Joachim von Below IPAM Workshop Flows and Networks in Complex Media April 28, 2009 1

Traveling fronts on networks

under reaction—diffusion equations

Joachim von Below

Département de Mathématiques
LMPA Joseph Liouville FR 2956 CNRS
Université Lille Nord de France Université du Littoral Cote d’Opale, France

joachim.von.below@lmpa.univ-littoral.fr

IPAM Workshop: Flows and Networks in Complex Media

April 28, 2009

References: J. v. Below: Parabolic network equations, 2nd edition 1994; -: Front propagation in diffusion
problems on trees, Pitman Res. Notes Math. Ser. 326 (1995); -: Similarity solutions for diffusion problems

in ramified spaces, in progress.



Joachim von Below IPAM Workshop Flows and Networks in Complex Media April 28, 2009 2

On the edges of the network O = agjuj + du; (1 — uj)

At the nodes continuity
Z dijaxjuj'(?)@', t) + Ui&gu(w, t) =0
J
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Graphs and networks G=|Jk cRr”
jeN

['=(V,K,€) simple, connected, locally finite

vertices V = {v;|i € n}, nCN

edgeSK:{k’j‘j cN}, NCN
m; € C(|0,¢;;R™), v > 2

x; arc length variable of £; 0j = 57—

valency v, = y(v;) = #{k; € K|v; € kj} < o0

i > 1}
boundary vertices V, = {v; € V'|v; = 1}
incidence matrix D(I') = (d;;)nxnr

ramification nodes V, = {v; € E

/

1 if Wj(fj) = Uy,
dz’j =< —1 if 7Tj<0) = Uy,

0 otherwise.

\
T>0 u:Gx[0,T] —>R
Uy IZUO<7Tj,id) : [0,67] X [O,T] — R

uj<vi7 t) = u]'<7rj_1<vi>7 t)

0
Ojuj(v,t) = %uj(a:j,t) A etc.
j i (v
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Transition conditions at the vertices

continuity condition (included in “u € C(G)”)
Vo, € Vit kiNky = {v} = u;(v;) = ug(vy),

classical weighted Kirchhoff flow condition at all v; € Vi

(K) > dijeydju;(vi t) =0

jeN

dynamical Kirchhoff flow condition at all v; € Vi

(DK) Z dz'jCijajUj (’UZ', t)+ai(‘9tu(vi, t) =0
jeN

General dynamical linear Kirchhoff condition (GK) in Vi

V( > — /02 vz; ZdZJCZJ (9 u] Vi, ) 0'z'<t)atU<’Ui,t) =0
jeN

Dissipativity: all ¢;; > 0, 0; > 0

() =G x [0,T]. Throughout V. C Vi, thus Vpy, C V.
Parabolic network interior €2, = (G\Vpi,) x (0,7

Parabolic network boundary w, = (G x {0}) U (Vpi x (0,T7)
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Parabolic qualitative and existence theory under
dissipative Kirchhofl conditions on finite networks

ﬁtuj — Fj (ﬁﬁj, t, Uy, 8]'16]', a?u]) —. Fj[uj] T w.r.t. q = (’9]2@4]

Comparison principle with respect to wy:
Suppose F; € LIP! and 3b > 0 s.th. p;(t) < boi(t) in Vi X
(0,T7.

Let u,v € C(Q)NC*(Q,) s.th.
Vitu,t) < Vi(u,t) in Vi x (0,7,
Opuj — Filuj] < Ow; — Fylvg] in Q3 for allj € {1,..., N}.

Then u < v on w, implies u < v in (),

Uniqueness for IBVP with respect to w,, positivity of the flow.

Strong and weak maximum - minimum principles with respect to
the parabolic boundary w,,.

Weak and classical (C*F*1+9/2(())) solvability of linear and semi-

linear parabolic network equations under usual growth conditions.
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In general, no flow under nondissipative Kirchhoff conditions, blow
up and non - uniqueness phenomena.

G. Lumer (1979, 1980), J. von Below (1981, 1984, 1993 ..), S.
Nicaise (1986, 1987, ..) J. P. Roth (1983, 1984), F. Ali Mehmeti
(1987..) a.m.o.

