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1 Introduction
This paper is devoted to the analysis of the following system of reaction-diffusion equations
owa; — V- (D;Va;) :%i(a), , 1e{l,...,p},
Qi(a) = (ni —vi) (kaa;-/j —kaafj), (1.1)
j=1 Jj=1

_ 0
Qi jt=0 = Q;-

The equation holds for ¢ > 0 and the space variable x lies in 2 where
- either Q = RV,
-or © C RY is a bounded domain with smooth boundary and the system is completed by imposing
the Neumann boundary condition
DiVai . I/(.’E)|aQ == O,

where v(x) stands for the outer normal vector at = € 5.
Throughout the paper, the symbol V denotes the gradient operator with respect to the space variable x
only. The matrices D;(x) are required to satisfy

D; e (L2(2))"V,

1.2
Di(x)¢ - &€ > al¢)?, a>0 for any £ € RV, x € Q. (12)

Let us comment this assumption:

- the analysis below is interesting when there are different diffusion matrices: assuming D; = D, a
common value, makes the problem easier;

- there is no regularity assumption on the coefficients;

- the standard uniform coercivity condition is assumed. The case of degenerate coefficients leads to
specific difficulties which are beyond the scope of this paper.

Such a system is intended to describe e.g. the evolution of a chemical solution: the unknown a; stands
for the density of the species labelled by i € {1,...,p} within the solution. The right hand side of (1.1)
follows from the mass action principle applied to the reversible reaction

p p
Z ViA; — Z i Ai,s
i—1 )

where the p; and v;’s — the so-called stoichiometric coefficients — are integers. The (positive) coefficients
ke and kp, are the rates corresponding to the forward and backward reactions, respectively. According
to the physical interpretation, the unknowns are implicitly non-negative quantities: a; > 0. In fact, this
property holds thanks to the structure of the system. Indeed, (1.1) can be written

owa; — V - (D;Va;) + Li(a)a; = Gi(a) (1.3)

where the nonlinear functions G; and L; have the property: if the components a; of a are non-negative
then G;(a) > 0 and L;(a) > 0. Hence preservation of non-negativity, when starting from a non-negative
initial data, can be considered among the a priori estimates of the problem (see appendix for more details).
The main ingredients of our analysis rely on the following properties:



e The mass is conserved. The stoichiometric coefficients satisfy

There exists (mq,...,mp) € NP, m; # 0, such that
z 2 (1.4)
Z mipl; = Z mgvi.
i=1 i=1
It implies the mass conservation

d p
— m; a;dr = 0.
72,

e The entropy is dissipated. We set K = ky,/kg, then

P P P Haéﬁ
Z Qi(a)In(a;/ K Pri—vi)y — —lq(Haé” — KHai-”) In % <0. (1.5)
i=1 i=1 i=1 K Hazﬁ

In order to simplify the notations, and without loss of generality, we restrict ourselves to the case
m; =1, ke =1 = ky.

A crucial role will be played by the quantity

p p
= ZM = Z Vi,
i=1 i=1

where the coefficients p; and v; are still integers.
In our study of such systems restrictions on the space dimension N and the parameter i appear. One
of the most interesting situations we are able to deal with is the following example corresponding to 4
species subject to the reactions
Ay + Az — Ay + Ay

It leads to ‘
Qi(a) = (—1)z+1(a2a4 —ajas). (1.6)

We refer for a thorough introduction to the modeling issues and mathematical properties of such reaction
diffusion systems to [11, 13, 14, 19, 20, 21, 23, 28, 31]. Information can also be found in the survey [6]
with connection to coagulation-fragmentation models and in [24] for applications in biology. Let us also
mention that (1.1) can be derived through hydrodynamic scaling from kinetic models, see [2].

In this contribution we are interested in the derivation of new L°° estimates and we investigate the
regularity of the solutions of (1.1). Quite surprisingly, the question of global boundedness becomes trivial
when the diffusion coefficients vanish. Indeed, consider D; = 0, and a bounded initial value. The property
(1.4) implies that for each z fixed, the total mass Y b_; m;a;(t,z) is time independent. Then, the non-
negativity of the a;’s implies that each a; is uniformly bounded. Conversely, certain reaction diffusion
systems might exhibit blow up phenomena, see e.g. [22, 26], as it is also well known when considering
nonlinear heat equations [15, 35]. Therefore global well-posedness and discussion of smoothing effects —
that is gain of regularity of the solution compared to the initial data — is an issue.
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Standard techniques can indeed be applied to show the existence of a smooth solution of (1.1) locally
in time, with, say, initial data in L' N L>°(2). We sketch in the appendix the basic argument that proves
the local existence of a smooth non negative solution. The challenging question consists in extending the
result on arbitrarily large time intervals. Roughly speaking, this is due to a lack of estimates since the
only natural bounds are provided by the mass conservation (1.4) and the entropy dissipation (1.5). In
particular, the mass conservation only provides an estimate of the solution in L' which is not enough
for the right hand side @;(a) to make sense as a distribution! However, by using the tricky techniques
introduced in [25, 26], it has been shown recently in [10] that the solutions of (1.1) in the quadratic case
(1.6) are a priori bounded in L?((0,7’) x ) so that the nonlinear reaction term makes sense at least in L.
This non trivial estimate can be obtained by exploiting the entropy dissipation and the non degeneracy
of the diffusion coefficients. In [10], using also the arguments introduced in [25], it allows to establish the
global existence of weak solutions of (1.1), (1.6). Dealing with higher order nonlinearities or degenerate
coefficients the difficulty might lead to introduce a suitable notion of renormalized solutions, see [10] again.
We also mention the recent work [27] where the quadratic system is analyzed with diffusion acting only
in one direction. The dissipation property (1.5) is also the basis for studying the asymptotic trend to
equilibrium [8, 9] in the spirit of the entropy/entropy dissipation techniques which are presented e.g. in
[34] (we refer also to [1] for further investigation of the large time behavior of nonlinear evolution systems
using the entropy dissipation).

Our approach is inspired by De Giorgi’s methods for studying the regularity of solution of diffusion
equations without requiring the regularity of the coefficients, see [7]. The crucial step consists in estab-
lishing a L™ estimate on the solution. Regularity of the solution follows in a classical way (see appendix).
This approach has been used in [33] to obtain an alternative proof to the regularity results for the Navier-
Stokes equation [4, 17] and it also shares some features with the strategy introduced in [29, 30]. It has also
been applied to study convection-diffusion equations [18] and regularity for the quasi-geostrophic equation
[5]. Here, it is worth pointing out that the proof utilizes strongly the structure of the whole system and
the argument is not a mere refinement of a scalar approach. As we shall see however, restrictions appear
between the space dimension N and the degree of nonlinearity of the reaction term measured by means
of @. For this reason, the L* estimates can be proved in two dimension for the quadratic operator (1.6)
or in one dimension considering cubic terms.

