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QOutline 2

m Dynamics and initial state
m Related kinetic theory
m Not to be neglected: 1st order effects

Observable and main theorem

m Proof:

m Selective iteration of the Duhamel formula
m Control of fast oscillations via momentum graphs
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Dynamics and initial state 3

m We work with dimension d > 4

m Dynamics determined by a discrete nonlinear Schrédinger
equation

m Hamiltonian system with conservation of energy and norm

m We choose initial data randomly distributed according to a
corresponding Gibbs measure
(“thermal equilibrium initial state”)

The initial measure is invariant under both the time-evolution and
lattice translations.
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m Finite lattice: L>2, A=1{0,1,...,L—1}9
m Periodic BC: Al arithmetic mod L

m Dual lattice: ={0,1,..., 52}
m All arithmetlc mod 1
m “Integration” = finite sum:

/dkf(k) 0 IZ

keN*

m Fourier transform:  (x € A, k € A*)

Fk) = 37 F(y)e 2 = f(x) = / 4! F(K')el2mH"

YeN



| Te(x) = 3 an(x — y)ely) + M) Poe(x)

YEeN

mYAN—C, telR
m)\>0

m Harmonic coupling determined by o : Z9 — R,

ap(x) = Z a(x + nL)

nezd

m « exponentially decaying (example: nearest neighbor)

m We assume also o(—x) = a(x)



@) = 3 anlx = 00 00) + A 3 Rl

X,y €N xeN

1 .
m Relate g, px € Rto ¢y by  1(x) = E(qx + ipx)

m NLS equivalent to the Hamiltonian equations
4x = aprA, Px = —8qXH/\
m Thus Hp(?) is conserved

m By explicit differentiation, also 3" [¢(x)|? is conserved



e - I9E) T] [d(Re w(x)) d(1m ()]

57” XEN

m Definew : T9 — R by w=F_«ka.

m We consider only 5 > 0 and p < ming w(k)
= Also the Gaussian measure at A = 0 is well-defined

] Zg‘“ > 0 is the normalization constant

m Let E denote expectation over the initial data
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Properties of the system 8

m The solution 1); exists and is unique for all t € R with any
initial data o € C". (conservation laws)

Initial state is stationary: E[F(¢+)] = E[F (v00)]

m Also invariant under periodic translations:
E[F ()] = E[F(¥)].  (m)(y) = ¢y + x)
m Translations commute with the time-evolution:

wat — @bt | ’&O:wao

“Gauge invariance”: similar invariance properties hold for
translations of total phase, 1)p(x) — €%1p(x), ¢ € R.

m Thus, for instance, E[¢:] =0, E[¢Yp1):] =0,
E[pe (X') e (x)] = E[t00(0) e (x — X')]

Jani Lukkarinen Kinetic conjecture in a weakly nonlinear Schrédinger equation



Intro Dynamics Kinetics 1st Theorem Proof Comments Inhomogeneous Homogeneous Time-correlations

Related kinetic theory 9

m The “unperturbed” system (A = 0) has harmonic dynamics
with initial data distributed according to a Gaussian measure.

m This system can be explicitly solved by Fourier-transform and
has wave-like solutions.

m Kinetic theory postulates that for small perturbations, and
suitable initial data, the effect of the perturbation amounts to
Boltzmann-type collisions of the waves.

m An explicit kinetic conjecture based on perturbation

expansions states that the approximation should become exact
in the following limit:

m Consider only space-time scales O(\~2)
(here t = 7A"2 with 7 fixed)
m Take first A — oo, and then A — 0.
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Inhomogeneous Homogeneous Time-correlations

Conjecture: Inhomogeneous Gaussian initial data 10

More explicitly:
m Suppose the initial state is
covariance,

Gaussian with slowly varying

Efo(x")*1o(x)] ~ Wo </\2X +x ,X — X’)

where Wy(y, k) € S(R? x

2
T9) and Wp := Fl Wo.

m Then the approximate form is retained for times O(\~?),
and E[y:(x')*¢(x)], t = 7A 72, can be approximated similarly

using some W.(x, k)

m W, (x, k) solves an inhomogeneous non-linear

Boltzmann-Peierls equation

Vw(k)

s

0 W, (x, k) +

Jani Lukkarinen

- Vi WT(X, k) = CNL[WT(X7 )]

