : Q 7!
�
EQ[ξ],EQ[ξ ξ>]� EQ[ξ]EQ[ξ]>

�
<latexit sha1_base64="U+iytM2kLJ6/NVbELewd93s9P3k="></latexit>



Gelbrich Bound (p = 2)

Uε(bμ, bΣ) =
n
(μ,Σ) 2 Rm ⇥ Sm+ : dG

⇣
(bμ, bΣ), (μ,Σ)

⌘
 ε2

o

<latexit sha1_base64="I02cYWwsO4zsAMqXevGOJG6LLf8="></latexit>

Uncertainty set for mean vectors and covariance matrices:

Mean-covariance “projection”:

�

Σ
<latexit sha1_base64="HyV7HNU0xDtRxExzlzLnME83O7E="></latexit>

μ
<latexit sha1_base64="2u5oU4YGgjYzpJzqhZSYKxSL50s="></latexit>

� � � � �T : Q 7!
�
EQ[ξ],EQ[ξ ξ>]� EQ[ξ]EQ[ξ]>

�
<latexit sha1_base64="U+iytM2kLJ6/NVbELewd93s9P3k="></latexit>



Gelbrich Bound (p = 2)

Uε(bμ, bΣ) =
n
(μ,Σ) 2 Rm ⇥ Sm+ : dG

⇣
(bμ, bΣ), (μ,Σ)

⌘
 ε2

o

<latexit sha1_base64="I02cYWwsO4zsAMqXevGOJG6LLf8="></latexit>

Uncertainty set for mean vectors and covariance matrices:

Bε,2(bPN)
<latexit sha1_base64="dKZqGeHXwd8zjlShpwPu6G5Imjc="></latexit>

Uε(bμ, bΣ)
<latexit sha1_base64="JdR1xQgftdYJCNwsuM+pxvMeSz0="></latexit>

T

Mean-covariance “projection”:



Gelbrich Bound (p = 2)

Uε(bμ, bΣ) =
n
(μ,Σ) 2 Rm ⇥ Sm+ : dG

⇣
(bμ, bΣ), (μ,Σ)

⌘
 ε2

o

<latexit sha1_base64="I02cYWwsO4zsAMqXevGOJG6LLf8="></latexit>

Uncertainty set for mean vectors and covariance matrices:

Bε,2(bPN)
<latexit sha1_base64="dKZqGeHXwd8zjlShpwPu6G5Imjc="></latexit>

Uε(bμ, bΣ)
<latexit sha1_base64="JdR1xQgftdYJCNwsuM+pxvMeSz0="></latexit>

T

Mean-covariance “projection”:

Note: T(Bε,2(bPN)) ✓ Uε(bμ, bΣ)
<latexit sha1_base64="rD6LV+QtHEzQTwRZpDvXNzYKMCY="></latexit>



Gelbrich Bound (p = 2)

Uε(bμ, bΣ) =
n
(μ,Σ) 2 Rm ⇥ Sm+ : dG

⇣
(bμ, bΣ), (μ,Σ)

⌘
 ε2

o
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Uncertainty set for mean vectors and covariance matrices:

Bε,2(bPN)
<latexit sha1_base64="dKZqGeHXwd8zjlShpwPu6G5Imjc="></latexit>

Uε(bμ, bΣ)
<latexit sha1_base64="JdR1xQgftdYJCNwsuM+pxvMeSz0="></latexit>

T

Mean-covariance “projection”:

Note: T(Bε,2(bPN)) = Uε(bμ, bΣ) if bPN is elliptical!
<latexit sha1_base64="fpswYn81JMtqFVL/8bmv6H7PELc="></latexit>



Gelbrich Bound (p = 2)

The Gelbrich hull:

Gε(bμ, bΣ) = T�1(Uε(bμ, bΣ))
<latexit sha1_base64="cO+o5GYB1KLhOtzfIBron4Bni8A="></latexit>



Gelbrich Bound (p = 2)

The Gelbrich hull:

Gε(bμ, bΣ) = T�1(Uε(bμ, bΣ))
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Note: Bε,2(bPN) ✓ Gε(bμ, bΣ)
<latexit sha1_base64="UzV4mdN8PpK2ejAS4pDESAvxGI0="></latexit>



Gelbrich Bound (p = 2)

The Gelbrich hull:

Gε(bμ, bΣ) = T�1(Uε(bμ, bΣ))
<latexit sha1_base64="cO+o5GYB1KLhOtzfIBron4Bni8A="></latexit>

Note: Bε,2(bPN) ✓ Gε(bμ, bΣ)
<latexit sha1_base64="UzV4mdN8PpK2ejAS4pDESAvxGI0="></latexit>

