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Eargeré Z‘é(réé(/ ence 15 Che S Z‘aa/y of ZAe
statistics of S/IOC,«S 11 _Bé(rgehs e?aaZ‘ 1on et A
l‘d/?a/ o1 /‘/?Z(/‘a/ d aZ( A or f OI‘C/hﬁ : T)’]e, Ma/‘h

ol ivalion 15 o prO\//a/e NS {9/}%5 ard r{goroaé

reswlts on turbetlence in F7eids C Earﬁers , 1940).

TZ is avastly simplified problem, bed still of
interest as a benchrark. There are Fascinad /ng
links o problems in statistics, Kinetic Cheory

and other areas of malhematical pA/sics.




e S Z‘L(a’y the £l owz‘nﬂ 3@/7@/‘&/ gues lion. let

be a comex Flux function. Lhat can e sSay
aéoaz‘ Z‘/’le SZatiStics of Z/?e enZ‘ropy S of wlion o

f/?e & ca/ ar ConSerNalion / A

Ou+ 0 f(u) =0, ze€R,t>0,

w/zen Z(/’Ie /‘n/.Z(/‘d/ d CZZ‘ A /‘5 l‘d/?a/ o7 7z




But #irst a ?w‘cé refresher on Bargeré
e?aaZ‘/on. T S Sy - ¢ L(>=L[% 2

7 he an/‘fé(e enfl‘of v S olution, or Che Co/e—-Y/Oﬁ b

soluwtion, 15 3/\/8,/7 Ay a variational principle.
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v (x,2) 1s the ve/ ocity #1 eld. Y 15 called 2he polentia/ and

A (X ,Z(> Zhe inversSe qu/‘d/?q/‘an Fuunction. 7776_2 varialional

p/‘/nc/p/ e 1S 380/)7&2‘/‘/@ recfpe Chadd wses The poZ‘enZ‘fd/ -

6/ 1de pd)‘déo/ a wnder

and £ind First contact.




e s /ncreaéz‘ng 7

B O ) 3/\/35 the ‘correct’ characteristic f/?/‘oaﬁ/]

A e po/nf & X ,f> N Space ~Zime.
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S A« Consegience, U (xd) Is of bowunded variation.
j&(mpé N Qa 3/\/8 riSe o Shocks in w. These correspond

o ‘ a/oé(A/ e -—-Z‘o&(d/zeé : V2 Z‘/’]e 380/)7@2‘/‘/6 pr/nc/p/ e.

ﬁa(x, 2)




Numerical experiments with Brownian tnitial
potential (white woise as initial \/eLooL’cg)

y / Fig. 4. a Solution u(z), solution to the inviscid Burgers
/ // equation at ¢ = | with white noise initial velocity (type
/ / B). b, ¢ Show successive small-scale zooming. Note the

hierarchy of ramp-like structures with slope 1 and the
isolated character of shock points

She, Aurell, Frisch, Commun. Math. Phys. 148, (1992)




Numerical experiments with Brownian tnitial
potential (white woise as initial veLoaLtg)

Fig. 3. a Inverse Lagrangian function a(x) correspond-
ing to the solution to the inviscid Burgers equation

at ¢t = 1 with white noise initial velocity (type B).
b, ¢ Show successive zooming, displaying smaller and
smaller structures. Note the sparseness of small scale
structures, compared to Fig. la—c

She, Aurell, Frisch, Commun. Math. Phys. 148, (1992)




Fig. 4. a Solution u(x), solution to the inviscid Burgers
equation at £ = | with white noise initial velocity (type
B). b, ¢ Show successive small-scale zooming. Note the
hierarchy of ramp-like structures with slope 1 and the
isolated character of shock points
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Fig. 2. a Eulerian velocity u(x), solution to the inviscid
Burgers equation at ¢ = | with the Brownian motion
function as initial velocity (type A). b, ¢ Show succes-
sive small-scale zooming, as in Fig. 1. Note the hierar-
chy of ramp-like structures with slope 1 and the prolif-
eration of small shocks




Sorme Fundarienta/ gues Zions

l> %ow do we describe Zhe »r po/nZ‘ séatistics For
)7 More /are,ci&_e/y, Aoewo can e wunderstand ¢he
6/70@% Strecture and the coalescence of 5/70@/(5 7

2) Can e wunderstand Zhe Fine structure of <X ,Z> —— eg.
Yot Sdor{¥ dimension of Z_agranﬁian rega/ ar pornts?