Theorem 1.1 We consider the quadratic operator (1.6) (or assume = 2). Let N =2 and suppose that
the diffusion coefficients fulfill (1.2). Let a? > 0 satisfy

4
Z/ af (1 +|2| + | In(ad)|) dz = My < co. (1.7)
i=1 78

Then, (1.1) admits a global solution such that for any 0 <T < T* < o0, a; belongs to L*>°((T,T*) x Q).

Theorem 1.2 Let N = 1 with @ < 3 and suppose that the diffusion coefficients fulfill (1.2). Let a? >0
satisfy (1.7). Then, (1.1) admits a global solution such that for any 0 < T < T* < oo, a; belongs to
L>(T,T*) x Q).

We point out that these statements do not require any regularity property on the diffusion coefficients
D; which are only supposed to be bounded. As a byproduct, by using the new bound, a direct bootstrap
argument shows the global regularity of the solution (see appendix).



Corollary 1.1 Let the assumptions of Theorem 1.1 or 1.2 be fulfilled. Suppose moreover that the D;’s
belong to C*(Q) with bounded derivatives up to order k. Then, for any 0 < T < T* < oo, the solution
belongs to L=(T, T*; C*(Q)). Accordingly for C* coefficients with bounded derivatives, the solution is C™
on (T,T%) x .

Such statements could be helpful for investigating the large time behavior: they can be the starting
point to apply the strategy developed in [8, 9] and then this would lead to the proof of the convergence to
the equilibrium state for large time, with an exponential rate. We do not discuss further this issue which
requires a sharp estimate of the bound with respect to the final time 7. Instead, we consider the case
of higher dimensions: the same method provides information on the Hausdorff dimension (definitions are
recalled in Section 4) of the set of the singular points of the solutions.

Theorem 1.3 Let N > 3 and @ = 2. We suppose that the coefficients D; are constant with respect to
x € Q. Let a? > 0 satisfy (1.7). We consider a solution of (1.1) on (0,T) x Q. We call a singular point,
any point (t,x) having a neighborhood on which one of the function a; is not C*°. Then, the Hausdorff
dimension of the set of singular points of the solution a does not exceed (N? —4)/N.

In the next section, we briefly recall the fundamental estimate that follows from (1.5). This bound is
used in Section 3 where we adapt De Giorgi’s approach to the system (1.1). Section 4 is devoted to the
estimate of the Hausdorff dimension of the set of singularities in higher space dimensions.

2 Entropy dissipation

In the following Sections, we adopt the viewpoint of discussing a priori estimates formally satisfied by
the solutions of (1.1). As usual the derivation of such estimates relies on various manipulations such as
integrations by parts, permutations of integrals and so on. Of course, such formulae apply to the smooth
solutions of the problem that can be shown to exist on a small enough time interval by using classical
reasoning for nonlinear parabolic equations (see the appendix). Moreover, these estimates also apply to
solutions of suitable approximations of the problem (1.1). Such approximations should be defined so that
the essential features of the system are preserved. Hence, let us reproduce the reasoning in [10]: by
truncation and regularization we deal with an initial data

)" € CE(Q),  a}">0
which converges in L' () to a as 7 > 0 tends to 0 and such that
P P
supZ/ a?’"(l + |z| + | ln(a?vn)‘) dr < Cy Z/ ay (1 + |z| + |In(ad)|) dz = Coy My < <.
Q — Ja

n>05=4

Next, let us consider a cut-off function ¢ € C2°(R) such that 0 < {(s) < 1, supp(¢) C B(0,2) and ((s) =1
for |s| < 1. Then, in (1.1) we replace Q;(a) by

Q7 (a) = Qi(a)C(nlal),

with |a| = \/a? + ...+ a2. Accordingly, for any n > 0 fixed, and a; € L'(Q2), Q](a) belongs to L> ().

We can show that the corresponding regularized problem admits a unique (non-negative) smooth solution,



globally defined, see [16, 28]. Therefore, in what follows we discuss a priori estimates on solutions of (1.1):
for the sake of simplicity we detail the arguments working directly on (1.1), but we keep in mind that the
arguments apply to the regularized problem as well. In turn, we obtain bounds on the sequence a;, which
are uniform with respect to 7 > 0. Finally, existence of a global solution satisfying the estimates follows
by performing the passage to the limit  — 0; a detail that we skip here, referring for instance to [10].

We start by discussing the a priori estimates that can be naturally deduced from (1.4) and (1.5). The
results here apply in full generality, without assumptions on p, NV, .

Proposition 2.1 Assume (1.2), (1.4) and (1.5). Let a? > 0 satisfy

p
Z/ af (1 +|z| + | In(ay)|) dz = My < cc. (2.1)
i=1 7%

We set
P

b [[a"
D(t,x) = (Haé” - Hai”l) In | = (t,xz) > 0.
i=1 i=1 Haiw

=1

Then, for any 0 < T < oo, there exists 0 < C(T) < oo such that
P
sup { Z/ ai(l + |x| + | ln(ai)D(t,x) dz
Q

o<t<T \
P t
2
+E /O/QIV\/ai’ (s,z)dxds+/0 /QQ(s,x)d$ds} < C(T).
i=1

If Q is a bounded domain, this estimate holds for T = 4o0.

Proof. As a consequence of (1.4) and (1.5), we get

q 2 P
a ; /Q ai(l + ln(ai)) dx + ; /Q D;Va; -
Then, the coercivity condition (1.2) means that we can establish the following lower bound
p P 2 P
Va; / ‘VCLZ'| / 2
D;Va; - dx > « dx = 4o V/a;|" dz.
> f e tarzo 3 [ 5 2 Jy 17
In the case when €2 is a bounded domain then the conclusion of the theorem follows as
p P P
Z/ a;lln(a;)|dz = Z/ a;In(a;)dz — 2 Z/ a;In(a;)Lo<q,<1 dz
i=1 79 i=1 79 i=1 7%

P 2
Z/ aiIn(a;) dz + p=|2),
=179 €

Va
a

i

im+/©mzo
Q

IN



where here and below, 11 denotes the characteristic function of the set M. In the case when Q = RV,
then the argument proceeds as follows. By using (1.4) and denoting by M the supremum norm of the
diffusion coefficients, we get

df’/ p./ x
- ajlrjdr = — D;Va;  —dz
3 2= Jo e 2 J, Pive g
vy [ waa =y [Vl g,
i=1 7% o e Va
p 2 2 P
a |Vai| M /
< 5 d o Zd ;
_2;/{2 a x+2a;an
by using the standard inequality |rs| < r2/2 + s?/2. Hence, we arrive at
P Pt 12 t
Z/ai(1+\xl+ln(ai))dx+a2/ /’vaz‘dxds—i-/ /’Ddxds
i=1 Q Q a; 0 JO
<MO+Z/ /azdxds

