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Plan of the talk

1. Introduction
—fragmentation equation

—stochastic model 1 (direct simulation process)
—probabilistic representation of the fragmentation kernel
—stochastic model 2 (mass flow process)

2. Shattering phenomenon
—non-conservative solutions

—explosion in stochastic models
—examples
—references
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Fragmentation equation

c(t,x) ~ concentration of particles of size x
a(xr) ~ rate at which particles of size = break

b(x|ly) ~ distribution of products from a particle of size y breaking

Y
/ rb(x|ly)dr =y ~ mass conservation
0
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Random fragmentation model 1:  Direct simulation process

DS particle system  (X(f),..., Xyp(t)) >0 N(0)=n

Time evolution
1. exponentially distributed waiting time with parameter

a(x;) i=1,...,N
2. replace z; by fragments z,...,z. with distribution
F(x;,dz)

> fragmentation rate a(z) compactly bounded on & = (0, c0)
> fragmentation kernel F(z,dz) from X to Z =J2, A"
> mass conservation property

F(x,{z€eZ: z1+...+zm=2})=F(z,2) =1
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Random fragmentation model 1:  Direct simulation process (continued)

N
1
state space y(n>—{z5xi; N>1, x,€ i, ’i—l,...,N}
niZl

N

kel "(€.1) =3 [ 11(Jr(6.i,2)) alay) Flai,d2
i=1 Y2
: . . 1 1
jump transformation Jp(&,i,2) = &— =04+ — 0, + ...+,
n n

DS process  £M(t, dx) =2 M5y (de)  —  plt,dr)  (n— oo)

% [ e@nttdn) = [ [ Tota)+ ..+ o) = plo) afe) Pla, d2) e, de)

Fragmentation models IPAM  May 18-22, 2009 5 lwlilals



Fragmentation equation: transformation

Define

FB) (x,dz, ..., dz,) = %Z F¥(z,dzgy, - dzggy) b =2,3,

FUD(a,dy) = F) (o, dy, X, %) Bldyle) = 3k F(a, dy)

k=2
Then
/Z (o(z1) + ...+ lzr)] Fx,dz) =
g; i (o(z1) + ...+ o(21)] Fsg,rzl(x, dzi,...,dzy)
- fj b [ o) E ) = [ ot Bldla) (4

Fragmentation models IPAM  May 18-22, 2009 6 lwlilals



Fragmentation equation: transformation (continued)

According to

/Z (1) + ... + plz)] Flz, dz) = /X oly) Bldyle) (%)

equation

d

7 p(t, dx) / / (21) ©(zr) — p(x)] a(x) Fx,dz) p(t, dx)
transforms into

G | entdn = [ [ o Byl at) - ota)alo)| it da)

and
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Fragmentation equation: transformation (continued-2)

If
p(t,dx) = c(t, z) dw
and
B(dy|x) = bly|z) dy
then
O it da) = /X Bldzly) aly) p(t, dy) - a(z) p(t, dx)
implies
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Probabilistic representations

Property
B> (e = /Z (1) + ... + plz)] Flz, dz) = /X o) Bldylo)
Implies

> average number of fragments with size in (u, v)

k

B> () = [ (o) Bldylo) = [ yia) dy

1=1
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Probabilistic representations

Property
B> (e = /Z (1) + ... + plz)] Flz, dz) = /X o) Bldylo)
Implies

> average number of fragments with size in (u, v)

k

B> () = [ (o) Bldylo) = [ yia) dy

1=1
> mass conservation on average

k k

Suzz = EZZZ:/

i=1 i=1 X
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Special case: homogeneous binary fragmentation

Consider a probability density p on [0, 1] and

1
Flz,dz) = FO(z,dz, dz) = / O(zuz(1—u))(d21, dzo) p(u) du
0
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Special case: homogeneous binary fragmentation

Consider a probability density p on [0, 1] and

1
F(x,dz) = F(Q)(x, dzi,dzo) = / O(zuz(1—u))(d21, dzo) p(u) du
0

Property
[0+t ple] Flads) = [ o) Blaglo) (4
implies
/Xsa(y) B(dy|z) = /01 plzu) + (@ (1 —u))p(u) du
= /OxSO(y)p (%) édy+/0x¢(y>p (1 — %) édy
so that

=L b )+ (-)
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Special case: homogeneous binary fragmentation (continued)