Extension to ramified spaces, e.g. B. & Nicaise Comm.PDE 1996
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Continuous traveling waves on networks

u traveling wave on G : <=

l.u e C(G xR)

2. uj(z;,t) = pj(x; —mt) for jeEN

3. v € C'(R) 7j0juj + Opu; = 0 on k;
W.lo.g. all 7, >0,

but we have to find a suitable incidence matrix D(I').

1+ d;;
—5 (dy #0).

kjﬂksz{’(}i} — @ (82']'—7]'75):@3 (82'3—7'St>.
]fjﬂksz{’l)i} — TjQD;' <5z'j_7-jt> :TSQO; (5i3_7-st)-

62']' = Kj

u stationary <= all 7,0} =

u is nonstationary <= 320 € R: 7;¢/(20) # 0 = all7; > 0

kj Nks = {Uz} — QOS(Z> = ©; (61']' — 282'3 + QZ)

Ts Ts
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ol =g (Canna+ Z:) . Ghew)
(+1 if ke K(A)&ki(A) 171 k(D),
C(kj, A<T)={ =1 ifkje K(A) &k (A) 1] kj(D),

0 otherwise .

\

It k1, ..., K, denote the consecutive branches of a path II from v;
via Vi1, ... to v, then
op(2) =1 | €1 — —€i + 6Z+1 s F . e p+—z],
T2 T9 Tp Tp

especially at the endpoint v,

Pp (57’19 — Tpt)

T1 T1 T1
= ©1 | €11 — —E42 + €z+1 oF ... — —Cr_1pt —Erp— Tl
T9 T9 Tp Tp

p
Pp (Erp — Tpt) = p1 | €1 + T Z ¢ (kj, 1T) ﬁjTj_l — 7t

l-l-dij
2

gij = gj
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MESH RULE: Let u be a nonstationary wave on G, II; and

II5 directed paths in I joining v; and v,, k;, = k1. Then

1+ d;y, l
on | 4n +ThE ¢ (kj, 1) = — 7yt

2 - Tj

jeN
1+ djy, l;
=on | O ‘|‘7'hE ¢ (kj, ) =2 — 7t
2 - Tj
jeN

If in addition some ¢y, is monotone, then (I', D) is acyclic. More

precisely: Along any circuit Z in I'

S C(hy 2) 2

L =,
JEN 7]
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Pf 90](;':) (874pm o Tpmt> — m = 17 2

Pm
— ngm) Eilm T Tim Z C (kjmp Hm) gjmT];rg — T1mt
j=2

2 1 T11 T11 Ei 1,11511 ~
<P<1 >(Z) = 90<1 ) (€z'11 — —€j21 T —Z) t=—" + 1
T21 T21 11

Ex 1 If /; = const., and if 4 nonst. wave of const. speed, then I

is bipartite:
> C(kj, Z)=0.
JeEN

indegree ;" = #{k; € K‘ di; =1}

outdegree v, = #{k; € K‘ di; =—1}

v; sink : <= ~7 =0 v; source : <= ;" =0
Vi={veWy =1 Vy={veWy =1

Continuous nonstationary waves on networks under
Kirchhoff conditions

Clearly V, N Vi = 0. ki Nks =A{vi} = 739 (ei5 — 7jt) = Tsip; (€is — T5t)

kiNky = {vi} = (v, t) = = (es — Tit)
Tj



Joachim von Below IPAM Workshop Flows and Networks in Complex Media April 28, 2009 11

1

E dijcij({?juj(vz-, t) =0 mV, < E dijcz'j_ =0 inV,
, . Ty
jeN jeN J

(K) dissipative = there are neither sinks nor sources in V,. (%)

(K) diss. and (', D) acyclic & finite = (%) & V,;7 £ 0 # V,~

(x) = Z%@%(%t): Z L];@juj(vi,t) inV,

dij=1 i d—1 i

No nonstationary traveling wave with dissipative (K):

(DK) Z dz-jc@-j@juj(vi, t) + az-&fu(fvi, t) =0 1m VK
jeN

< 0; = Z dz’jcz'j in Vi

|
jeN 7
Specific dynamical Kirchhoff condition (SDK):

dj. .
&5’&(’0@, t) + Z dijﬂé’juj(vi, t) = ( (Uz' < V)
JeEN i
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Traveling fronts for RDBE

(RDBE) Oru; = a;07u; + fj (u;) for jeN

aj >0, A< B, f € CYADB]) fi(4) = fi(B) =0,
fi >0in (A, B), f]’.(A) > (), f]’-(B) < 0,

often fj(u) < fi(A)(u — A)in |A, BJ.