(1+ﬁwW(

IN

It remains to control the negative part of the a;In(a;)’s. To this end, we use the following classical
argument:

/ai|ln(ai)\dx = /ailn(ai)dx—Z/ailn(ai)(]lo<ai<e|z|/2—|—Il€|z/2<ai<1) dx
Q 9] - -

4
/ailn(ai)dw—|—76_|x/4daz+/ |z|a; dz
Q €Ja Q

since —s1In(s) < 2,/s for any 0 < s < 1. We conclude by combining together all the pieces. [

IN

3 L™ bounds

In the spirit of the Stampacchia cut-off method, L* bounds of solutions of certain PDEs can be deduced
from the behavior of suitable nonlinear functionals. Here, such a functional is constructed in a way that
uses the dissipation property (1.5). Let us consider the non-negative, C' and convex function

I+ 2)In(1+4+2) -2 if z>0,
¢uy_{0 it 2 < 0.

Then, for £ > 0, we are interested in the evolution of

izzp;/Q(I)(al—



Lemma 3.1 There exists a universal constant C, such that for every a = (a1, ...,ap) solution of (1.1),
for any k >0, and for any 0 < s <t < 0o, we have

Z/ a; — k)( txdx+4a2//‘v\/1+7} (r,2) dz dr

< Z/ (s,z)dx
+CZ;/S A(1+k#+(1+k)[aik]i1) In(1 + [a; — k] )(r, ) dzdr

where [z]+ = max(0, z) denotes the non-negative part of z.

Remark 3.1 Notice that the universal constant does not depend on the actual solution a nor on k. It
is also worth noticing that, in order to make sense of this inequality we need only a’ -l In(1 + a;) to be

integrable, although it is required to have al' to be integrable to make sense of the equation (1.1). This
point will be very important in the next sectwn Crucial to the analysis is the similarity of the function ®

and the natural entropy of the system (1.1).

Proof. Multiplying (1.1) by ®'(a; — k) and summing yields

d & p p
— i—kjd i i i " i—k?d _ ; / i—kid. ‘
dt;/ﬂ@(a )x+;/ﬂDVa Va; ®"(a ) dx ;/QQ(a)Q(a )dx (3.1)

Then, we observe that (1.2) leads to

_ Maze dz
1+ [ai — K+

= Z/ DiV(1+[a; — kl+) - V(1 + [a; — K4) H[(jx—k]Jr

V1—|— la; — k )2
>a2/‘ ] ‘ dr
24@2/{2’V\/1+[ai—k‘]+‘2daj.

i=1

p p
Z/ DVa;-Va; ® (a; — k)dz = Z/ D;Va;-Va;
Q Q

Next, we rewrite the right hand side of (3.1) as
p
> / Qi(a) In(1 +[a; — k].) do
= 2/ Qi) = Q{1+ [a = k1)) (1 +[a; — k].) do
iy / Qi1+ [a — M) In(1 + [a; — K1) de,
=19



where (1.5) implies that the last term is non-positive. We are thus left with the task of estimating

(Qila) = Qi(1 + [a — k]4)) In(1+ [a; — k]4).
To this end, let us consider the polynomial function P : R? — R defined by P(u) = [[%_; u}?. Clearly,
given u,v € RP, we have

1 1
|P(u) — P(v)| = ‘ /0 VP(u+ s(v—u))-(u—wv)ds| <Clu— v /0 |IVP(u+ s(v—u))

| ds

where || - || represents for any norm on RP. As a matter of fact, since the p;’s and v;’s are non-zero

integers, we have 9;P(u) = v; [[}_; uly” where v} ; = v; if i # j and v/} ; = v; — 1. In particular, note that
P

i=1Vi ; = b — 1. Therefore, working with the ¢! norm, we get

[Pl <Y (v 1 uil")
1=1

which yields, by using the convexity of the functions z — ZVZ{’J',

= ve| X Zvj(Hruz\wH\vw)

/=1 j=1 i=1

Pj'ﬁ

|P(u) -

Clearly, we have [[2_, [ui]"s < C 32P_ (1 + |ui["1) and finally we obtain

|P(u) = P(v)] <C le—vz\ Z v (14 g7+ fog ).

4,j=1

We apply this inequality with u; = a; and v; = 1 + [a; — k]+ and we make use of the following simple
remarks B _

0< (1+[ai— k)Pt <C 1+ [a; — KT, B

0<a; <la;—k]+ + k sothat 0 < affl < C(la; — k:]‘f:l + kP,

|a; — (1+ [a; — k)| <1+ [a; — [a; — k]| < 1+k.

Applying the same reasoning with u; replacing v;, we arrive at

|Qi(a)*Qi(1+[a*ki]+)’ (1+k) Z 1+k,u 1y 71{;]3—71)’

J=1

where the constant C' depends on @ and p < co. Then, we end the proof by using the simple inequality:
for any u,v > 0, v 1 In(1 +v) + v 'In(1 + u) < 2(uv* 'In(1 + u) + v ' In(1 + v)). (As usual we have
adopted the convention to keep the same notation C for a constant that does not depend on the solution,
even when the value of the constant might change from one line to the other.) ]

Remark 3.2 We point out that the arguments above do not extend straightforwardly to situations where
the unknown a is an infinite sequence, like e.g. for coagulation-fragmentation models (the constant C
involves a sum over the reactants).



Let 0<T <T* < oo and 0 < K < oo be fixed. Set
0<t,=T(1-1/2")<T <T", 0<k,=K(1-1/2")<K.

Let us denote
p T*
U, = sup Z/@(a k)(tazdx—l—élcyZ/ /‘V\/l—i- i — k) ‘ 7,2) dz dr.
i= tn

The aim is to show that, for a suitable choice of K > 0, U,, tends to 0 as n — oo which will yield the L*>
bound.