Note

and

Example 1: pu)=1 = bylz)= %

Example 2:  p(u) =2u = bylz) =2
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Random fragmentation model 2:  Mass flow process

|f
% C(t7 'f) - /:o b(fﬂ\w a(y) C(t7 y> dy — a(:z:) C(t’ x>
then
c(t,r) =xc(t,x)
satisfies
%é(t, z) = / " blaly) aly) é(t,y) dy — alx) lt, )
where

b(xly) = 5 b(z]y)
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Random fragmentation model 2:  Mass flow process (continued)

0

o élt,@) = / N b(z|y) aly) é(t, y) dy — a(z) &(t, x) b(z|y) = gbmm

Note
y Y.
/ rb(x|ly)de =y = / b(xly)dr =1
0 0

and
/OOO /OO b(aly) aly) et y) dyd:c:/OOO /Oy b(zly) aly) &(t,y) d:z:dy:/ooo aly) &(t,y) dy
So that

d ©.9) 0.0
—/ c(t,z)dr =0 and / ¢(t, x) dr = const

= random process with jump rate a(z) and jump distribution b(y|z) dy
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Random fragmentation model 2:  Mass flow process (continued-2)

0

5 élt,@) = / N b(z|y) aly) é(t,y) dy — a(x) é(t, x) b(zly) = gb(;pm

MF particle system (X1(8),..., X, (¢))  t>0

Time evolution
1. exponentially distributed waiting time with parameter

a(x;) i=1,...,n
2. replace x; by “fragment” y with distribution

B(dylz:) = blylz:)dy

MF process  ¢"(t,dx) = £370 65 y(de) — &t x)dr  (n— oo)

Fragmentation models IPAM  May 18-22, 2009 16 lwlilals



Random fragmentation model 2:  Mass flow process (continued-3)

According to

/Z (0(z1) ..+ ()] Flz, dz) = / oly) Bldyle) (%)

X

one obtains
Bldyle) = [ [baldy) + ..+ 6.,(dy)] Fla,dz)

and the MF “fragmentation” kernel

Bldyl) = 2 Bldylr) = / S0 (dy) -+ 0 (dy) | Flo,d2)

Z
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Example: uniform binary fragmentation

Consider

1
F(:lj, dZ) — F(2)<ZC, le, sz) - / 5(a:u,x(1—u))<dzla dZZ) p(“) du with p(u) =1
0

and
2 ~ 2
blylr) = = blyla) = Zblyle) = =
DS process
r — wx and (1—u)x with  « uniformon [0, 1]
MF process
r — vy with y ~ 2—2 on |[0,z]
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Non-conservative solutions Part 2

Greltia) = [ Waly) aelt. )y - alw)clta) [ ablaly)dr =y

Note

/ooox Oob(xm@(y) c(t,y)dy de = /OOO /nyb(x|y) a(y) c(t,y) dz dy

0 d 0
= / ya(y)c(t,y)dy = — re(t,x)dr =0
0 dt /o
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Non-conservative solutions Part 2

Greltr) = [ balat) ety dy - awiettr) [ obtalydo—y

[ o [ valatetmdyde= [ [y awete.v) doay

/0 (y) c(t, y) dy = %/Oooxc(t,x)dx:()

Note

However, for appropriate functions a and b

/xc(t,x)dx N\, for t>0
0

[Filippov-1961] formation of dust

[McGrady/ziff-1987] shattering phenomenon
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Non-conservative solutions (continued)

%c(t, ) = /x ) b(x|y) aly) c(t, y) dy — a(x) c(t, z)

Under some regularity conditions on b

g
1
dr < o0

/Ooa:c(t,az)d:z: AN =
0

o Ta(r)

Sufficient condition for shattering

a(lx) > — Vo >0 forsome a>0 and C >0
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Minimal jump process

YV - locally compact separable metric space
A(y) - jump rate, compactly bounded on Y
p(y,dy) - jump kernelon Y

Yy, Y1, ... - Markov chainin Y ~ p with initial distribution p,
Ty, Ty, ... -11.d. Exp(l) independentof (V)
jump times
-1
1y
p— O — l — ]_ 2 . ..
0 T] kzo)\(yk> y &
explosion time Too = My oo T

process on Y U{A} (one-point compactification)

Y, o n<t<mT
YA(t) B {A A "
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Regularity and explosion

regularity: P (7., = 00) = explosion: P (7, < o0) >0

1
A(Yk)

o
regularity < )~ — o0 a.s.
k=0

A bounded = regularity

explosion  ~ A unbounded
& Y. — A with appropriate speed
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Explosion in fragmentation models: Direct simulation process

Theorem
Assume

a(lx) > — Vx>0 forsome o >0 and C >0.
xOé

Then the direct simulation process explodes almost surely, for
any initial distribution.