Ve *\
u € C(G x R) traveling front solution on G : <=
1. on each kj, u;(z;,t) = ¢, (v, —1t) & we(RDBE)

2. Tj > 0, & Y; & CQ(R)

3. A< pi(2) < B, limypjz)=A4 & lim piz)=DB

o 2—00 2——00
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On a single edge _TjSD;' = ajéf?}/ + filwj)
;=1 1
-
i = = — —fi (¢;)
@; J
(A,0) (8,0)

3 single branch front <= 3 heteroclinic orbit between (B, 0)
and (A,0) with A <o < B

(slight extension of a result by Hadeler & Rothe, Aronson & Wein-
berger 1975:)

Necessarily: (B,0) saddle <= fi(B) <0

Necessarily: (A, 0) stable and attractive node and no vortex <=
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T .. 7 (A
fi(A) >0, —-£ <0 and the discriminant - — 4# >0

j i J

Conclusion: 3 single branch fronts for 7; € |77, 00),

]7
7722, Ja; fi(A)

NECESSARY CONDITIONS ON THE NETWORK
(a) (I', D) acyclic

(b) mesh rule Z ¢ (kj, Z)

J

4,

T;

(c)

Th \/ah 7% + £ (©;) hjeN)

7\ a; 7+ fu (o))
4
—T7505 = a; + fi(p;))

]{jﬂkh#@: { ’7'-2
—nwkzm;%#+JM@ﬂ
h

\
since

T; T
ki Ok = {vi} = onl2) = ¢ (817' B T_jfz-h T T_i >

14
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EXISTENCE CRITERION: Assume
(1) the natural case:  f; =: f for j €N,

2 > C(k;,Z)—= =0 alongall circuits Z < T,
jeN \/7

and f(u) < fY(A)(u — A) in [A, B]. Choose any k; and set

77 =2y/a;['(A). Then for any 7; > 77 there is a traveling front

solution u of (RDBE), where

a
Th = Tj 2hofor heWN.
a;
In the finite case the minimal branch speed is given by

™ =7"(G, f,a1,...,an) =2/ f min_,/a;,

1< <N

while in the infinite one ]12}"/ 7, = 24/ f'(A) jlélj{/ Va;.

Proof: 3 heteroclinic orbit (¢;, ;) joining (B,0) and (A,0). Set

—1

and

Sph<2> = @ (c"f@'j ' 82;1 + Qz) for ]fj Nk, = {UZ}

Th Th
Then (¢p, ¥y) is a heteroclinic orbit joining (B, 0) and (A, 0) for

—m = ang” + f(p).
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mesh rule & connectedness of G = wu well - defined by

Uj(ilfj,t) = QOj (I‘j — Tjt)

i a2 a; *
network front continuum ~ 7 [ 1,/ —, ..., 4 /—, ... |, T > 7
al ai

Traveling fronts under the Kirchhoff conditions

V., = Vgl ]{j Nks = {U@} — (%‘Uj(%’, t) — %90/9 (géé o TSt)
(K) Z dijCijajUj(Ui, t) =0 In V;n
jeN

1
™o [fay E : o 0
[Tj a/] = dwcw\/a? 0 iV,

jeN

(DK) Z dz-jcz-j(?juj(vi, t) -+ O'Z'atu<’UZ', t) =0 1In ‘/r
jeN

V0 = VAV with VI := {v; € V|0, # 0}
Lem 2 Ass. (1), (2).
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1. If the ¢;; are given, then any traveling front solution satis-
fies a (DK) with o; given by

2. If (DK) is given with V¢ # 0, then at most one branch
speed vector 1s admaissible.

Thm 3 Supp. (DK) dissipative, (I', D) acyclic, and f(u) <
f'(A)(u— A) in [A, B]. Then the (RDBE) admit a traveling
front solution u € C%}((G x R) iff the mesh rule

ZC ki, Z)—= =10 holds along all circuits Z < T
jeN
and with 57, = ZjE./\/ dijcij%
: : 0 o) 0; : d
6; > 20\ f'(A) inV,, 6=0 nV', —=— —inV"
Op 5h
In this case the branch speeds satisfy for h j e N
L and o; = - il Zd”cw n Vrd.
ﬁ