Theorem: If       has mean    and covariance matrix    , thenbPN
<latexit sha1_base64="vUJfFrzQL2Kxw2vWExQBbH/nPcU="></latexit>

Rε,2(bPN, `)  sup
Q2Gε(bμ,bΣ)

EQ[`(ξ)].
<latexit sha1_base64="38yznMnaMc6eqLgH2hU04n7rlMo="></latexit>

bΣ
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Gelbrich Bound (p = 2)

The Gelbrich hull:

Gε(bμ, bΣ) = T�1(Uε(bμ, bΣ))
<latexit sha1_base64="cO+o5GYB1KLhOtzfIBron4Bni8A="></latexit>

Note: Bε,2(bPN) ✓ Gε(bμ, bΣ)
<latexit sha1_base64="UzV4mdN8PpK2ejAS4pDESAvxGI0="></latexit>

= Rε(bμ, bΣ, `)
<latexit sha1_base64="WaSeYMOnb9wg36JXWKhqqTXn3HA="></latexit>

�

Theorem: If       has mean    and covariance matrix    , thenbPN
<latexit sha1_base64="vUJfFrzQL2Kxw2vWExQBbH/nPcU="></latexit>

Rε,2(bPN, `)  sup
Q2Gε(bμ,bΣ)

EQ[`(ξ)].
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bΣ
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<latexit sha1_base64="md4FKkraFOyeL2ITb0PyZfiGeZU="></latexit>



Efficient Computation  
of the Worst-Case Risk



Strong Duality

Rε,p(bPN, `) = inf
γ�0

EbPN [`γ(ξ)] + γεp,
<latexit sha1_base64="9G+HkR+bfBIei7QTjX1S2sCql6Q="></latexit>

where                                                    .`γ(ξ) = supz2Ξ `(z)� γkz� ξkp
<latexit sha1_base64="m3ev1W9gU36z454JWa60FvQ8FLc="></latexit>

Theorem: If    is u.s.c. and integrable under      , then1)
<̀latexit sha1_base64="EWGlJQxgXiqLKx/6fBAMRvSdjUQ="></latexit>

bPN
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2) Blanchet & Murthy, Math. Oper. Res., 2019; Gao & Kleywegt, arxiv, 2017.
1) Mohajerin Esfahani & Kuhn, Math. Program., 2018; Guan & Zhao, Oper. Res. Lett., 2018;



Strong Duality

Rε,p(bPN, `) = inf
γ�0

EbPN [`γ(ξ)] + γεp,
<latexit sha1_base64="9G+HkR+bfBIei7QTjX1S2sCql6Q="></latexit>

where                                                    .`γ(ξ) = supz2Ξ `(z)� γkz� ξkp
<latexit sha1_base64="m3ev1W9gU36z454JWa60FvQ8FLc="></latexit>

Moreau envelope
�

2) Blanchet & Murthy, Math. Oper. Res., 2019; Gao & Kleywegt, arxiv, 2017.
1) Mohajerin Esfahani & Kuhn, Math. Program., 2018; Guan & Zhao, Oper. Res. Lett., 2018;

Theorem: If    is u.s.c. and integrable under      , then1)
<̀latexit sha1_base64="EWGlJQxgXiqLKx/6fBAMRvSdjUQ="></latexit>

bPN
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Piecewise Concave Loss

`(ξ)
<latexit sha1_base64="vb00afs5zsMcqPGsw6uN6lwsWUQ="></latexit>

ξ
<latexit sha1_base64="DcJmz88t11Fxiz7TWaPzW7RF/g0="></latexit>

`1(ξ)
<latexit sha1_base64="k8R3MZ1LhpSWQJsE3k0GFyeERag="></latexit>

`2(ξ)
<latexit sha1_base64="j5AcfQKBqvX3JFtl7eD8dI7ha6w="></latexit>

`3(ξ)
<latexit sha1_base64="pOnYa6b67b5glpsP/X5G8IH6utQ="></latexit>

`(ξ) = max
j

`j(ξ), where each `j is proper, concave and u.s.c.
<latexit sha1_base64="AlqhNjcdiiSu0RywfS4MtfSO+yQ="></latexit>



Piecewise Concave Loss

Theorem: If     is convex,      is the empirical distribution and       
is piecewise concave, then