3> >Z/ow & pec/a/ are Chese choices of int a7l dada. I eohal

SensSe are a)/’]/‘Z‘e norse and Broworniar »otion \ z‘ypica/ A




Both problems have remarkable exact solutions!

whtte notse tnitlal veloclty:

P. Gqroeneboom, Brownian motion with a parabolic drift and Alry
Functions, Prob. Th. rRel. Fields, 81, (1989).

L. Frachebourg, P. Martin, Exact statistical properties of the Burgers
equation, ). Fluid Mech, 417, (2000).

Brownlan motion Lnttial veloclty :

L. Carvaro, ). Duchon, C.R. Acad. Sc. Paris. Math 319, (1994) ,
Ann. IHP Anal. Nonlineaitre 15, (199%).

J- Bertoin, Commun. Math. Phys. 193, (1998).




A £irst q/ //)7'258 al Groeneéoom ‘5 Solwution

'777@ one -—po/nz‘ dIs Z‘rféaz‘/on of w @ Cinme | Ahas dens /‘Z‘y

J(uw)J(—u), uelR.

The function J has an explicit Laplace Zranstors

where 4 /‘( ?> 1S Z‘/?e ( £/ r62‘> 4 /‘/‘y function.
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Brownlan motlon as unttial \/el,ocitg,
and Levy processes .




Brownlan motlon as Lnttlal \/eLocitg

AN //\/\VA/ .
V o

WYL

t=0 t=1

inttial data s a one stoed we thewn stvwlg wWOet) - u (Ot).
Brownian motion (for stmplicity).




Gewnerators of Markov processes

A Markov process 1S characterized 5}/ 7S Cransition
Serugroup & and generalor. For switable test functions

. Qrp—y
Ag@—l}g}g e

For Le\/y pProcesses we may USe Foulrier ana/y5/‘5 S e )
e Cconsider exponent 1a/s as est Functions and F£ind

Aet*s = (ik)e*™, k e R.

For eXdMP/e ;o ) is a Brownian mtion, ¢ (Zk) T




The butlding blocks of owr Levy processes

X

lncreasing

velocity field

compouwd
Polsson (Linverse
Lagrangian a(x,t))




The Lc\/gj—lélaiwtchim formula

7 he pProcesses we consider frave one—Sided JUPPS becauSe
of Che_entropy condition. The muelliplier w 1S called Che
Lqp/ ace eXponenZ‘ and has Zhe represS entalion’

/ (e7% —1+4gs) A(ds), qe€C,.
0

77763 J'amp MeaSLUre A des cr/ées Zhe (/'ampé in Che
compound Porsson process (in fact, Ay Z a,é/ng lirnts e do
not  need Yo assume ChHAl Lhis measure is Finide).




Closure for spectrally wegative processes

T he ent ropy S olwtion Zo 3&(}‘33/‘5 e?aai 1on adrnts a
resmarkable closure pProperty: Asswume Chat the india/l data
15 A Z_evy pProcesSsS coith  onl Y doconcoard JZ(MPS ( S, pecz‘rcz/ / v4

negaz‘/\/e>. Then So is Lhe solution For every Z 0.

This was observed forral /y Ay Carraro and Duc hon ( |994/> , and
proved hﬁoroaé/ (v Ay Bertoin ( qug>. ks yie/afs the exact

solution for Browman motion imtial dala ) and a /ot more.