J J Tm SN J

In addition,
e VIL) = (7;)jen unique,
o V., =V 3 front continuum <= all §; =0 in V.
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Consistent Kirchhoff condition

(CK) Z dz-jajajuj(vi, t) =0 n ‘/;a
JEN
N Zdiﬂ_j:o inV, < Zd”\/@:() in V.,
jeN jeN

TNSC Teff<G, a;, f) = Z dz’jTj =

v; eV}

Consistent dynamical Kirchhoff condition:

(CDK) ai&gu(vi, t) + Z dijaj(?juj(vi, t) =0 in Vi
JeEN
A/ Am, am, )
- Zd@]\/CTJZ T—QZdijj 111 VK

mjeN mojeN

< O0; =
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(CDK) dissipative at v; <= Z di;j7; > 0
jeN

(CDK) nondissipative at v; <= Z diiT; <0
jeN

Cor 4 Suppose I' is a tree.

1. 1If Zje/\/dij«/aj > 0 in V., then 3 traveling front in G
satisfying a diss. (CDK). max; 7; occurs only at'V,~, while
min; 7; occurs only at V,". 15 < 0.

2. If Zjej\/dij«/aj < 0 in V., then 3 traveling front in G
satisfying a nondiss. (CDK). max;; occurs only at V,*,
while min; 7; occurs only at V,~. Teg > 0.

maximal maximal

branch speed branch speed

Speed dissipation under diss. (C'DK) vs. speed concentration
under nondiss. (CDK)
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Isotachic fronts under (CK) and (CDK):
all 7; are equal <= all a; are equal
isotachic front & (CK) = ~ =+, inV, and

Z C(kj, Z)0; =0 along any circuit Z in[".
jeN

Examples: trees with even degrees in V. or:

R

\

!
I

—--
1

|

\

\

|

|
\
\

|

\

I
I

-—
1

]
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isotachic front & (CDK) = o;=ar ' (7 —v7) mV,

Application to neuron models with isotachic propagation on the
dendritic tree, nonlinear Camerer model
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Attractivity and stability of equilibria
on finite networks

fi € CY[A,00)), fi(A) = fi(B) =0, f; > 0in (A B),
fi(A) >0, fi(B) <0, f; <0in (B,o0).

(a) u € C(G x [0,00)) N C3L(G x (0, 00)),
(b) atuj — aj(?jzuj —+ fj (’LL]> on kj, 1 < ] < N,
> A.

()

_/\\

\<C> u’Gx{O}

Thm 5 Impose diss. (K) in V:
Zdijcijé’juj(vi,t) = 0. (v; € V)
JeN

If u € (xx), then
lim |u(-,t) — Bloog = 0.

t—00

Pf Choose A1 > A,t; > 0s.th. u> A for t > t;.
B; := maxgu(-,0). Let u,uw € C*([t1, 00)) solve

U = min; f;(u), u = max; f;(u),
Q(tl) = Al, ﬂ(O) — Bl.
Comparison Principle: u < u < uin G X [t1, 00). .

Advantage: arg. applies also to the infinite case.
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Thm 6 Impose consistent (CDK) in V with all o; > 0:

aiatu(vi, t) + Z dz-jaj(?juj(vi, t) = 0. (Uz' c V)
jeN
If u € (xx), then
lim Iu( ) — BIoo,G = 0.

t—00
Pf Set Z
:/ fi(s)ds
A

Eu) = % /0@7 (aj (Bju;)” — Fj(“j)) drj 2> cst.

jeN

and

Then

d
dt Z/ (Oruj(x;,t) dx]
jeN
+ Z@tu v, Zdwaj@ w;(vg, t

i€n jEN

"~

=—0;0pu(v;,t)

= — Z/ (Oruj(z,,t) da:] Z g; (Oru(v;,t))” < 0.

jeN v, €V

Apply Lasalle’s invariance principle: w (u(+,0)) = {B}. .
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Thm 7 Suppose diss. (DK) and f = fi=...= fy and
5@ = Zdijcij\ / Clj_l Z 0'2'2 f’(A)
jeN

for all v; € V' and

ZC ki, Z) ——O (Z circuit in T").
jeN \/7

If u e C(G x[0,0); A, B]), u € (xx), then
lim |u(-,t) — Blwg = 0.

t—00

Pf 3 front w € C**(G x R) sth. w € (RDBE),

Tj > 7 > 24/a;f'(A)
and for d;5 # 0,

Z dijcij(?jwj (/U@', t) + al-(t)ﬁtw(vi, t)

JEN
= — . (g;5 — Tst) {0i\/as — 1507} > 0.
Find Ay > A,t1 > 0 sth. uw > Ay for t > t; by the StMP and
w < wufort=t.