We start by making use of Lemma 3.1 with 0 <t,_1 < s <t, <t <T* and we average with respect
to s € (tn—1,tn). Since t,, — t,—1 = 1'/2", we obtain

Z/ a; — kn)(t, ) dx+4az/ /t/ IV 1+ [ai — ka4 |*(7, 2) dz dr ds
SZ/t:nl/ a; — kn)(s,x) dwds—l—CZ/ttn / / (kn,a; — kp)(7,2) dzdr ds

with the short hand notation T'(k,u) = (1 + k¥ + (1 + k)[u ] 1) In(1 + [u]4). Since in the integration
domain s > t,_1 and t < T™, the last integral can be dominated by

tn  pT* T*
Z/ / / (kn,a; — kp)(T, x)dxdrds<Z/ / (kn,a; — kp)(7,2) dzdr.
tn—1 Jtn—1

tn—1

tn

Similarly s < t, leads to the following bound from below

P ptn gt
4(12/ / / ‘V\/l—{—[ai—kn]+|2(7,$)dxd7ds
i=1 tn—1 s Q
P ptn gt )
24042/ / / \VV/1+[a; — k]| (7,2) dodr ds
i=1 tno1 Jtn JQ
T~ [t 2
> 4%2/ / IV /T F (@ — Bl |2 ) da dr.
i=1 tn JQ
Hence, for any t, <t <T™, we have

Z/ a; — kp) txdx—|—4a2//‘vx/l+ i — kn] | T,z)dx dr
2n p tn T*
/ / (s,x dwds—l—C’Z/ / (kn,ai — kn) (7, x) dzdrT.
tn 1

tn—1

Taking the supremum over ¢, <t < T*, we obtain

on P tn
U, < — / / a; — ky)(s,x)dxds
IO OY R R URY AR

=1
+CZ/T / L4 K+ (14 ka)lar — kal™ ) (L + [ai — kuly)(7,2) dadr.

tn—1

(3.2)
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The crucial step consists now in establishing the following nonlinear estimate, where restriction on both
the space dimension N and 7 appear.

Proposition 3.1 Suppose N =1 or N = 2. There exists a constant C > 0 (which does not depend on
the solution, nor on T', T*, K ) such that

Uy < C (1+T*) Kn, K,T) U N

where
K(n,K,T) = QTK onN+4/N | (1 4 KF) Sy aWNFH/N 4 (1 4 KRy 2M(@N+4)/N-F)

and Sy = 2max(1/KWN+O/N 1/ KNF2)/NY " R = 2 max(1/KCN+HO/N-E 1/ gANTD/N=1) Qe = S +
2max(1/K4N 1/K*N).

Let us explain how the restrictions on N and @ work. First of all, it will be crucial to remark that
K(n, K,T) is bounded with respect to K > 1 provided & < 2(N+1)/N—1 = (N+2)/N which means z = 2
in dimension N =2 and iz = 2 or 3 in dimension N = 1. Second of all, we go back to Lemma 3.1 and we
shall exploit the dissipation term that comes from the diffusion. Indeed, we expect an estimate of ®(a; — k)
in L=(0,T*; L'(Q)) together with an estimate of (1 + [a; — k] )~ Y/2V(1 + [a; — k]4) in L2((0,T*) x Q).
Combining these information would lead to VZ([a; — k]+) € L?(0,T*; L'(Q)) where

I+
/\/ / In(1+ z) —i—i—ldz
1+z

Let us consider a non-negative function u defined on [T, T*] x Q2 such that Z(u) belongs to L>(T, T*; L*())
and VZ(u) belongs to L?(T,T*; L' (2)) According to the Gagliardo-Nirenberg-Sobolev inequality (see [3],
Th. IX.9, p. 162) the latter implies that

Z(u) € L3(T, T*; LN/WN=D(Q)).

We seek a homogeneous Lebesgue space with respect to the variables ¢, z. For N < 2 we can obtain:
Z(u) € LWVH2AIN (T, 7%) x Q).
Indeed, if N =2 we have (N +2)/N = N/(N —1) =2, and if N = 1:

T* T
| [ fasde< [ i@l dt < loll oo ol vy

Eventually, we aim at comparing Z(u)N*t2/N to ¢ (u) In(1 + u) where 1) : Rt — R* has a polynomial
behavior. Specifying the behavior of ¢ will induce restrictions on @ that depend on the space dimension. Of
course, it suffices to discuss the comparizon as u — 0 and u — co. Since In(142)+1/(1+2)—1 ~, ¢ 22/2
we first obtain that Z(u)N+2/N > ¢ CN+O/N /8 for 4 € [0,6], 6 > 0 small enough. It follows that
¥(u)In(1 + u) can indeed be dominated by Z(u) for bounded w’s provided ¥(u) ~y_o uN+T/N . Next,
there exists A > 0 such that for z > A large enough, we have In(1+2)+1/(142) —1 > 2 In(1 +2). Thus,
for u > 2A we get

Z(u) > \/ n(l+ z) dz>—u\/ln(1—|—u/2)201u In(1 + u).
\[ u/2 \[
Hence Z(u)N*+2/N dominates ¢(u)In(1 + u) provided N < 2 and w(u) ~u—oe UWNTA/N - Reasoning the
same way, we also prove that there exists C' > 0 such that Z(u) < C ®(u ) holds for any v > 0. Let us

summarize the properties that we need to justify Proposition 3.1.
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Lemma 3.2 Let us set

There exists a constant C > 0 such that
Y(u)In(l 4 u) < C Z(u)NT2/N and Z(u) < C d(u).

holds for any uw > 0. Furthermore, for every non-negative function u defined on [T, T*] x Q we have:

T
A

Proof of Proposition 3.1. The proof splits into two steps: firstly we modify (3.2) so that, secondly, we
can make the dissipation terms appear by appealing to the Gagliardo-Nirenberg inequality.
Step 1. The first step consists in showing the following inequality:

2d7§ sup (/Q@(u)(T,x)dx) /TT*/Q’V\/m‘Q(T,CE)d:EdT.

T<7<T*

/Q IV Z(u)| da

tn—1

p T*
U, < C K(n, K, T) Z/ / (a5 — k1) In(1 + [a5 — kn_1]y) dedr, (3.3)
i=1 Q

where the auxiliary function ¥ has been introduced in Lemma 3.2. We start by noting that if a; > k,, >
kn—1, then (a; — kyp—1)/(kn — kn—1) > 1. Therefore we can write for any «, 5 > 0,

a; — kn_1 o a; — kp_1]+\8
]laian < ([kzn — ]:n]1+) ]l{knéaiﬁl—l-knq} + <[kjn — Zn]1+) ]laizl"rk‘n—l
onao N 2nﬁ 5
< ﬁ[ai — kn—1)%No<a;—kn_1<1 + ﬁ[ai —kn 1| { Mgk >1-

By using these simple estimates with o = (N +4)/N, § = (N + 2)/N and a« = (N +4)/N — 1+ 1,
B = (N +2)/N —T+ 1 respectively (note that in both case a > 3), we are led to

(14 kDY In(1 + [a; — knl4) < (14 K7) 20NN G b (a; — k1) In(1 + [a; — kn_1]4),
and
(14 kn)a; — k) In(1 4 [ag — kn)y) < (1 + K) 2MCNFYN=D R wp(a; — k1) In(1 + [a; — kn—1]4)-

Coming back to (3.2) yields

on p tn
U, < TZ/ /@(ai—k‘n)dxds

1 th_1JQ
+C((1 + KPS 2nW+/N 4 (1 4 K)RKzn((2N+4)/N_p))

p T*
8 ; /tn—l /Qw(ai — kp—1)In(1 + [a; — kp—1]4) dzdr.