%ere A}/ lhe Zernr cloSure e r»ear thad CHs class of

randory processes 1S preéerVed Ay ZAhe ehfropy sSolwtion.




The solution for spectrally negative Levy processes

L]/ (2, b ———ep ()
\/l/ //I/M/WVAV;( Closwure Theorens

Ent ropy s oletion o
Bargeré e?aaz‘/on.

Closwure Thecorer
V
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The kinetic equation for clustering of shocks

—— A
w (C], t) Lev}/—K/?/nZ‘c///ne forriet/a i

Sroluc hoewski S cOaga/ al1on

e?aaZ‘ lon  with Qditive KFernel/

[.evy —KAhintchine Forrel/a
1(q,0) ~— A




Asswume Zhe JUMP meaSUre N Aas a a’e,n\S/’é‘y n. Then he
Smoluc howski C’/oaga/ alion e?aaf lon toith additive Fernel 1S

oin(t,s) = Q1 — Q2

1 = g/ n(t, s \n(t,s — s') ds' G wlrth
0

TL Sk NN,
Q2 = : n(t,s)n(t, s ) ds S Teath
0

I£ we Zake Che Laplace exponent of C/ns e?aaz‘/on , toe
oblan Bé(rgel\s e?aaf lon. THis has / =X been ,énoa.)n ( Golovin )
19(03> bt 2he link corith Eargers Curbetlence 1s very recent.




An elementary arqetrent for the additive Ferne!/

) Since « IS a Z_evy ProcCesSsS,
S hoc(/ SiZesS dare /na/epena/enf of”
spatial location and vel OC/Z‘y.

2) The s hock s peed 15 3/\/817 Ay
f/?e f dn,é ' he —'Y/é( 30/’7/02‘ C’/Oha//‘f/“or) :
( e/ alive ve/ OC/‘Z‘y In a collision is

Che Swurr of S/IOCé SiZes.




I¢ has Caken a while for this simple description Zo
arise. We can wuse it as a basis For a complete
description of self=sipularity in shock statistics, and
variows turbulence hewristics . Our persSpective,

Adéea/ OoON Z‘/}e C/ oSUre Z‘hé’,O/‘ e, Md}/ Aé’, f Oé(/?a/ /‘/'?'.

G. Menon and R. Pego, Commun. Math. Phys., 273 (2007).

Several prec/\Se /. /n,éé betioeen stochastic coalescence

and Bargens Zurbetlence >z be Found in:

. Bertoin, Some aspects of additive coalescents, Proc. ICM 2002.




White noise as nitial velocity and
general convex flux functions.




Despite Che el egance of Che previows solution, [_evy
processes are (oo r{gfc/ . The ana/yS/S does not cgpp/y o

l> Noise intial data ) 15 parz‘/ca/ ar, for white norse )
which was Cthe inmdial motivalion For Bargeré S Z‘é(a/y.

2) A "/ scalar conservalion laeo asSide o E&(ﬁgeré

e?aaZ‘ 10N y even for Z.evy pProcCesSsS intial data.




The Hopf-Lax formula

7778 enf/‘opy Sollion o the scalar conServalion [aeo

Ou+ 0, f(u) =0, xR, t>0,

et h comnvex #7 leex £1s 3/\/817 Ay Zhe Y/opf —Lax # orriula

r—a(x,t)
L

f’(u(az, t)) A

a(x,t) = alfg;miﬂ;r sUo(y) +tf" (CE ; y> .