Ξ
<latexit sha1_base64="m2wWGimLUwjBZm+CxIJDAebzGqM="></latexit>

bPN
<latexit sha1_base64="EijeDuypIJlHg3A1MNUvjYyND8A="></latexit>

`(ξ)
<latexit sha1_base64="Nf8+FWND3cWdRZZ7Bvc05fU+320="></latexit>

where                  and                                    . φ(q) = (q� 1)q�1/qq
<latexit sha1_base64="D6L/LcdrB8ygPdzb/HpEx995UKY="></latexit>

1
p + 1

q = 1
<latexit sha1_base64="nLJDafLW5+zw3FDa7RXduLTIa6c="></latexit>

Rε,p(bPN, `) =

inf γεp +
1
N

NX

i=1

si

s.t. γ 2 R+, si 2 R, uij 2 Rm, vij 2 Rm 8i, j

[�`j]
⇤(uij � vij) + σΞ(vij)� uij>bξi + φ(q) γ

����
uij
γ

����
q

⇤
 si 8i, j,

<latexit sha1_base64="kyUMp5dyxBR3SPq9CxDO1ds/AOM="></latexit>

Zhen, Kuhn & Wiesemann, Working Paper, 2019.



Piecewise Concave Loss

Finite convex optimization problem! 
Size polynomial in # samples and # pieces!

� ��
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Piecewise Concave Loss

Theorem: If     is convex,      is the empirical distribution and       
is piecewise concave, then

Ξ
<latexit sha1_base64="m2wWGimLUwjBZm+CxIJDAebzGqM="></latexit>

bPN
<latexit sha1_base64="EijeDuypIJlHg3A1MNUvjYyND8A="></latexit>

`(ξ)
<latexit sha1_base64="Nf8+FWND3cWdRZZ7Bvc05fU+320="></latexit>

Rε,p(bPN, `) = max
1
N

NX

i=1

JX

j=1

αij`j
⇣
bξi +

θij

αij

⌘

s.t. αij 2 R+, θij 2 Rm 8i 2 [N], 8j 2 [J]

bξi +
θij

αij
2 Ξ 8i 2 [N], 8j 2 [J]

JX

j=1

αij = 1 8i 2 [N]

1
N

NX

i=1

JX

j=1

αij

����
θij

αij

����
p

 εp.
<latexit sha1_base64="C4Ohg+4RVY5+f+c3PJB/aVo1TMU="></latexit>

Zhen, Kuhn & Wiesemann, Working Paper, 2019.



Main Takeaways

1) Mohajerin Esfahani & Kuhn, Math. Program., 2018.

if    is piecewise concave and      empirical, the worst-case risk 
can be computed by convex optimization for any                 ; 

generalizes earlier results for          ;1)  

if    is concave and      empirical, the robust lower bound is exact;  

the dual convex program  

provides a finite reduction of the worst-case risk problem; 

is always solvable; 

can be used to find a worst-case distribution (may not exist 
for          , always exists for          ).
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Convex Loss

Theorem: If              and        is convex, then`(ξ)
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Worst-Case Risk for p = 1
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Worst-Case Risk for p = 1
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Main Takeaways

if    is convex,              and          , the worst case risk coincides 
with the Lipschitz-regularized nominal risk; 

no distribution attains the worst-case risk; 

the worst-case risk is attained asymptotically: push a linearly 
decreasing mass to infinity in the direction of steepest ascent;  

computing the worst-case risk is generally hard but tractable in 
special cases.

p = 1
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Computing the Gelbrich Bound

Rε,2(bPN, `)  Rε(bμ, bΣ, `)
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Recall:



Computing the Gelbrich Bound

Rε,2(bPN, `)  Rε(bμ, bΣ, `)
<latexit sha1_base64="KvV8YOQTZZVJFlzRbAwjADRPZe4="></latexit>

Recall:

Uε(bμ, bΣ)
<latexit sha1_base64="JdR1xQgftdYJCNwsuM+pxvMeSz0="></latexit>

Bε,2(bPN)
<latexit sha1_base64="dKZqGeHXwd8zjlShpwPu6G5Imjc="></latexit>

Gε(bμ, bΣ)
<latexit sha1_base64="alsI7RglV6WMIZac5IPoi+snc0Q="></latexit>

T
<latexit sha1_base64="gaGeDLbf3AGCrXgVksSl8paNk6k="></latexit> T�1

<latexit sha1_base64="qNQ3pyT2BojC4F6wN3FMobxNZxE="></latexit>

Wasserstein 
ball

Gelbrich 
hull

mean-covariance 
uncertainty set

� ��



Computing the Gelbrich Bound
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Recall:

Computing the Gelbrich Bound

Rε,2(bPN, `)  Rε(bμ, bΣ, `)
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Computing the Gelbrich Bound
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Computing the Gelbrich Bound