12



The first integral in the right hand side can be dominated in a similar way (using o = 4/N, 8 = 2/N);
precisely, we have

on p tn
— ®(a; — k,)dxds
TAARSE

on &

=T z;/t /Q(l [ — kul4) (L4 [a; = k]) dards

1

p T*
< T2”<2N+4>/N Qx Z/ /w(ai — kn_1)In(1 + [a; — kn_1]4) dz ds.
i=17tn-179Q

Therefore, we have proved from (3.2) that (3.3) holds.

Step 2. Now, we go back to Lemma 3.2 so that (3.3) becomes

tn—1

p T*
Up < C K K,T) S / /Q 1Z(ja; — knr]+)| V2N dz . (3.4)
=1

Let us distinguish depending on the dimension N = 1 or N = 2 how we conclude by using the Gagliardo-
Nirenberg-Sobolev inequality.
For N = 2, using the Gagliardo-Nirenberg-Sobolev inequality and Lemma 3.2, we obtain

U, < CK(n,K,T) Z [/:_*1 </ﬂ IVZ([a; —kn—1]+)‘dx>2 dr

h +/T (/chqai - kn—ﬂ+>d"“")2 ds]

Then, we use the second statement in Lemma 3.2 to obtain

U, < CK(n,K,T)

p .
X ; [( sup /Q<I>(ai — kn—1)(7) dx/ /Q’V\/l Ny k‘n1]+\2dxd7>
2

tp—1<7<T™ tn—1

N /:1 (/Q ®([a; — k;n_l]Jr)da:) ds]

< C(1+T*) K(n, K, T) U?_,.

13



For N =1, we proceed as follows

P
u, < C lC(n,K,T)Z/ (||Z(ai — kn—1)(t, -)||%OO(Q) /Z(ai—kn_l)(t, x) d:::) dt
o1 Q
< K(n,K,T) sup /Zai—kn_ dx
; | tn—1<t<T* JQ ( 1)
T* 2
x/ (/ (|Z(az’—kn1)|—|—|VZ(ai—k'n1)|)d:1:> dt]
b Q
P T 1 3
< CK(n,K,T) Z 2T*< sup /@(ai—kn_l)dx)
= th_1<t<T* JQ
i )
+ sup / ( — ]{Jn 1 / / |V\/1 a; — kn—l]—&-‘ dx dt
tn—1<t<T* JQ tn—1
< COA+TYKMnKT)u:_,
This ends the proof of Proposition 3.1. [

Finishing the proof of the L*> bound needs the following elementary claim.
Lemma 3.3 Let (Vn>n€N be a sequence verifying
Vo < M™VI
for some M >0, ¢ > 1. Then for any ng € N, there exists €, such that if Vy, < €, then lim,_,o V, = 0.

Proof. Without loss of generality we suppose ng = 0. Let us set W,, = In(V,,). We have
Wi <nln(M) + ¢Wp-1
which yields

Wi < (M) 3" ¢" 5+ ¢"Wo < ¢" In(M Y@= ),
j=0

So, if Vy < M_l/(Q(l_l/Q)Q), W, converges to —oo, and V,, converges to 0. |

Hence, it remains to check that the first term of the iteration can be made small choosing K large enough.
Indeed, let us go back to Proposition 3.1. Picking K > 1, we can summarize the obtained estimate as

Uy < C(L+T%)(1+1/T) 2N +O/N 3 (NF2/N
The keypoint is to remark that Qx, K Rx and K#Sk remain bounded for large K’s so that the constant
C above does not depend on K. Hence, we apply Lemma 3.3 to V, = (C(1 4+ T*)(1 + 1/T))2/N Uy,
¢=1+2/N and M = 2@N+4)/N
Now, let us specialize (3.4) to the case n = 2; we get (with C' which still does not depend on K)

Z/T* (/ IVZ(a; — K/2) dx) dt+Z/T* (/ |®(a; — K/2) dm\>2dt] (3.5)

Uy < C(1+1/T)

in dimension N = 2 and in dimension N = 1 the same expression is multiplied by the quantity supg<s<r+ ey Jo ®(as

K/2)dx. This allows to establish the following statement.
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Lemma 3.4 Let € > 0. Then, there exists K. > 1 such that for any K > K. we have Us < €.

Proof. The proof reduces to prove that the two integrals in the right hand side of (3.5) tend to 0 as
K — +o00. As a matter of fact, there exists C' > 0 such that for any z > 0 we have (1 + z)In(1 + z) <
C z(1+|In(z)|). Furthermore, there exists C' > 0 such that for any k£ > 1 and z > 0, we have

2 — K+ (14 ([ — K4)[) < C 2(1 + [In2]).

Accordingly, we deduce that ®(a; — K/2) converges to 0 for a.e (¢,z) € (0,7*) x Q as K goes to infinity
and it is dominated by a;(1 + |In(a;)|), which satisfies

ZZP;/OT* </Q a;(1+ |1n(ai))dx!)2 dt < oo

owing to Proposition 2.1. Applying the Lebesgue dominated convergence theorem then shows that

Jim {Z/T (/ —K/2) da:>2 dt} =0.

Next, we simply write

1

-1 i
[ g

VZ(a;i ~ K/2) = Losx/2 \/lnu +la — K/2)4) +

Then, we remark that z +— In(1 + z) + 1/(1 + z) — 1 is non-decreasing which allows to establish

1
VZ(a; — K/2)] < Loz i ¢1n<1+ai>+1+ 1 |Vail = Lo sx2 IV Z(a)] < [V Z(a0)]

Observe that 14>/ |[VZ(u)| decreases to 0 as K — oo for a.e (t,x) € (0,7*) x Q. Furthermore, Lemma
3.2 yields

g/OT* (/Q|vz(ai)|dx> dt<z sup /q)(“i) b /OT*/Q|Vm|2dxdt<oo

1 0<t<T*

a;

by using the basic estimates in Proposition 2.1 again. We conclude by classical integration theory argu-
ments. |

We can now finish the proof of Theorem 1.1. Let us emphasize the dependence with respect to K by
denoting M,(ZK). We first fix K which makes Z/IQ(K) small enough (remark that K is more constrained as T
is chosen small) so that we obtain by applying Lemma 3.3

lim U = 0.

n—oo

T*
(K) >
Z/ln > T . /tn / ) dx dt > 0.