Kinetic conjecture in a weakly nonlinear Schrédinger equation



Intro Dynamics Kinetics 1st Theorem Proof Comments Inhomogeneous Homogeneous Time-correlations

Conjecture: Homogeneous Gaussian initial data

11

m Assume that the initial state is Gaussian and translation
invariant

m Then there always is W;(x) such that
E[e(x) ve(x)] = ie(x’ — x)

m Kinetic conjecture: W, = limy g limp_ oo (F W, 2) solves a
homogeneous non-linear Boltzmann-Peierls equation

Or Wi (k) = Cac W4 ()],

CNL[h](kl) = 47T/ dkodksdks 5(/(1 + ko — k3 — k4)
(Td)3

X 5(w1 + Wy — w3 — w4) (h2h3h4 + hi1hshy — hihohs — h1h2h4)
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Conjecture: Equilibrium time-correlations (this talk) 12

m Consider initial states which are stationary and translation
invariant (equilibrium states)

m Consider a sequence of such states with A\ — 0 such that the
limit is Gaussian and

lim lim E*[o(0) ¢o(x)] = W(x)

m Suppose also that Cy[W] = 0 (true automatically?)
m In the present setup, W(k) = m a smooth function.
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Kinetic conjecture

Equilibrium time-correlations are determined by an operator L,
a linearization of Cyp around W

m Energy-type correlations (> Var(¢, .1, »,151)) should
have a limit which follows time-evolution determined by e *7.

m Typically, (Lh)(k) = V(k)h(k) — (Ah)(k), V(k) some nice
function and A a compact operator.

m Field correlations [E[1)§1), 2], should be have a limit whose
decay is determined by e~ V7
(linearization of the loss term of Cy ).

Jani Lukkarinen Kinetic conjecture in a weakly nonlinear Schrédinger equation



d ~ ~
gpe(K) = —iw(k)ye(k)
<00 AR i+ K s () D))

where
da(k) = |A|L(k mod 1 =0).

Therefore, with Ry = 2E[[10(0)|?] # 0,

%E[%(k')*eiw(k)@(k)} L= —IAA(K = &) [Ro + O(N)]

t=



Intro Dynamics Kinetics 1st Theorem Proof Comments Not yet 2nd New fields

Thus there is are corrections to the wave-evolution starting from
the natural time-scale of the perturbation, t oc A™*.

m In general, cannot be removed by a simple shift of w
(unlike for the earlier treated random linear perturbations)

m However, can be treated here by
truncation of “internal pairings”:

ﬁ [313283] = aiaoasz — E[alaz]a3 — E[ala3]ag — E[agag,]al

= VoK) e(kpe(Ks) = Pehe(kL) Ve (kb )ibe(KS)]
+ On(K] — K5)E[o(0) Do (ky)] e (KS)
+ A (K] — K)E[1ho0(0) o (k)] e(k3)
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Final complication: slow decay from coherent collisions 16

m This would remove all O(\) -effects.

m However, there is a bad set S C (T9)3 of wave numbers
with “degenerate” collisions.

m Let ®} have support within \i-radius around S, with
®)|s = 1. Define & =1 — &),

m Insert 1 = ¢f + <Dé inside the k’-integral, and use the pairing
truncation only for the second term (for the bad set).

