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Outline

Boltzmann equation: Collision operator and
notation.

Results:
1. Young’s Inequality for Hard potentials.

2. Hardy-Littlewood-Sobolev inequality for
soft potentials.

Radial symmetrization and proofs.
Applications to the Boltzmann equation.




Boltzmann equation

* Cauchy problem: Find f(% x,v) 20
g +v-Vf=0(f, f) in (0, +0c0) X R%"

ot
FO,x,v) = folx,v) =2 0
e Strong form of collision operator

\ﬁ};n \,L:Hl (f(’u)g(’u*) — f("g(v.) B(Jul, i - w) dew dv,

 Action on observables or weak form

f o ’3)("')”(“)""}::f f F)g(ve) f W) = 6()) Blul, it - @) dew dv, v
En Br JRn gn-1




Gain Boltzmann collision operator

e Action on observables

/Rn QT (f. 9)(v)U(v)dv := /]E /]R f(’v)g(m)/sm ;;';(v’)B(|u|,ﬂ\.w) dew do, dt

e Variables u[ b - w) with —n < A

3
u=v—uv, , V=v-— 5(“ — Julw) and v 4 v, =0 4+ v

Restitution coefficient
3:[0,00) — (0, 1] defined by 3(z) := 1+e(z) = [ul _S.w

2

(i) z +— e(z) is absolutely continuous and non-increasing.
i) z — ze(z) is non-decreasing.

(i

N.




Bobylev operator and relation with
the Boltzmann collision operator
* Bobylev variables and operator
Plono)u) i= [ o )ou )bl w) do,
u” =2 (u—|ulw) and uTi=u—uT = (1 - B)u+ L (u+ |ulw)
* Gain collision operator
Q+ (f. g)()(v)dv = fﬂ Rnf (v — w)P(ro R, 1) () |u|dudv

() i=Y(x —v) and Ry(x) = (—x)

* Interesting property in Maxwell molecules

e —

Qt(f.9) =P(f.9)




Main results
. 1/p
Notation sluzee = ([ 7P (1+10)a0)
¢ Young’S |nequa||ty (Alonso-Carneiro 08 and Alonso-Carneiro-Gamba 09)

Theorem 1. Let 1 <p. q,r < oo with1l/p+1/q=1+1/r. Assume that
B(|u|, 4 - w) = [u|*b(i - w) |

with A\ > 0. For o > 0, the bilinear operator Q% extends to a bounded operator
from L? _\(R™) x L&JFA(IR”) — LT (R™) via the estimate

Q™ (f.9)]

LT (Rn) = Cllfllce, @y ll9llLe , | @ny-

H I_S |neq ua I |ty (Alonso-Carneiro-Gamba 09)

Theorem 2. Letl <p, q, r < oo with —n < A< 0and1/p+1/q=1+A/n+1/r.
For the kernel

B(|u|, @ - w) = |u|* b(@ - w).
the bilinear operator QT extends to a bounded operator from LP(R™) x LI(R"™) —
L™ (R™) via the estimate

QT (f.9)]

Ly < Clfllzo@n) 9] zagen)




Rotation property and
symmetrization process

The Bobylev operator satisfies: Let R a rotation, then

P(f.9)(Ru) = P(f o R.g o R)(u)
This property makes this operator suitable to be
analyzed using radial functions.

Let G = 50(n)be the group of rotations and let du

its Haar measure. Define the radial function
1

:(/ |f(R3:)|pd,u)p? if 1<p<oo

Conservation of norms: HfHLP (Rn) = Hf HLP(W




Majorization by radial functions

e Essential Lemma (Alonso-Carneiro 08 and Alonso-Carneiro-Gamba 09)
Lemma 3. Let f,g. v € Co(R™) and 1/p + 1/q + 1/r =1, with 1 < p,q,r < 0.
Then

[ Pl < [ P g0 ) du

 First,

)/n (f.9)( u) du [ﬂ [S’n . f(Ru™)] |§'(RU )| [0 (Ru)|b(t - w) dw du.
* Then, |ntegrat|on on G = SO(n)

‘/n (fs 9)(uw)(u) du
/nfSn 1(/ (R ||{5" O)[(Ru)| dp(R )b{u w) dw du.