recall:
DS process ~ jumprate a(z) and jump distribution F(z,dz)
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Explosion in fragmentation models: Mass flow process

Theorem
Assume

a(x) > % V>0 forsome o >0 and C >0

/x(g)aé(dy\x) < B<1 VYz>0.
0

X

Then the mass flow process explodes almost surely, for any
initial distribution.

recall: MF process ~ jumprate a(x) and jump distribution

<k

Bldyle) = | [26,(dy) + ...+ 26, dy)] Fla,do

Fragmentation models IPAM  May 18-22, 2009 25 lwlilals



Special case: deterministic binary fragmentation

Consider a function  such that k(x) € (0, ) Va>0 and
F(x,dz) = F(2)(x, dzi,dz) = () r—n(x)(d21, dz2)

Homogeneous case ~ k(z)=7vyx v € (0,1)
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Special case: deterministic binary fragmentation

Consider a function  such that k(x) € (0, ) Va>0
F(x,dz) = F(2)(x, dzi,dz) = () r—n(x)(d21, dz2)

Homogeneous case ~ k(z)=7vyx v € (0,1)
MF “fragmentation” kernel

2k

Bldyle) = [ [2o(ay)+ ...+ Lo, (ay)] Pla
|

— 5m(x)(dy> + (1 — @) 5$—/{(x)(dy>

X

i
Markov chain Y} k=0,1,...

Yi — k(Y))  with probability 1 — ==

k(Yr) with probability @
Y1 = " k(Y5)
Yy,
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Special case: deterministic binary fragmentation

Consider a function  such that k(x) € (0, ) Va>0 and
F(x,dz) = F(2)(x, dzi,dz) = () r—n(x)(d21, dz2)
Homogeneous case ~ k(z)=~vyx v € (0,1)
MF “fragmentation” kernel
B(dylz) = / [ﬂ 5Z1<dy)+...+ﬁazk<dy)] F(z,d2)
z LT xr
= @)+ (1= sy
— T r(2)\ Y T r—r(x)\AY
Markov chain Y} k=0,1,...
k(Yy) with probability %
Yio1 = | . )
Yir — k(Yy)  with probability 1 — B
Note «k(z)=%2  Yy=1 = Yy = 5 (deterministic)
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Special case: deterministic binary fragmentation- Example 1

F(x,dz) = F®)(x,dz, dz) = O((a) r—n(z))(d21, d22) with

explosion < ,;@é@ < o0 Yk:ﬁ
If
a(x) > Cllogx|® V>0 forsome ao>1 and C >0
then

< — < o0
;Ww - C%HD“

0
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Special case: deterministic binary fragmentation- Example 1

F(x,dz) = F®)(x,dz, dz) = O((a) r—n(z))(d21, d22) with
exlosion<:>i1 < 00 Y, L
P k=0 a(Yk> . 2%+
If
a(x) > Cllogx|® V>0 forsome ao>1 and C >0
then
~ 1 l — 1
< — < o0
% a(Yk) C ; (lﬂ + 1)04
Consistent with
[ o <
o
o Ta(r)
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Special case: deterministic binary fragmentation- Example 2

F(x,dz) = 5(,{(x),x_,{(x))(dzl, dzs) with k(x) = { g T
2

If 2y >3 then

satisfies

k(T
Tp;

Transition z; — k(xy) = z141 With probability

> trajectory of “slowest decay” (z;) has non-zero probability

1 1
lim al) £l Az = — lim k(xp) = —
k—oo X X1 Ll Xy k—oo 2 X0

> no explosion on this trajectory, since limy_. z) = 3
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Special case: deterministic binary fragmentation - Example 2 (continued)

. syl o>
— — 2 47 2
Flz,dz) = On(a) a—riw(dar, dza) - With — s(z) = { L oteise
If
C
a(lx) > — V>0 forsome o >0 and C >0
sz
then

> DS explodes with probability one, for any z
r — k(x) and x — k(x)

> MF does not explode with probability one, for z, > 2

y k(x) with probability —”(;)
—
xr — k()  with probability 1 — —’f(;)
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Special case: deterministic binary fragmentation- Example 2 (continued-2)

. 4l op>d
— — 2 47 2
F(z,dz) 5(K($),$—H($))(dzl’d’22> with k(@) { 5 ,  otherwise
MF condition for a.s. explosion
/ () Blagls) < 5<1 va>0
0 xr

with

B(dy|z) = @ On(z)(dy) + (1 = @) Oy—n(x) (dy)

takes the form

(@)QHJFG_ﬁ)aH < <1 Vo >0

X X

and is not fuffilled for ~ x ™\ 3
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