\\

Were X 15 the comex dual oF £




’Typ/ca/ proﬁ /e of Solulions

( arefactions are nonl. 1 hedl. 777/‘5 1S

/nCOMPQZ( /‘A/ e twith Z.evy prOCeS Ses.

i




The motivalion For owr cwork

l> Groeneéoom \5 exact? S oluwtion 1S « SPeCZ‘/‘Q/ /A y neﬁaZ‘ e

Mar,éov pProcessS (bet net Z.evy> . In fact ) Ale COMPL(Z‘ea/
¢ e 33/7&/‘@5 or of tHh's proC’/eS S eXp/ 1/ y ( |qgg> :

2) In a very 1nteresting Formal analys:s, Chabano! and
Duchon, (J. Stat. Phys. 14 (2004) Found evoledion
e?aaz‘ IoNnS ( vz f> £or Z‘/’]e 38/78)‘&5 or of A ve/ oc/fy £/ e/d

that s Markov Gin ). Owr work relies \SZ‘ronﬂ/}/ on /s

9 ) 7 Ae prec/Se / /n,éS Zo coalescence for Levy ProCesSsSesS,
described earlier. Ths s aﬂge\f s a unfied \//ea)po/nf .




Generators of spectrally negative Markov processes

A S/Qecz‘ra//y negaf/‘\/e Feller process cwith BV Sample

paZ‘ Ahs has arn infinmtesina/ 3@/78/‘&? or of Zhe Forn

Drift ol level/ «. Jumps From w 2o v.

Samp/e paZ‘hS / oo,é local. /y //,ée A Z.évy ProCesSS, bt
Z‘/{e infinmtes /‘Ma/ \ Z.évy \ Cﬁdt‘dCZ‘er/S Zics a/epena/ ON Z‘/[e
Jevel! «. 777/5 d/ /otws curved /aai /75 £for exa/y/p/ e.




Closure theorems (Srinivasan, Ph.D thesis 2009)

&;u Sl &,;f(u) —(0) £ SZ‘N‘CZ“/V CornveX.

Thr. L. Asswume 2 he inmtial vel ocify el x ,O> IS 7

Specfra/ /y negaz‘ Ve Mar%ov ProcCesSS. Then sSo is the

enf/‘opy sSolwtion ¢ x ,Z‘> For every Z 20

Thm. 2. Assume the initial potential Lx,0) is a

S pecz‘ra//y negaz‘/\/e Z.é\/y process. T hen Zhe entropy
Solwlion 15 a Specird/ / v/ neﬁaf Ve Mar(/ov procesS £or

e\/ery Z >0 .




Since Zhe pProcesS 1S Maréov , 1T Aas an
i initesimal \93/78/‘@2‘ or CAhal depends on (x ,f> :
Conceptuall Vy we fave Che £o// oa)/ng pirclure.

u(x, t) - ————— A(a:,t)

Closure Zheorens

Closure Zheorent

elipi () & i L




The “generator™ in time

First recall the defintion of Zhe 3eneraZ‘ or:

b(uw) ' (1) + / (s, dv) (0(v) — ().

— OO

Noww define an assoc/aded operaf or Chere £ /s Zhe

~7 / V204 f Unclion 11 Z‘/7e & CQ/ a, COn\Ser\/dZ‘ 1O / da)> .

Bo(u) = —f(u)b(u)¢' (u)
i flv) — f(u)

n(u, dv)
vV — U

(p(v) — p(u)).




7776 operaZ‘ or B corres pona/é lo Che stlochastic

pProcCesSsS el x ,Z> noeo Viewed as « pProcCesSsS o

U is not Markov in 2, but 2his works! Simply
consider hoewo ¢he paZ‘ As evolve wilhowtd collisions.

f/(u) 1S Che Speeo/ al  leve/ Uy SO we Ahave

Oru = —f’(u)b(u) for evolulion Ay Zhe drif.

f(u) s f(fU) 1S CAe Speea/ oF a 5/70cé

S/‘/y//‘/ d/‘/
}/) Uisae U connect "’7\9 levels ¢ arnd v.




The equation of evolution

Consider COMPQZ/A/‘/ A G S em{g/‘o&(pé 1n X, T

3eneraz‘ea’ 5}/ the foreard Ko/ r10goroV e?é(d’é‘ IonS

0.0 = Ay and O =By .