Letting n go to infinity and applying the Fatou lemma, we deduce that

T*
T* / / ) dz dt = 0,

which implies that 0 < a;(t,z) < K for a.e (t,x) € (T,T*) x Q.

However, we clearly have
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Remark 3.3 Since the initial data is required to satisfy (1.7) only and is not supposed to be bounded, it is
clearly hopeless to extend Theorem 1.1 with T = 0. It appears clearly through the factor 1/T which appear
in the estimates above.

4 Hausdorff dimension of the set of singular points

In this section we study the Hausdorff dimension of the blow-up points of the solutions of (1.1). The
derivation of the necessary estimates remains close to the strategy described in the previous section; again
a restriction on the degree of nonlinearity appears. It turns out that relevant results can be obtained by
this method in dimension N > 3 with 7w = 2, while we are not able to reach improvements in direction
of higher nonlinearities for lower dimensions. For the sake of simplicity, in what follows we assume that
the diffusion coefficients D; are constant with respect to the space variable (but they still depend on 1,
otherwise the problem becomes trivial by remarking that p(t,z) = >_%_; a;(t, x) satisfies the heat equation
Op — DALp = 0, with D the common value of the diffusion coefficients). Then, we shall prove Theorem
1.3.

To begin with, let us recall a few definitions about Hausdorff dimension. For a given nonempty set
ACR?Y s>0,8 >0, we set

af A\ _ I'(1/2)°
H5(A) = mf{zs T(s/2+1)

Y (diam(4y))*, A | J A4, diam(4;) < 5},
and then H*(A) = lims_o Hj(A). The Hausdorff dimension of A is defined by

dimy(A) = inf{s > 0, H*(A) = 0} = sup{s > 0, H*(A) = +o0}.
We refer to [12] (p. 171) for more details.

The starting point of the proof is two-fold. Firstly, we use mass conservation and entropy dissipation
to control the solution in a certain LP space, identifying the highest exponent p for which such an estimate
is possible. Secondly, we remark that the problem admits an invariant scaling. This is the purpose of the
following claims.

Lemma 4.1 Let N > 2 and Q € RN. There exists C > 0 such that for any T > 0 and for any non-
negative function u € L>(0,T; L'(Q)) verifying Vy/u € L*((0,T) x ), we have

2/N
/ 1l dwdt < € 1l sy, (Thlimoaon + 19Vl omyeey)- @D

Next, we introduce the function
U(X) = Xlo<x<i + VXIxs.

There exists C > 0 such that for any T > 0 and for any non-negative function u verifying Vi/u €
L((0,T) x Q), and ®(u) € L>(0,T; L*(Q)) we have

/OT/QW(“) 2(N+2)

N
@20 @y (TIBE) e ozi@y + 19V ullagomxe )- (42)
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We are concerned with weak solutions of (1.1), that is functions a; that verifies (1.1) in the sense of
distributions, together with the estimates in Proposition 2.1, deduced from the fundamental properties
(1.4) and (1.5) of the system. We shall use the fact that the norm LINT2/N of such a solution is finite, as
a consequence of (4.1). Another important ingredient relies on the invariant scaling of the equation.

Lemma 4.2 Let a be a solution of (1.1). Let to > 0 and xy € Q. Then, for any 0 < e < 1
ac(t,z) = 2/ a(tg + e, 20 + ex)
satisfies (1.1).

Lemma 4.2 is straightforward. Let us sketch the proof of Lemma 4.1.
Proof of Lemma 4.1. There exists a constant C' > 0 such that for any X > 0

X)<CVd(X), U(X)<CHWI+X-1).
Moreover, ¥ is a Lipschitzian function verifying
0<VU(X) < 2&%(@— 1).
Hence, we get
19 ()17 (0 7220y < CIP(W)| oo (0,321 ) IV ()| 207 r2(0)) < CIVVI+ullr207.02(0)-
Since 2 < 2(N +2)/N < 2N/(N — 2), the Holder inequality yields

/OT/Q!\IJ(u) < /OT </Q\\I/(u)]2dx>2/N </Q’\I,(u)|2N/(N2) dx>(N2)/N i

Therefore the Sobolev embedding H'(Q) ¢ L*N/(N=2)(Q) leads to (4.2) since

//|\1: N ardt < (sup/|‘1i |2dx> // ()2 + |V (u )\)dxdt.
0<t<T
< ORI oy (TIO@ ooy + [ [ 0VTTaParar).

We obtain (4.1) with a similar combination of the Holder inequality and the Sobolev embedding. "

Remark 4.1 We shall use the inequality (4.2) with a sequence of balls B(0,1) C B, C B(0,2) as space
domain. Since the proof of (4.2) involves the Sobolev embedding, the constant C thus depends on the
parameter n. However, we can estimate it uniformly. Indeed, the Sobolev embedding on Q2 = B(0,1) reads

(N-2)/N
(/ u(z) PN/ (N=2) dx) < (/ Ju(x)|? da —i—/ ]Vu(x)\de> ,
B(0,1) B(0,1) B(0,1)

with Cy the Sobolev constant on B(0,1). We apply it with u(z) = A\N=2/2y(\z), X\ > 0. By using the
change of variable y = Az, it follows that

(N-2)/N
(/ Ju(y) PN/ N2 dy) < (A‘Q/ Ju(y) | dy +/
B(0,\) B(0,\) B(0,A

)

!Vu(y)\Qdy> :
Hence, the Sobolev constant on B(0,\) for any A > 1 is dominated by 2C1.
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Keeping in mind Lemma 4.2 we consider now solutions of (1.1) that are defined for negative times.
Let us set

ko =1-1/2",  t,=1+1/2"  B,=B(0,t,), Qpn=(—tn,0) x By.

Note that B,, C B,—1 and 9Q,, C 9,,—1. We introduce a cut-off function

(o i RY - R, 0<(Gu(z) <1
Co(z) =1 for z € B, Ca(z) =0 for 2 € 0B, 1,
sup |812]Cn(x)| <C 2%,

i,j€{l,....,N}, zeRN
We define

P
= sup Z/ k‘n)dx+2// ’V\/1+[aifkn]+‘2dxds.

—t, <t<0

Multiplying (1.1) by (,(z)®'(a; — ky) we obtain the following localized version of (3.1)

dtz/ @i = kn) C”derZ/DV% Va; ®"(a; — kn) Gnda
- ; /Q Qi()®(a; — kn)Cada + Zz; /Q D; : D*Cy ®(a; — k) da,

where D?(,, stands for the hessian matrix of ¢, and A : B = Zﬁl:l A By;. Remark that 0 < 1g, (z) <
Co(z) < Cuo1(z) < 1 and 607G (2)| < 22"1g, , (z). Then, reproducing the proof of Lemma 3.1 and (3.2)
we obtain

(4.3)

Uy, <C22”Z// n)(s,z)drds
On—1

(4.4)
+CZ//Qn 1 (1+KE 4+ (1 + ky)[a; — kn]zfl) In(1 + [a; — kn]4) (7, z) dz dr.