Comparison Principle: w < u in G x [0, 00). .
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Thm 8 Supp. diss. (DK). Let By, Bs] be the component of
ﬂ]{z‘ f]’(z) < 0} containing B, u € (xx) with

u € C(G x [t,00); | By, By))
for some t; > 0. Then
lim |u(-,t) — Bloog = 0.

t—00

Pf Wlog t; =0. @ € cg}gc; x [0, 00))

(x5, 1) = {ug(%Hh) wj(xj, )}

P 1
at ;l_ a; ]xjx]_I_u /0 f], (Tuj(xj,t+h) + (1 —T)Uj(flfj,ﬂZdT.
<0
1815 ooy < maxi(-,0)],
IutIG>< ) < mgx|ut(.,())|.
U= {u(°7t)‘t >0} is | - 2 hounded, each | - | ) limit e

satisfies (K) and is a bounded weak solution of
0= CLjijjxj + fj <U]> on kja 1 S ] S N,
Uy € CHG), Us = B.



Joachim von Below IPAM Workshop Flows and Networks in Complex Media April 28, 2009 26

The equilibrium B is not attractive without dissipa-
tivity of (DK):

a; =1, f(u) = fij(u) =siny, {(o(2),0(2))|z € [0,1]}
{w—w, 0<e<g<minl0,]]
V' = —f(p), p(0)=p(l)=¢ & ()= —v(0)
(0 € < ¢

Choose I' with V, =0, V = Vi, ¢, = 1.
u € C*HG x R), uj(z;,t) = p(x;) satisfies u € (xx)
0 < ¢<O) = dijijj(UZ', t) for dz’j 7é 0,

N
Z dijcij0u;(vis t) + 0i0pu(v;, t) = 0, (vi € Vi)

j=1
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with arbitrary o; and

1 if j = min{s| d;s # 0},
ij = 1 .
i otherwise,
1=
dist ((p(£/2),0), (7,0)) = mén T — (-, )] = const. > 0

Conclusion: B is not locally attractive.

Rem 9 Extension to reaction terms with a sign change

flu) =u(l —u)(u—p)

a.I.o.

Rem 10 Extension to given incidence ratios ¢;;s = gl-_sjl- > ()

Vv, €'V, : ]Cj Nk, = {UZ} — Uj(’UZ) = gz'jS’LLS(UZ').

Rem 11 Impossibility of traveling pulses with A = B by the
negative Bendixson Criterion: no homoclinic orbit for

0 =1, | 1
V=== o hi ()

J
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Rem 12 A general condition (GK)

V;(u, t) = pz"LL(UZ', t) — Z dijcij(?juj(vi, t) — Ji(?tu(vi, t) =0
jeN
is much too restrictive. Suppose at some v;, p; # 0 and (GK) is
imposed. For a nonstationary wave u this leads to a linear ODE
for each profile ¢, with d;;, # 0, namely
~1

pi 1
Sﬁlh — NIhPh, Ny = — Z dz’jcz’j_ — 0
Th \ © T
jeN
Thus, pn(2) = zgexp(npz) with 2y # 0 and all profiles are com-

pletely determined by the branch speeds 7;. Clearly, these profiles
can never belong to a traveling front.
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DAMPING EFFECT OF THE DYNAMICAL DISSIPATIVE
KIRCHHOFF CONDITION

Tetrahedron K, Oy = Oruj + 4u; (1 — uy)
(CK) left Z dij(?juj(vi, t) =0
JEN
ai(?tu(vz-, t) + Z dijé’juj(vz-, t) =0 right (CDK)
JEN

o1 = 10, o3 = 1000, 09 = 04 = 0
3

N)
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