Rε,2(bPN, `)  Rε(bμ, bΣ, `)
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Piecewise Quadratic Loss
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Piecewise Quadratic Loss

Theorem: If             , and        is piecewise quadratic, then the 
Gelbrich risk satisfies

`(ξ)
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Piecewise Quadratic Loss

Theorem: If             , and        is piecewise quadratic, then the 
Gelbrich risk satisfies

`(ξ)
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Properties of the Gelbrich Bound

bounds the Wasserstein risk and inherits its statistical guarantees; 

can be computed via convex optimization; 

induces the uncertainty set               for    and  

outer robust program convex for any loss function; 

exact if    is quadratic and      elliptical; 

worst-case distribution available in closed form if    is quadratic   
and      elliptical; hard to compute if    is piecewise quadratic.
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Applications in Machine Learning



Classification

Random vector:
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Classification

Random vector:

Goal: predict output from input

output y
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Goal: predict output from input

Ideal prediction:
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Classification

Random vector: ξ = (x, y) ⇠ P
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P
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we are given training samples



Classification

Random vector: ξ = (x, y) ⇠ P
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z)

1

1

L(z) = max{0, 1� z}
<latexit sha1_base64="pqwQwnsnxahsNEUxwOWr0iR1pAw="></latexit>

Hinge loss:

Support vector machine:
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Classification
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Random vector:
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Logistic regression:
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Classification

Empirical risk minimization:

inf
w2Rn

EbPN [L(y · w>x)]
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Random vector:

input 2 Rn
<latexit sha1_base64="7toZi8W4ZLlBq10UdhwJK3M1LKg="></latexit>

ξ = (x, y) ⇠ P
<latexit sha1_base64="kVRT/nsAXWotpwM5RB09lwTus6Y="></latexit>

output 2 R
<latexit sha1_base64="dRCUyCXKRpJeWaM3AzR7v7cTmSg="></latexit>



Regression

Random vector:

Goal: predict output from input

output y
<latexit sha1_base64="rulCBQWaneDdrRKiVXzTJnwT6Kk="></latexit>

input x
<latexit sha1_base64="bw0P3v+DNHAmMLWyvetzNS7MN+Y="></latexit>

ξ = (x, y) ⇠ P
<latexit sha1_base64="kVRT/nsAXWotpwM5RB09lwTus6Y="></latexit>



Regression

Random vector:

Goal: predict output from input

output y
<latexit sha1_base64="rulCBQWaneDdrRKiVXzTJnwT6Kk="></latexit>

input x
<latexit sha1_base64="bw0P3v+DNHAmMLWyvetzNS7MN+Y="></latexit>

ξ = (x, y) ⇠ P
<latexit sha1_base64="kVRT/nsAXWotpwM5RB09lwTus6Y="></latexit>

Ideal prediction: EP[ y | x ]
<latexit sha1_base64="GnGlN96mHmHUSKp0yjzJqiE4E4c="></latexit>



Regression

Random vector: ξ = (x, y) ⇠ P
<latexit sha1_base64="kVRT/nsAXWotpwM5RB09lwTus6Y="></latexit>

Reality:
P

<latexit sha1_base64="YhutFZn+ly0/OOWb33Mgc12mbC4="></latexit>

�ξ1,�ξ2, . . . ,�ξN � PN
   unknown 
we are given training samples



Regression

Random vector: ξ = (x, y) ⇠ P
<latexit sha1_base64="kVRT/nsAXWotpwM5RB09lwTus6Y="></latexit>

Reality:
P

<latexit sha1_base64="YhutFZn+ly0/OOWb33Mgc12mbC4="></latexit>

�ξ1,�ξ2, . . . ,�ξN � PN
   unknown 
we are given training samples

Practical approach: predict output as
=) prediction error L(w>x� y)

<latexit sha1_base64="Fj7n3whh1bpZJy6LsnJsrzUC6YM="></latexit>

w>x<latexit sha1_base64="h5wtwKcUJ3OcUr/7sTjAgivPrXc="></latexit>



Regression

Random vector: ξ = (x, y) ⇠ P
<latexit sha1_base64="kVRT/nsAXWotpwM5RB09lwTus6Y="></latexit>

Reality:
P

<latexit sha1_base64="YhutFZn+ly0/OOWb33Mgc12mbC4="></latexit>

�ξ1,�ξ2, . . . ,�ξN � PN
   unknown 
we are given training samples

Practical approach: predict output as
=) prediction error L(w>x� y)