Jani Lukkarinen Kinetic conjecture in a weakly nonlinear Schrédinger equation



w(k) == w(k) + ARy
Be(k, 1) = €% 0y (k)
3r(k,—1) == 3p(—k,1)"

ko) = —ido [ dK{dKSdK; on(K — K — K — K)eHAK')
dt (A*)3
x 0Nk Vae(k], ~1)3e(Ks, 0)3e(KS, 1)

+ Y (KYP[3e(K}, —1)3e(Kb, o)ae(K}, 1)] } ke N, oe {1}
Q((kl, ko, k3), O’) = w(k3) — w(kl) + O'w(kz) — O'Ld(kl + ko + k3)
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Observable and main theorem 18

Fix test-functions f, g € >, and assume they have finite support.
Observable
T T \k—iwrMTAT2A T T o\~
Q/>\\(7-) = E[<f7 ¢0> <e A 8, w‘r)\—2>] = E[<f7 30> <g7 aT)\—2>]

Under additional assumptions on the decay of equilibrium
correlations and on the dispersion relation:

Theorem
There is 79 > 0 such that for all |7]| < 79

lim lim Q,Q(T):/ dkg(k)*?(k)W(k)e—rl(k)lrl—irrz(k)
A—0A—oo Td
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m W(k) = (B(w(k) — )"t is the earlier A = 0 covariance
function.

m [j(k) are real, and (k) = I'1(k) + il2(k) is given by

Mki) = —2/ dt/ dkodksdksd (ks + ko — ks — kg)
0 (Td)3
X eit(w1+w2—w3—w4) (W3 W4 — W2 W4 — W2 W3)

with w; = w(k,-), W; = W(k,)

1
M(k) =2r—7— dkodksdksd (ki + ko — ka — k.
= Ti(ki) WW(k1)2/(Td)3 odksdkad(ki + ko — k3 — ka)
4
X O(w1 + wp — ws — wa) [ [ W(k)
i=1
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Summary of the main result 20

m Loosely: for all not too large t = (9()\—2)'
E[i/jo(k/)*l/jt(k)] ~ On(K — k)W (k)e™ wien (k)= [A2¢[M1(K)

= w;\en(k) = w(k) 4+ ARy + A2Ta(k)

m 2[ (k) > 0 coincides with the loss term
of the linearization of Cy_ around W
= the correlation decays exponentially,

as dictated by e 1\’tIM (k).

m Nearest neighbor couplings satisfy all of our assumptions
(wWnn(k) = ¢ = 329_, cos(27k"))

Jani Lukkarinen Kinetic conjecture in a weakly nonlinear Schrédinger equation
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Assumptions 1 21

l1-clustering of the equilibrium measure

m There exists ¢y > 0 such that for all sufficiently small A and
for all n > 4 the fully truncated correlation functions
(cumulants) satisfy

trunc
] < Agyn!

sup A(x1 ‘]E[ ao(xi, oj
AUG{:tl}” H n

m In addition, for n = 2:

fimsup >~ [E[Yo(0) vo(x)] — E[vo(0) vo(x)]1=5 | < A2c]

L= nle<ty2

m The expressions can be studied by cluster expansions.
For nn-interactions, they hold by Abdesselam, et al., 2009.
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Assumptions 2 22

Sufficient dispersivity of the free evolution

w is real-analytic and w(—k) = w(k).

(¢3-dispersivity). Let p:(x) denote the free propagator. We
assume that there are C, 6 > 0 such that

Pell3 = D Ipe()PP < C(L+[t))

xezd
(crossing bounds) (Similar conditions involving propagators of
. . 3
dispersions of the type k — > 7 ; ciw(k + k!).)
(constructive interference) M*"e C T is a union of finitely
many closed, one-dimensional submanifolds, for which

C

— (1 -1
d(h. o) 1

‘/ dk e—it@(k)£u(k—ko))| <
Td n

where d(kg, M*"8) is the distance of kg from M="&.
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Comments on the second assumptions:

m Condition 2 (¢3-dispersivity) guarantees that (k) is
well-defined.

m M58 -£ (), since it must contain at least 0.

m The “bad set” S used in the definition of the cutoff function
d)é consists of all (kq, ko, k3) such that
ki + k; € Ms"e for some i, ;.

m Checking the assumptions can be tricky, in general
(harmonic analysis?)