_fp(-u )gq(tﬁ)t ()




Reduction to dimension 1

* For radial function set f(z) = f(|z|)
 Then,

..............................

ay(z,s) =z (52 )UE and ag(z,s) == [(H'S) + (1= pB)? (1_3)]1{?/;

_____
-

* So,
(f g9)( |bn 2}/ f ai(x,s)) g (az(z,s)) d5 (s)

* We define then the 1-D functional,

B(f.q)( / flai(z,s)) g(az(z,s))dEl(s)




Lemma 4. Let 1 < p,q,r < oo with 1/p+1/q=1/r. For f € LP(RT,do%) and
g€ LYRT,dog) we have Fmomooos

||B(f g)”LT(H-I_:ng] <C ||f||LF(]R+=de‘l) ||g||L‘T[]H+,,ng] ’

where the constant C' is given in (2.15). In the case of constant restitution coefficient
e, corresponding to a constant parameter 3 = (1+¢e)/2, one can show that

_nt+a ol _nta _nta
C(n.a.p.q.b,3)=p3"» (177) > () +Q-87(F)] 2 dg(s)
—1

s sharp.

Theorem 5. Let 1 < p,q,r < oo with 1/p+1/qg = 1/r, and o € R. The bilin-
ear operator P extends to a bounded operator from LP(R"™ dv,) x LY(R". dv,) to
L™ (R"™,dvy) via the estimate 1)z|*dz |

P D pr@n, dvay < C 1 le@n, ave) 191 La@n, dvn) -

Moreover, in the case of constant restitution coefficient e, the constant

o= s [ 03T )+ 0 2 ()T acke
S - 2 2 - 2 n

is sharp.




Proof Lemma 4

* Direct consequence of Minkowski’s inequality.

 The optimality in the constant follows by

choosing
1/p ,—(n+a—e)/p f /g —(nta=e)/a for O< <1
fulz) = e/Px for []f.:‘:zt:{l, ge(z) = e’ Tx or 0 <z ,
0 otherwise. 0 otherwise.

 Theorem 5 follows noticing

PO Dl r@n, ava) = IP(fp, 99|l Lr@n, dva)

T
* And (1P 0l vy = 15" [P0 6

LT(Rt,do?)
1 -
= |S" 7T |S" 2 IB(fr g5l Lr et aos)

1
‘EC }5"”_1‘-}“

S"2| N fxllLr @t dog) 1195 Lo+, aos)

=C }5’”_2‘ [fllr@n, ava) l9llLa@mn, dv,) -




Sharp constant Maxwell molecules

Alonso-Carneiro-Gamba 09

ﬁnllar}' 6. Let f € LY(R") and g € L*>(R™). Then \
» - |70

|Q+(f'-g)”LE{Rn} — “Q+( LE(R“]

< Co ||f||Lm(Rn) ||§||L9(Rn} < Co [l fllzr@my llgll2 @)

The constant is given by

Co =

)] 71 del(s).

B8)* (3

Similarly, for f € L*>(R") and g € L*(R™) we have
HQJF(f-Q)HLg{Rn} < C1 | flle2@ny 19l L1 @)

where

mn 1 n
k Cr=[s"7| 572 /_ ((557) den(s), J




Theorem 1: Young’s inequality

e Recall that

— QY (f,g9)(v)Y(v)dv = / f(i )g(v — u)P(myRab, 1) (u) dudw.
Rn n

* |n addition for 1/» +1/¢ +1/r=1 one has

/ f f(w)g(v —u)P (R, 1) (u)duduv
BEn JE

/n/n 0)7 (v u) (f(t)q P(ru R, 1)(15)3_)

(Q(L — )7 PRy, 1)(u)? ) dudv




Young’s inequality

* Apply Holder inequality with these exponents to
obtain I < I, 1; where

I = (/n - f(v)Pg(v—u)?du d-u)

1
(/ f(0)PP(my R, 1)(1’5)?![11.5 d'U) q
T H“

1
T

I :

1

(/ n f . Q(U_u)qP(TURﬂJ’1)(“-)Trdud_l_,>ﬁ
- (/ f“g(r)qml"rv'*rf’)(u)'-"’dudy)%

 Apply Theorem 5 in each term to conclude

IE

I < C|flle@n) |9l La@n) [[¥]l L @n)




Young’s constant

 The constant is proportional to

r’
f
q

mn 1 _n_
C = |52 (2?/ (55) dfi(&))
-1

([ 1059+ 0 022 a)

1

* Inthe case a+ X > 0is enough to use

/2

[ [* = o= uT[* < (o + foe?)TT <292 (o] + o = ul*)

ul* < (Jo —u| + [0 < 2* (Jo — u| + 0]}




Theorem 2. HLS inequality

* Recall
= [ Qtra@ved = [ [ et - 0PERE D dudo

Em

= [ 16 ([ nRo) PlrRY. 1) ludu) o
* For the inner integral we use Holder

/ R (w) P(reRY.1)(w) [ul*du < ||P(reRY, 1) pomn, auy TR Lot )

< Ch ||TUR¢||La(Rn!dyl} ||T'L=RQ||LG"(]R”._::1MA}

— [l @] (6l ) @)