Thad /s y we /‘Mpoée at axSO = ag; &590 Zo oéZ‘dfn
Z‘/’le Lax e?aa’é‘ 107

8 A—8,B = [B, Al




The general kinetic equation for shock coalescence

7The Lax e?adf 1on expards 1nlo a Kinetic efaaZ‘ lon. For
S /‘Mp/ /‘C/‘Z(y y ASSUNMIe ho X a/epena/enCe (stationari? y> .

0;b(u,t) = —b°(u, t) f'(u) oyn(u,dv,t) = D¢(b,n) + Qf(n,n)

Df(b: n) =au {n(u) db)b(u) (f,(u) T [fl]u,v)} + av {n(u) d’b)b(’U) (f,(’U) _ [f’]v,u)}
— n(u, dv) {b(u) " (u) + b'(u) (f'(w) = [Fu0)}

Qstrom) = | nlu,duln(w,de) (e = [/

— n(u, dv) /( ) (s = )

— n(u, dv) /( ) (e = [




The Rinetic equation for clustering (Burgers)

b= —b%




Self-similar solution for white wotse (Groeneboom '28)

1
b(’U,, t) — Z,

tohere i arnd K Aave Lqp/ ace Cranstor,s:

i) k(q)=2log<j>”=—2(f‘j;((j)>> -




More on Groeneboom’s solution

Irn order Zo \/8/‘/‘{; \/ Chal CAS 1s a sSolulion e rneed
o U#USe Sore /nZ‘ereSZ‘/nﬁ identities. These are best
coritten in terms of the variable e = v \/ 2 7 her

' =—q+e’, @——— Kccati egn.

k' = —2(1 — ek),
E'" = 6kk’ + 49k’ + 2k.

7T hese yield Chree moment identities, such as

KxJ(x) =2 —J and sore armazing cancellations.




Complete ntegrability and the Painleve property

In factd, e IS Che £irst A WS ollion Yo Panleve 2!

1
w” = 2w + 2wq + 5"

Se/f=Sirular sSolutions o Severa COMP/ eZ‘e/y

/‘nfeﬁrdé/ e SYstems (Kdv, NL.S, Sine—Gordon) can be
expreé Sed in terrs of Panleve Zranscendents. T}ley

also appear in Famous solable’ problems in
mathematical physics. In particular, Che cel. ebrated
Tracy-widor distribctions in randorr madrix ¢heory
are described by Panleve 2 with parameter O.




Burgers turbulence and random matrices

7 he A)/gner Senucircle law 15 Che laww of / arge
nimbers For the distribution of ezgen\/a/ LeS of randorr
mcadrices From the GOE, GUE and GSE enseribles.
The Tracy-tidom distributions describe wriversal
Fluctuations around the /argest eigemalutes.

I cannod connect éroeneéoom ‘5 Solwtion o 77acy 5
wWidor ) but I can connect the First exact solution

(Cararro-Duc hon, Berdoin) very nicel v Zo Che Aj{gner

S e/y//c/rc/ e / AL Z‘/?ﬁo&(g/} Dyé ON \5 Brocoriarn »olion ./




Muceh remains to be downe...

D 'g{goroaS ana/ }/\5"5 of stale -—-a/epena/enf COQSL(/ alion:
d> Persistence of E::/ /e, properfy.
b)) tel/ —-po\fedn&fé of Lax e?aaz‘/on.

2 A a/eeper C’/onCepZ‘aa/ LUnders fdna//nﬁ of” Lax e?adZ‘ ron:

a> Inverse scat Z‘e/‘/‘hﬁ/ E‘emdnn—-%/// berd proé/ erns.
A> Connections Zo ﬁacy —-A)/a’om /aeos?

c> Caée — ool QSyMPZ‘oZ‘/C\S in Stalistics.
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