<latexit sha1_base64="Fj7n3whh1bpZJy6LsnJsrzUC6YM="></latexit>

w>x<latexit sha1_base64="h5wtwKcUJ3OcUr/7sTjAgivPrXc="></latexit>

Square loss:

Ordinary least squares:

z0

L(
z)

1

L(z) = 1
2z
2

<latexit sha1_base64="WDcJH0qYYkEbPgOOH8ylXkbkF7o="></latexit>



Regression

Random vector: ξ = (x, y) ⇠ P
<latexit sha1_base64="kVRT/nsAXWotpwM5RB09lwTus6Y="></latexit>

Reality:
P

<latexit sha1_base64="YhutFZn+ly0/OOWb33Mgc12mbC4="></latexit>

�ξ1,�ξ2, . . . ,�ξN � PN
   unknown 
we are given training samples

Practical approach: predict output as
=) prediction error L(w>x� y)

<latexit sha1_base64="Fj7n3whh1bpZJy6LsnJsrzUC6YM="></latexit>

w>x<latexit sha1_base64="h5wtwKcUJ3OcUr/7sTjAgivPrXc="></latexit>

Huber loss:

Robust regression:

L(z) =
⇢ 1

2z
2 if |z|  δ

δ(|z|� 1
2δ) else

<latexit sha1_base64="vsETH69Hj8FpLoZANuWaC2RgzLY="></latexit>

z0

L(
z)

1



Regression

Random vector: ξ = (x, y) ⇠ P
<latexit sha1_base64="kVRT/nsAXWotpwM5RB09lwTus6Y="></latexit>

Reality:
P

<latexit sha1_base64="YhutFZn+ly0/OOWb33Mgc12mbC4="></latexit>

�ξ1,�ξ2, . . . ,�ξN � PN
   unknown 
we are given training samples

Practical approach: predict output as
=) prediction error L(w>x� y)

<latexit sha1_base64="Fj7n3whh1bpZJy6LsnJsrzUC6YM="></latexit>

w>x<latexit sha1_base64="h5wtwKcUJ3OcUr/7sTjAgivPrXc="></latexit>

  -insensitive loss:

Support vector regression:

δ
<latexit sha1_base64="60M3Ptumc7V4hVCdeBcvEY3g2ow="></latexit>

L(z) = max{0, |z|� ε}
<latexit sha1_base64="wuxKa++8Jl0DZKH4vt7A7gJdHfI="></latexit>

z0

L(
z)

1



Regression

Random vector: ξ = (x, y) ⇠ P
<latexit sha1_base64="kVRT/nsAXWotpwM5RB09lwTus6Y="></latexit>

Reality:
P

<latexit sha1_base64="YhutFZn+ly0/OOWb33Mgc12mbC4="></latexit>

�ξ1,�ξ2, . . . ,�ξN � PN
   unknown 
we are given training samples

Practical approach: predict output as
=) prediction error L(w>x� y)

<latexit sha1_base64="Fj7n3whh1bpZJy6LsnJsrzUC6YM="></latexit>

w>x<latexit sha1_base64="h5wtwKcUJ3OcUr/7sTjAgivPrXc="></latexit>

z0

L(
z)

1

Pinball loss:

Quantile regression:

L(z) = max{�τz, (1� τ)z}
<latexit sha1_base64="0gLXVEzCnXmTDgpDIYagbUrLN1Y="></latexit>



Regression
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EbPN [L(w>x� y)]
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the O3+V tropical TMT trends and the smaller than observed
tropical TLS trends.

Evaluating Model Noise Estimates
Model estimates of internal climate variability are a key compo-
nent of detection and attribution (D&A) studies (5, 35). Here, we
describe how we selected subsets of models with more credible
estimates of the size of atmospheric temperature variability. We
also address the question of whether CMIP-5 models systemati-
cally underestimate observed temperature variability, which would
spuriously inflate the S/N ratios in our D&A analysis.
One strategy in model vs. observed variability comparisons is to

estimate and remove externally forced climate signals from the
observations, and then compare the residual variability with control
run internal variability (4). There are a number of uncertainties in
such signal removal strategies (17). We use a different approach
here, and directly compare estimates of the total variability (arising
from both natural external forcing and processes internal to the
climate system) in the observations and the spliced historical/
RCP8.5 runs.
Our analysis period extends from January 1979 to December