Jani Lukkarinen Kinetic conjecture in a weakly nonlinear Schrédinger equation
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Outline of the proof 24

Show that it is enough to prove the result assuming ¢t > 0

Iterate a Duhamel formula Np()) times to expand a; into a
perturbation sum (we choose Np! ~ A~ P, for a small p)

There are two types of terms in the expansion:

Main terms These will contain a finite monomial of ag whose
expectation can be evaluated using the
“moments to cumulants formula”.

Error terms These will involve also as for some s > 0.
The expection is estimated by a Schwarz bound
and stationarity of the equilibrium measure
= The bound involves again only

finite moments of ag.
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Each cumulant induces linear dependencies between the wave
vectors. These can be encoded in “Feynman graphs”.

This results in a sum with roughly (Np!)? non-zero terms.
However, most of these vanish in the limit A\ — 0, due to
oscillating phase factors.

@ Careful classification of graphs: we use a special resolution of
the wave vector constraints which allows an estimation based
on identifying, and iteratively estimating, certain graph
motives.

Only a small fraction of the graphs (leading graphs) will
remain. These consist of graphs obtained by iterative addition
of one of the 20 leading motives.

B The limit of the leading graphs is explicitly computable, and
their sum yields the result in the main theorem.

Jani Lukkarinen Kinetic conjecture in a weakly nonlinear Schrédinger equation
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Main ingredients |
The Duhamel formula 26

Duhamel formula for monomials

Hat (ki,oi) Ha() (ki, o))
IAZ / dS/ dk’d/\ k _ kl _ k2 _ k3) —isQ(k’,0})
x H 3, (ki o)) { @YKV (K, —~1)3s (K, 03)3s (K, 1)

i=1;ij

+ O3 (K'YP [3:(K, —1)2s(k3, 07)as(k3. 1) |

Jani Lukkarinen Kinetic conjecture in a weakly nonlinear Schrédinger equation



Intro Dynamics Kinetics 1st Theorem Proof Comments Duhamel Cumulants Errors Resolvents Graphs

Main ingredients [l

Moments to cumulants formula 27

Cumulant expansion

For any index set /,

E[[Taotkion] = 3= TT[on(3" &) Gakaroa)]

icl Semn(l) AeS i€A

where the sum runs over all partitions S of the index set /.

m Assumption 1 = uniform bound on the cumulant functions

Colk, o) = Z 5A(X1)e—i27r27:1X;.kiE[H a0(x;, ;)
i—1

xEN"

} trunc

m Thus the cumulant expansion encodes all singularities
of the moments.

Jani Lukkarinen Kinetic conjecture in a weakly nonlinear Schrédinger equation



m All error terms are of the form

A2 L
/0 asE[(7.20)" R3] .

where Fs contains only a finite moment of the fields 3.

m By Schwarz inequality, (t = 7A72)
t . 2 N t
[ s [F.30) R | < =30 [ asElIREIR)
0 0

m By stationarity of the initial measure,

E[|F[3]1%] = E[|Fs[e™ o] ]
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Main ingredients |V

From phases to resolvents

Representation of oscillating phase factors

Let v; € D, i € I, with D C C compact. For any A C [/,
non-empty, define A’ = {«} U/ \ A. Then for any path I'p going
once anticlockwise around D, we have

/(R )’d55< — %l:s,) gei'YiSi

j{ /R )A/d56 t ; Z Si) H e

ieA’ ieA’ i€EA

i
Yx=Z H

="

m Application: Take an absolute value inside the second integrals
= Removes all phase factors with indices / ¢ A.
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Main ingredients V

Momentum graphs 30

An example of a momentum graph:

Jani Lukkarinen Kinetic conjecture in a weakly nonlinear Schrédinger equation
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Resolution of the momentum constraints:
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Comments 32

Infinite volume limit: can start from Z< instead of A.
d < 4?7 (d = 3 likely OK, how about d = 177)

Which interactions satisfy the assumptions?
(¢1-clustering and oscillatory integrals)

Decay of energy-type correlations: ﬁ(H(O)H(t))?
= Full linearized BE

Non-stationary initial state? = Nonlinear BE

Jani Lukkarinen Kinetic conjecture in a weakly nonlinear Schrédinger equation
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