* Then

/a’

(Il * [ul) ()] do.
{ |

Ja

r<cy [ @ [(or s M)




Applying Holder again
1/a’

a 1/a a’
L< Oyl 01" Py [0l

HLS for the last two terms

W’la * |’1~"*|‘:,t Lb/a(Rn) < (s ||¢||Ead(Rn}
a’ by a’
ol <l < Co e
. 1/a ~1/a’
Concluding I < 1 CY* Y |1 £l oamy 1]l ore sy 119 Lo

Need

a 1 A
]_ _= — — — b 1 d L
T Tad W - sas
-|-1—1 Il <a<oc
TS =5 — 0= 1A
a ﬂ'! 1_|_a'_:___1 C}ﬂ.fj 1{6{x
c e n
1 1 1
—+—-+-=1, 1<bec<x
p b c a'e =q




e Last two equations determine d and e in terms

of a.
* The remainder linear system is undetermined
because of the initial relation

1 1 A1
e A
D q n o r

* The choice ; ; \ 1 \
——=—(1+=] =—=--51+=
b 1 a

n

 with




Explicit constant

* By Theorem 5 we have the optimal

2

n 1 n+A
Oy = |sm72| 2 l_}‘/ (L55)7 20 agb(s)
—1

* Constants C2 and C3 are given by the HLS
constant.

* The overall constant is as good as the HLS
constant.




Application 1.

° Let M,(v):=exp (—alv|?), then

G‘henrem 7. Let 1 <p,q,r<ocwithl/p+1/g=1+1/r. Assume t;’mt\
B(lul, @ w) = |u|*b(i - w).
with A > 0. Then, for a > 0,

|@*(r.9) M3
\_

LT‘{RTI) E C Hf *’Mﬂf_lHLi(m”) H-g "JMQ_]_HLQ(RH) /

e For this theorem we assume b(s) vanishes for
s<0.




* Proof: Recall the weak formulation
1= Q*(f,9)(v) (MZ'¥) (v) dv

— / flv)g(v — u)f (M;lp) (v") |u|* b( - w) dw du dw.
n Jpn gn—1

* Also, due to dissipation of energy

MG (V') < MGH(v) MG (0.) Ma(v)).

e Then

I <
//(Mglf)(v)(M;lg)(v—u)/ b(v') Mg (vl) [u|* b(a - w) dw dudo.
n JBn gn—1




* But b vanishes in (-1,0), then

| ) Mool b ) e
Sn—l
= [ o= ) Mao— ) b ) de
Sn—?

< 2”2‘/ V(v —u")Mg(v —u™) |u+|/\ b(t - w)dw
Sgn—2

e Next we use the Maxwellian to balance the
growth in the kernel.

Mo (v —uM)|u™ |} <22 Ma(v —u®) (Jo =t} + [o*) < Cra (14 |0




 Then,

I <
2M2C 4 /n/n (MZLF) (0)(A + [0]Y) (Mg 1g) (v — u)P(1 R, 1) (u) dudo.

* Proceed with the proof as before for Young’s
inequality in the Maxwell molecules case.

* Note in the case (r=g=c= and p=1) we obtain
the classical L1-Lee comparison. See Gamba-
Panferov-Villani (2008) for the proof of a
slightly different version using the Carleman
representation (in the elastic case).




Application 2.

* Note that by Theorem 5. (1/p+1/9=1)

QT (f.9)(v) = - P(ryRf, 7oRg)(u) |u|*du

1/p 1/q
<C ( flu)?|lv— u|}‘du) (/ g(u)?v— u}“du) :
Bn Tt

* Therefore (p=c°, q=1)

@ (1.9)(0) < Cllf e [ gl = uldu

T

® Compare W|th Q_(f,g)(v) _ f(,U)f g(ﬂ»)ll’ _ u\}‘du

i




 This shows that the gain and the loss are
somehow comparable, but, the semi-local
nature of the loss operator and global of the
gain make it hard to compare them. Note that
if C<1 previous inequality proves that
solutions of the B.E. would be bounded.

* Let us note that previous inequality can be
helpful in some instances. For example
assume for simplicity elastic collisions ( A<0 )
and that

(e v t) <C(1+ 2272 (1 + |v[*) P2 .= C h(x) k(v).