2011. After detrending modeled and observed time series of glob-
ally averaged monthly mean temperature anomalies, we applied
a band-pass filter with half-power points at 5 and 20 y to the
residuals (35). We also used a high-pass filter to extract variability
information on 1- to 2-y timescales (SI Appendix).
Because the decadal variability is more important in D&A

applications, only band pass-filtered results were used in ranking
and selecting the five models closest to observations (TOP-5).
Model ranking was based on sLOW, the temporal standard de-
viation of the band-pass-filtered data, and it relied on RSS v3.3
results as the observational target. Model vs. observed differences
in sLOW are much larger than the observational uncertainties in
this metric, so the choice of observational target has little in-
fluence on the ranking results.
For TLS, the model average and observed sLOW values are

almost identical (Fig. 5A). In the troposphere, the multimodel
average value of sLOW is 55–69% larger than the RSS sLOW
values (Fig. 5 B–D). On 5- to 20-y timescales, therefore, we find
no evidence that CMIP-5 models systematically underestimate
the amplitude of observed atmospheric temperature variability.
In contrast, the CMIP-5 models underestimate variability on 1-
to 2-y timescales by an average of 3–7% in the troposphere and
19% in the stratosphere. This finding may be partly because of

differences in how atmospheric temperature is sampled in
models and observations.‡

Fingerprint Method
Detection and attribution studies require an estimate of the cli-
mate signal in response to external forcing. This signal is the fin-
gerprint. Fingerprints are defined in a number of different ways
(19). Typically, they provide information about the signal’s spatial
properties or combined space–time structure. This information is
valuable in discriminating between two external forcings with
similar global mean signals, but with different patterns or time-
scales of climate response (1, 2).
In most applications, the climate change fingerprint is a geo-

graphical pattern (4, 12), a vertical profile through the atmo-
sphere or ocean (3, 9, 11), or a vector with information on the
combined spatial and temporal properties of the signal (6–8).
Here, the fingerprint FðxÞ is a fixed geographical pattern, cal-
culated with the time-varying atmospheric temperature changes
from 1861 to 2011 in the CMIP-5 historical/RCP8.5 simulations
(SI Appendix). FðxÞ provides an estimate of the century-timescale
climate response to external forcing by a combination of human
and natural factors.
The implicit assumption in this approach is that the spatial

pattern of response does not change markedly over time (56). This
assumption is unlikely to hold, particularly for externally forced
changes in lower stratospheric temperature. We examine the im-
pact of this assumption on S/N results by defining the fingerprint
over different time intervals. Even in the case of TLS changes, the
nonstationarity of FðxÞ does not hamper fingerprint detection in
the observations (SI Appendix).
In the next section, we focus on S/N ratios obtained with the

O3+V fingerprint (calculated over 1861 to 2011) and internal
variability information from the TOP-5 models. SI Appendix pro-
vides S/N results from a number of additional sensitivity tests,
which consider the choice of an alternative period for calculating
FðxÞ (1979–2011), as well as the use of alternative fingerprint and
noise estimates (obtained from the BASE models).

EOF 
loading

TLS fingerprint (88.5%) TMT fingerprint (92.9%) TTT fingerprint (94.2%) TLT fingerprint (90.6%)

TLS control EOF1(29.6%) TMT control EOF1 (22.0%) TTT control EOF1 (21.3%) TLT control EOF1 (12.0%)

TLS control EOF2 (12.6%) TMT control EOF2 (7.3%) TTT control EOF2 (6.4%)

TLS control EOF3 (10.7%) TMT control EOF3 (5.7%) TTT control EOF3 (5.5%) TLT control EOF3 (5.5%)

TLT control EOF2 (6.2%)
Fig. 6. Leading signal and noise modes from the
pattern-based S/N analysis, together with the per-
centage variance explained by each mode. Results
are for TLS, TMT, TTT, and TLT (columns 1–4, re-
spectively). The fingerprint is the leading empirical
orthogonal function (EOF) of multimodel average
atmospheric temperature changes between 1861 and
2011. Fingerprints were calculated with synthetic
MSU temperatures from the spliced historical/RCP8.5
runs, using results from the 12 O3+V models (row 1).
The leading noise modes are EOFs 1, 2, and 3 of the
concatenated preindustrial control runs (rows 2–4,
respectively). Only the TOP-5 CMIP-5 models were
used in noise estimation. Details of fingerprint and
noise mode calculations are in SI Appendix.