From this relation we are able to establish the following statements.

Proposition 4.1 Let N > 2 and @ = 2. The following relation holds

n 1+2/N
U, < ¢ 2(N+)/N unJ_rl/

for any n > 1. Accordingly, if Uy is small enough then lim,_,. U, = 0.

Corollary 4.1 There exists a universal constant n, > 0 such that any solution of (1.1) satisfying

p 0
Z/ / jai NN de dr <o,
— J-2/B(0,2)

is such that for any i € {1,...,p} we have

0<ai(t,z) <1 a. e. in (—1,0) x B(0,1).
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Proof of Proposition 4.1. There exists Cy > 0 such that
Pla; —kn) < (1+[a;i—knly) In (14 [a; — kn]y)

2(N+2)
Cy (ﬂaizkn + ‘\Il(az — kn)} N > .

Similarly, assuming 0 <77 —1 < 1+ 2/N, we can find Cz > 0 such that

IN

Z1 2(N+2)
[ai — k‘n]“ In (1 + [ai — k‘n]+) S CNJ <ﬂai2kn + {\If(al — k‘n)H N > .

For N > 2, this restricts to the case @ = 2. Together with (4.4), this gives

U, < 6’22"2// < a;>kn T \\I/(ai — kn)ﬁ%ﬁ)) drds.
Qn 1

We note that 0 < k,, < 1, and k,, > kj,—1. Consequently we have 0 < ¥(a; —k,) < ¥(a; —k,—1). Moreover,
we remark that

Doy>k, = Li>ai—kp 1>kn—kn1 T Laj—k,_1>1,
with

2(N+2)
a; — kn_1 N 2n(N+2) 2(N+2)
Di>a;—ky 1 >kn—kn1 < <k: 5 No<a;—kp1<1 <27 N (@i —kn-1) ¥ Tlo<a;—k,_1<15
— hnp—1

N42 2n(N+2) N42
Li<gi—byp oy < (@i —kn—1) ¥ Ngyopy >1 <2 N (a5 —kno1) N Lg—p, >1-

Hence, we have
2n(N+2) 2(N+2)
Loj>k, <27 & |W(a; —kn-1)| ¥

We are thus led to

n 2(N+2)
U, < 02N Z// b)) % dads. (4.5)
Qn 1

Finally, applying Lemma 4.1 (see also Remark 4.1) we obtain

4n(N+l) 1+2/N
u, 7.

U, <C2—~
Coming back to Lemma 3.3 finishes the proof of Proposition 4.1. |

Proof of Corollary 4.1. We are thus now left with the task of discussing the smallness of U;. Note that
U(X) < VX for all X > 0. Hence, from (4.5) with n = 1, we find

p p
4V +1) Ni2 Ni2
th < 02 %Y [0 s = O Y- o, o caopesonmny
i=1 0 i=1

(N+2)/N
LINF2)/N((~2,0)xB(0,2))
Proposition 4.1. We conclude by reproducing the arguments at the end of the proof of Theorem 1.1. We

have
0< / / n) dz dt < U,.
tn mn
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Hence letting n go to oo yields, by using the Fatou lemma,

lim/ / a; — kp) dxdt—()—/ / a; — 1) dz dt.
n—oo tn J Bn B(0,1)

It implies that 0 < a;(¢,2) <1 holds a. e. on (—1,0) x B(0,1). n

Now, these statements allow us to deduce some property of the solution of the original Cauchy problem.
To this end, we go back to the scaling argument in Lemma 4.2. Indeed, we notice that

0 to+2e2
/ / lac (7, 2)| NN 4 dr — 1 20N 2)/N-(42) fo / la(s, )| (VTN dy ds
0,2 y—wxo|<2e

to—2e2

holds (recall that we are dealing with the case i = 2 only). We deduce the following statement.

Lemma 4.3 Let N > 3 and 1 = 2. Then there exists a universal constant n, > 0 such that for any a
solution of (1.1), any to >0, ¢ € Q and 0 < € < 1, we have the following property. If:

p
> o

i=1

to+2e?
/ la(s,y)| NN dyds < n, e HNFDN
y—x0|<2e

0— 262
then a; satisfies 0 < a;(t,x) < 1/e2 on |t — to| < &2, |x — xo| < & and a; is C™ on this set.

Notice that it is enough to show the boundedness of the a;’s on the neighborhood of (¢, zp). Then
the full regularity on the (possibly smaller) neighborhood is obtained by induction, using classical theory
of parabolic equations (see appendix).

We start by localizing: namely, we consider (0,7") x B(0,R), 0 < T, R < co. We set

S={(t,z) € (0,T) x B(0,R), u is not C*° on a neighborhood of (¢, z)}.

We cover S by rectangles with step size €2 in the time direction and ¢ in the space directions, centered at
points (t,xz) € S. By the Vitali covering lemma (see [32], p. 9) there exists a countable family denoted
{Cj, j € N}, with C; centered at (t;,z;) € S, made of such rectangles and such that

CiNCy=0 forj#¢, and SCU&’;
jeN

where CNYJ stands for the rectangle centered at (t;,z;) with step size 2¢? in the time direction and 2¢ in the
space directions. Since (t;,x;) does not satisfy the conclusion of Lemma 4.3, we have

p
1
> v / /~ lai(s,y)| VN dy ds > g, e 2NN
i=1 Cj

We introduce the function

p
z) = Zﬂéj( Z cN+2 // lai(s,y) ’(NH)/N dy ds.

jEN
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Hence, denoting by £ the Lebesgue measure, we have the following estimate

.c( U Cj) < E({(t,:z:) € (0,T) x B(0,R), Fs(t,z) > n*/€2(N+2)/N}>

JEN
c2(N+2)/N (T
< / /Fg(t,x)dxdt
U 0o JQ

as a consequence of the Tchebyschev inequality. It yields by direct evaluation

2(N+2)/N p . - / / ~(t,z)dxdt
= IJGN
52(N+2)/N (N+2)/N
oN+2 ZH ag| (J\—r:z//N ((0,T)xQ)"

Tl =1

Since the Lebesgue measure of the C}’s is proportional to V2 we deduce that the cardinality of the
covering is of order O(e2(N+2)/N=(N+2) — s_(N2_4)/N). Furthermore, the C};’s realize a covering of S with
sets of diameter ¢; we conclude that the Hausdorff dimension of S is dominated by (N2 — 4)/N. [

Remark 4.2 It is not obvious that we can improve this estimate, which is in the spirit of [29, 30] for the
Navier-Stokes equations, up to a sharp result as in [4, 17]. A difficulty is related to the fact that we are
dealing with diffusion coefficients that depend on the component of the system, which prevents from using
regularizations by a common heat kernel.