* Classical result: Let zand y are orthogonal then
h(z+ z)h(x+y) < h(z) (h(x + 2) + h(z+y) + h(z+ 2 + y))

e Also note that
Q_|_ fof)(x,vt) =

/ / 7 (w4tu”, v—u", t) 7 (z+tut, v—ut,t) [u]} biw) dwdu
n Jqgn—1

e Using previous inequality with z =4~ and y=u"
we obtain

Q7 (f, f)(x,v,1) <

C? h(x) k(v) (/ / hiz +tu k(v —u™) \u\)“ b(w-w) dwdu + - - )
ﬂ. Sﬂ-—l




e Using Theorem 5. we conclude

Q#(f f)(x v t) < Cp C% hix) k(v )111111{1 /

Cy C?
— (1 1 t)ﬂ—l—)\

h(x + tu) |u’\du}

T

h(x) k(v)

 And therefore for 1-n<A<0,

/ QF(f. ), v,8)ds < C1 C2 h(x) k(v)
0

* Find more applications in Irene presentation.




Previous work

*Previous L” estimates done by Gustafsson 1988,
Gamba-Panferov-Villani 2003, Mouhot —Villani 2004,
Gamba-Panferov-Villani 2008.

*Some ideas for the short application 2. taken from
Bellomo-Palczewski (1988) and Ha (2005).

*Radial symmetrization can be found in Alonso-Carneiro
2008 and Alonso-Carneiro-Gamba 2009.

*Other estimates for nice collision kernels (moments and
compactness) can be found in the work of P-L. Lions
1993, Wennberg 1993-94, Desvillettes 1993.
*Applications to the homogeneous case Mouhot-Villani
2004







Application: Inhomogeneous
BOItzma n n e (Alonso-Gamba 09)

* For this application we consider the
distributional solution of the Cauchy
inhomogeneous Boltzmann problem in the
near vacuum case or the near local
Maxwellian case. These solutions are proven
to satisfy (0O<A<n-1)

f(t,x,v) < C exp (lx — v + |v|2)

* We use the standard notationf*(, x,v) := f(t,x + tv,v)

df* # .
E“) = O"(f. /)r) with f(0) = fo




 We want to study the propagation of
regularity in order to find classical solutions in
the soft potential case.

e Technical difficulty: Do the above without

regularizing or pw cutting-off the kernel.

.. . X+ hx)— f(
* Finite difference: Ons) e = {2210

* Translation: (mwsf) () = fx + h)

 Applying the difference operator to the
equation

d(Df)*
CL 0= s 1)1 = 0FDF. ) + O e f. DD




* Multiplying by piopfr" senns we obtain

dIIDfIIY,
dt

* Holder inequality and HLS theorem imply

d D7,
dt

<pC | Dl g, (£l o em + T fllagem) ) dx.

* Since fis control by travelling Maxwellian

C C

a(gry < =
I gy (1+tma (1 +

= [ [ 1P lsen) QDF. 1)+ (1. Dy dvd

Itz voem (1Q(DF. Pllppen, + 10T f. DPllppceny) d




 Therefore, using Gronwall’s argument

t
”Df”LP(REH) (1) < ||Df0||LP(R2”} exXp (.[8 # dS)

* Recall that ¢ = ¢, p, 4,11l gn-1))

 Then (after sending h— 0)
Vf”Lp(Rﬂn} (f) < C”Vf{}”Lp(REHJ f{}‘f‘ allt € [0, T], 1 < p < ocC.

* This produces the classical solution of the
Cauchy problem. Moreover, the same process
for the velocity variable gives

d(Df)
dt

() +v-V(D)t)+V-V(f)t) = DOf. /)t) = QDf, /) + Q(rf. Df)(1)




* Leads to the equation

d||D P
DI, .
dt (1 + )” A

” f”Lp(Rzn) + p ”Df”LF'(REHJ ”vf”LpUREHJ

* That implies
”Df”Lp(Rzn] (f) < (”Df{}”Lp(REHJ + IllVﬁ}lle{Rzn])exp (L\I l+f“_‘1 dS)
e So (after sending h—0),

IV )Ollpgany < € (9 follreany + 21V follogan

e Same argument can be used to obtain the
stability result

1f = &llr < C llfo—golly with 1 <p<oo




Previous work

Previous LP estimates done by Gustafsson 1988, Gamba-
Panferov-Villani 2003, Mouhot —Villani 2004 .

Radial symmetrization can be found in Alonso-Carneiro 2008
and Alonso-Carneiro-Gamba 20089.

Other estimates (moments and compactness) can be found
in the work of P-L. Lions 1993, Wennberg 1993-94,
Desvillettes 1993.

Existence of distributional solutions near vacuum is due to
Kaniel-Shinbrot 1977, Shinbrot-lllner 1981, Toscani 1985 and
others.

Existence local Maxwellian is due to Toscani 1988, Goudon
1997, Mischler-Perthame 1997, Alonso - Gamba 20089.

Existence classical solutions in the aforementioned cases can
be found in Alonso-Gamba 2009. Previous due to Boudin-
Desvillettes 2000.

Stability in L1 done by Ha 2004 for different potentials.