‡Model temperature fields are spatially complete and sampled at uniform time intervals,
whereas MSU-based temperature measurements are not spatially complete and not
sampled at uniform time intervals. These sampling differences tend to inflate the
high-frequency variance of the observations. The RSS percentile realizations attempt
to account for this variance inflation (26).
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m > N =) problem unbounded!
<latexit sha1_base64="u17jKRF6DZhbc8DyMlGnNQIhD+4="></latexit>

  

 m  N =) μ? = bμ, X? = bΣ�1
<latexit sha1_base64="khbV5KeqMjsyqaVB/fByLjzUZwQ="></latexit>



Maximum Likelihood Estimation

Given: Training samples bξ1,bξ2, . . . ,bξN 2 Rm i.i.d. from N (μ,Σ)
<latexit sha1_base64="0/nntDCA9hrIMSZcdRgxqIm1YbA="></latexit>

Robust maximum likelihood estimators:1)

inf
μ2Rm,X2Sm+

(
� log detX+ sup

Q2Bε,2(bPN)
EQ ⇥

(ξ � μ)X(ξ � μ)>
⇤
)

<latexit sha1_base64="Y3bVNgZVs4P8P4tVkcWKQdubm2A="></latexit>
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Maximum Likelihood Estimation

Given: Training samples bξ1,bξ2, . . . ,bξN 2 Rm i.i.d. from N (μ,Σ)
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normal nominal distribution 
recover ML problem for 
regularization by robustification

bPN = N (bμ, bΣ)
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Robust maximum likelihood estimators:1)
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Wasserstein Shrinkage Estimator1)

1) Nguyen, Kuhn & Mohajerin Esfahani, arxiv, 2018.

Theorem: If           and                              , then 

where 

and     is the unique positive solution of

ε > 0
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     and     commute              is rotation-equivariant 
            for all                  is invertible 
     is easy to compute (spectral decomposition + bisection)
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Wasserstein Shrinkage Estimator1)

1) Nguyen, Kuhn & Mohajerin Esfahani, arxiv, 2018.



Wasserstein Shrinkage Estimator

Properties of the Wasserstein shrinkage estimator: 

exists for             if 

rotation-equivariant  

preserves the order of the eigenvalues of  

condition number improves as 

same complexity as spectral decomposition of    

offers out-of-sample guarantee on Stein’s loss  

follows from robustifying the ML estimation problem 

similar performance as graphical lasso at computational cost 

of linear shrinkage estimator

m > N
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Minimum Mean Square Error Estimation

Problem: Infer signal              from noisy observation             x 2 Rmx
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The distribution    of                                                , is unknown. 
Elliptical nominal distribution: 

ξ = (x, y) 2 Rm, m = mx +my
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�PN = Eg(�μN, �ΣN)

Minimum Mean Square Error Estimation

channel



Problem: Infer signal              from noisy observation             x 2 Rmx
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Robust MMSE estimation problem:1)

Minimum Mean Square Error Estimation

1) Shafieezadeh-Abadeh, Nguyen, Kuhn & Mohajerin Esfahani, NeuRIPS, 2018.
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Robust MMSE estimation problem:1)

Minimum Mean Square Error Estimation

1) Shafieezadeh-Abadeh, Nguyen, Kuhn & Mohajerin Esfahani, NeuRIPS, 2018.

estimator 
(any function of   )y
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Robust MMSE estimation problem:1)

Minimum Mean Square Error Estimation

1) Shafieezadeh-Abadeh, Nguyen, Kuhn & Mohajerin Esfahani, NeuRIPS, 2018.
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Minimum Mean Square Error Estimation
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1) Shafieezadeh-Abadeh, Nguyen, Kuhn & Mohajerin Esfahani, NeuRIPS, 2018.

Theorem:1) If           , then the estimation problem is equivalent to 

If                           are optimal, then 

is a robust MMSE estimator.

bΣ � 0
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     is an affine decision rule 
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Frank-Wolfe Algorithm
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Task: Solve the nonlinear SDP
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Frank-Wolfe Algorithm
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Step 1: Solve direction-finding subproblem

Frank-Wolfe Algorithm
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Frank-Wolfe Algorithm

Step 2: Construct new iterate
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Step 3: Set                  and go to Step 1. 

Frank-Wolfe Algorithm



Frank-Wolfe Algorithm

Key benefits:1) 

1. Nonlinear SDP is “nice”: 

  is concave and smooth,      is bounded away from 0 

          is strongly convex

1) Shafieezadeh-Abadeh, Nguyen, Kuhn & Mohajerin Esfahani, NeuRIPS, 2018.



Frank-Wolfe Algorithm

convergence of FW is linear!

1) Shafieezadeh-Abadeh, Nguyen, Kuhn & Mohajerin Esfahani, NeuRIPS, 2018.

Key benefits:1) 

1. Nonlinear SDP is “nice”: 

  is concave and smooth,      is bounded away from 0 

          is strongly convex



Frank-Wolfe Algorithm

Key benefits:1) 

2. Direction-finding subproblem can be solved in closed form: 

     where     solves

1) Shafieezadeh-Abadeh, Nguyen, Kuhn & Mohajerin Esfahani, NeuRIPS, 2018.
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Frank-Wolfe Algorithm

use bisection; extremely fast!