A Appendix

In this appendix, we sketch the proofs of classical results on regularity and small time existence for
quasi-linear parabolic systems. The first statements are concerned with the higher regularity of bounded
solutions.

Proposition A.1 Let T,r > 0 and o € RY. Let u be a bounded solution on [0,T] x B(xg,r) of
ou —V - (DVu) = f(t,z,u, Vu).
with a diffusion matriz D verifying for some a > 0
D(t,x)¢ € > alel?,
for any (t,x) € [0, T] x B(zo,7) and & € RN. The function f lies in C>®([0,T] x RN x R x RY) and verifies
for any t € [0,T], x € B(zo,7), |u| < M < 0o and p € RN, |f(t,z,u,p)| < Cprr(1 + |p|?). Assume in
addition that D € C*([0,T] x B(zq,7)) for an integer k > 1. Then for every 0 < t < T, we have
u e L®(t,T; C*(B(z0,7/2)).

In particular, if D € C*([0,T] x B(zg,r)), then for every t > 0 we have also u € C*([t,T] x B(xg,r/2)).
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This proposition proves Corollary 1.1 from Theorem 1.1 and Theorem 1.2. It is an easy application of the
following result (see [16] Theorem 1.1 pp. 419-420 & Theorem 3.1, pp. 437-438, and, considering systems,
Lemma 6.2 p. 592).

Theorem A.1 Let T > 0 and Q be a bounded domain in RN . Let D € C*([0,T] x Q) verify the coercivity
condition: there exists o > 0 such that for any (t,z) € [0,T] x Q and & € RN, we have

D(t, x)& - € > alé[*.

Let M > 0. Let f € C®([0,T] x Q x [-M, M] x RY) be such that |f(t,z,u,p)| < Cpr(1+ |p|?). Consider
a bounded weak solution v € L*°([0,T] x B), |u(t,z)| < M, to the quasi-linear equation

Ou — V- (DVu) = f(t, z,u, Vu).

Then, for any 0 < t < T and any ball B strictly included in Q, v and Vu are continuous on [t,T] x B
with |Vu| bounded on [t,T] x B. The bound depends only on t, the distance of B to Q, M, the constant
Chur, the coercivity constant o, and the Lipschitz norm of D.

The result of [16] is actually slightly more general (it includes Holderian regularity of u and Vu), but this
statement is enough for our purpose.

Proof of Proposition A.1. Consider

t;=1t(1—277), szg

(1+279).

We show by induction for 1 < j < k that u € L*®(t;,T;C7(B(wo,7;))). Theorem A.l implies that
u € L®(t1,T; CY(B(z0,71)). Assume that the result holds for j € {1,...,k — 1}. Let a be a multi-index
in NV with length j + 1. Then, v = 9%u is solution to

dw —V - (DVv) = f(t,z,v, Vv)
where the function f verifies the assumption of Theorem A.1, the associated constant Cy; depending on
tjs vy [ullpoo (1t 1309 (B(aory)))» @ and [[Dl|gs+1. Applying Theorem A.1 again gives the estimate with j+1.
When D € C*([0,T] x B(xg,7)), once it has been proved that 0%u is continuous and belongs to
L>®((t,T) x B(xo,7/2)) for any o € NV we establish iteratively the regularity with respect to the time
variable. -

Next, for the sake of completeness, we give a proof of the existence of smooth and bounded solutions
of (1.1) on a small enough time interval.

Proposition A.2 Let a € [L>®(Q)]P be such that a? > 0 for all i € {1,...,p}. Then there exists Ty > 0
and a € [L*([0,Ty] x Q)P solution to (1.1). Moreover this solution is unique, regular on [t,Tp] x Q for
any 0 <t < Ty (as long as D is smooth) and verifies a;(t,x) > 0.

Proof. Consider y(¢) solution to the ODE
g=y",  y(0) =la°[|ze.

Let 0 < T, < oo be such that
y(t) < 2la’(|pe,  0<E< T
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Set ago) (t,z) = 0. We construct, by induction for j > 1, the solutions a/) on [0,T}] x Q to the following
linear parabolic system

0 — v - (D;Va?) + Li(a¥ e = Gi(aUY), i€ {1,..,p},
a(0,2) = a2 (x),

where L; and G; are defined as in (1.3). We show also that a¥) is smooth and verifies
0<a?(t,2) <y(t), (tx)€[0,Ty) x Q, (A.1)
and for any 0 <t <Tp, 5 >2
a9 () = aU™D (0)]] oo () < 20R(2]1a° |00} E]laY ™D = @YD L 0 13- (A.2)

Clearly, (A.1) holds for j = 1 and j = 2 and (A.2) holds for j = 2. Assume that we have constructed
a®) for k € {1,...,5} and that (A.1), (A.2) hold for those functions. Note that, for j fixed, the system is
decoupled (the definition of agj ) does not depend on a%) for i # m). The existence of a smooth solution
a1 follows from the classical theory of linear parabolic equations. For i fixed, 0 is a subsolution to the
equation satisfied by af“ and y is a supersolution. The maximum principle gives the bounds (A.1) for

a1, We remark that, for any i € {1,...,p}

1G3(aV)) — G3(aU™D)| < 2z[sup(a?) | a1 al) — =Y,
|Ll(a(7)) — Ll(a(]_l))‘ < Q(E — 1)[Sup(a(])’ a(j—l))]ﬁ—Zla(j) . (L(j_l)|_

Moreover, we have

ou(aV — ) =V - (DV(af*V — ) = GiaV) = Gi(ab ™) ~ (Li(aD)aT+) — Li(aU=D)al)),
(aUtD —a0)y(0,2) =0, zeq.

By a comparison principle, we get (A.2) at the rank j + 1. Hence the induction hypotheses (A.1), (A.2)
are satisfied for any j > 2. Consider Ty = inf(Ty, [4pfi(2]|a®||z=)*~1]7!). Let S be the operator defined
from [L*°([0,Tp] x Q)]" to itself by S(a)) = o+, Then (A.2) ensures that S is a strict contraction. So,
by the Banach fixed point theorem, a/) converges in L ([0, Tp] x Q) to a function a. Passing to the limit
in the equation, we get that a is solution to (1.1). Uniform bounds on agj ) gives that a; is non-negative
and uniformly bounded by 2|a’||z on [0, Tp] x . Finally, Proposition A.1 proves the regularity of a.
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