1) Shafieezadeh-Abadeh, Nguyen, Kuhn & Mohajerin Esfahani, NeuRIPS, 2018.

Key benefits:1) 

2. Direction-finding subproblem can be solved in closed form: 

     where     solves
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Summary

Wasserstein DRO machine learning models: 

Explain commonly used regularization terms 

Explain the benefits of shrinkage estimators 

Motivate new regularization schemes 

Equivalent to efficiently solvable convex programs 

Sometimes solvable in quasi-closed form (bisection!) 

Sometimes solvable via fast FW algorithms
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SAA with Scarce Data

30 training samples 
in-sample: optimistic bias 
out-of-sample: pessimistic bias 
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10 assets

ρ = 10

α = 20%

ξi = ψ + ζi where ψ � N (0, 2%)
and ζi � N (i � 3%, i � 2.5%)

min
x�X

�
EP�

� x�ξ
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Mean-risk portfolio problem



DRO with Scarce Data

in-sample: optimistic bias 
out-of-sample: pessimistic bias
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DRO with Scarce Data

in-sample: optimistic bias 
out-of-sample: pessimistic bias  
DRO reduces bias & post-decision disappointment
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Application 1: Portfolio Selection

  
  
  
 

10 assets

ρ = 10

α = 20%

ξi = ψ + ζi where ψ � N (0, 2%)
and ζi � N (i � 3%, i � 2.5%)

min
x�X

�
EP�

� x�ξ
�
+ ρ P-CVaRα(�x�ξ)

�

1) DeMiguel, Garlappi & Uppal, Rev. Financ. Stud., 2009; 
2) Pflug, Pichler & Wozabal, J. Bank. Financ., 2012.
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Fact: The 1/n portfolio is hard to beat out of sample.1) 
Possible Explanation: It is optimal for             .2)ε � �



Learning Curves

what we think to get …
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Tractability

Worst-case expectation problem:

sup
Q� �PN

EQ�
�(ξ)

�



Tractability

Use the Kantorovich-Rubinstein theorem:

sup
Π,Q

�
Ξ �(ξ) Q(dξ)

s.t.
�
Ξ2 �ξ � ξ��Π(dξ,dξ�) � ε

�
Π is a joint distribution of ξ and ξ�

with marginals Q and �PN, respectively

�

Q = candidate
distribution

�PN = empirical
distribution

Π = transportation
plan



Tractability

Decompose    into                     :Π Q1, . . . , QN

�

Q = candidate
distribution

�PN = empirical
distribution

1
NQ2

1
NQ1

1
NQ3

1
NQ4

sup
Qi

1
N

N�

i=1

�

Ξ
�(ξ) Qi(dξ)

s.t.
1
N

N�

i=1

�

Ξ
�ξ � �ξi� Qi(dξ) � ε



Tractability

Dual of the moment problem is a robust program:

inf
λ,si

λε +
1
N

N�

i=1

si

s.t. �(ξ) � λ�ξ � �ξi� � si �ξ � Ξ, �i � N

λ � 0



Tractability

Introduce the indicator function of    : Ξ

inf
λ,si

λε +
1
N

N�

i=1

si

s.t. �(ξ) � λ�ξ � �ξi� � δΞ(ξ) � si �ξ � Rm, �i � N

λ � 0



Tractability

Reformulate robust program as bilevel program:

inf
λ,si

λε +
1
N

N�

i=1

si

s.t. sup
ξ�Rm

�
�(ξ) � λ�ξ � �ξi� � δΞ(ξ)

�
� si �i � N

λ � 0



Tractability

Take the Fenchel dual of the lower-level problem:7)

7) Ben-Tal, den Hertog & Vial, Math. Program., 2015.

convex
conjugate of ��

support
function of Ξ

dual norm
of zi

inf
λ,si,νi,zi

λε +
1
N

N�

i=1

si

s.t. [��]�(zi � νi) + σΞ(νi) � zi��ξi � si �i � N

�zi�� � λ



Tractability

The worst-case expectation equals:

Finite convex program 
Problem size grows polynomially in input data 
Can be combined with minimization over           : the 
resulting problem is in the same complexity class as SAA    

x � X

inf
λ,si,νi,zi

λε +
1
N

N�

i=1

si

s.t. [��]�(zi � νi) + σΞ(νi) � zi��ξi � si �i � N

�zi�� � λ


