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Boltzmann equation

L. Boltzmann, 1844-1906

Boltzmann equation

1
fr + (V7gradxf) = ma(fa f)

Distribution function

f=f(tx,v),t>0 xecQcR3veR®

Collision integral

Q(f, f)—//B(v, w, e)(f(v’)f(w’)—f(v)f(w))dwde
R3 S2

% :%(v+w+|v—w\e), W’:%(V+W—|v—w|e)

Sergej Rjasanow Three-way decomposition of the Boltzmann distribution function



Boltzmann equation

Collision kernels

Inverse power potentials

|1—4/m

B(v. w, &) = B(|ul, 1) = [u]' /" gm(n), m>1, u=v—w

Maxwell pseudo—molecules
B(lul, 1) = ga(k)
Variable Hard Spheres model
B(lul, ) = Cylu], =8 <A < 1

Hard spheres model

d2
B(|ul, ) = - lu]
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Boltzmann equation

Macroskopic quantities

density

p(t,x) = [ f(t, x,v)dv
/

momentum
m(t,x):/vf(t,x, v)dv

]R3
flow of momentum

M(t, x) :/vvT f(t,x, v)dv
R3
flow of energy

r(t,x) = ;/v|v|2 f(t,x, v)dv

RS
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Motivation

Gain term of the collision integral
Q. (f,f)(v) = //B(v, w, e)f(V')f(w') de dw

R3 S2
Discretisation of the v—space

Numerical work for

Q:(f,H(vi)~ D> > B(vk, W, em) (V) (W)

leQp me??

is of the order O(n®)
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Choise of ep,
K = %(k+/+|k—/!em), l’:%(k+/—|k—/!em)
or
K+I'=k+1I k—I'=mwithm: |m|*> = |k —1|?, en=m/|m|
Find all solutions my, mo, mg € Z of the equation
m;4+ms+m;=KeN

Additive number theory
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Choise of e,

k’:%(k+/+|k—/!em), l’:%(k+/—|k—/!em)
or
K+I'=k+1I k—I'=mwithm: |m|*> = |k —1|?, en=m/|m|
Find all solutions my, mo, mg € Z of the equation
m;4+ms+m;=KeN

Additive number theory
@ K = 4/(8j +7) - no solutions
@ K = 4/j - finite number of solutions
@ else - the number of solutions is O(K1/2-¢)
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Motivation

1 v=(220"7 _|v+(-2,0,0)"7
2

fO(V):W e 2 +e

Exact evolution of the moments

5 -2 0 y
M= -2 3 0 |et2ig
0 0 1

0
—4 ;[0 ;[ 12

r(t)y=| 13 e—f/3+§ 43 (1—.9—!/3)—5 4 | (e 12— /3
0 0 0

8 0 0
0 11 0 |(1—e"?
0 8
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Motivation

Memory, numerical work and the (formal) accuracy

Mem = O(n®),

Op = 0O(n"), Acc=0(n""/?)

L 1]

Mi

| M |

4

8
16
32
64

0.19921
0.04685
0.03640
0.02478
0.01853

0.19847
0.09627
0.08599
0.06289
0.04698

A. Bobylev, Rja. 1997
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Motivation

Boltzmann collision operator

Qu, V) =Fymo | TP Mz~ )2+ )] (w.y) (V)

T(u,y) :8/5(2|uy,u)e—@|“|(% €) de
S2

Memory, numerical work and the formal accuracy
Mem = O(n*), Op =15n®In(n) + O(n®), Acc = O(n~?)
VHS-model with B(|ul, ) = Cy|u*
T(u,y) = 2°"xCy|ul sinc(|u] |y)

numerical work Op = n®/8 + 315/32n° In(n)
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Motivation

Numerical accuracy

for M11

| n| m] eror [factor| | n| m] error | factor |
8 16 | 0.06785 - 12 24 | 0.06590 -
16 | 32 | 0.00466 | 14.5 24 | 48 | 0.00248 | 26.5
32 64 | 0.00135 3.5 48 96 | 0.00059 | 4.2
64 | 128 | 0.00032 4.2 96 | 192 | 0.00014 | 4.2
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Motivation

Numerical accuracy

for ro
| n| m] eror [factor| | n| m| error | factor |
8 16 | 0.14164 - 12 24 | 0.15667 -
16 32 | 0.00232 | 61.1 24 48 | 0.00137 | 114
32 | 64| 0.00077 | 3.0 48 | 96 | 0.00033 | 4.1
64 | 128 | 0.00018 | 4.3 96 | 192 | 0.00008 | 4.1
l. Ibragimov, Rja. 2002
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pheres model

5

4.5

2.671

2.669

2.668
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spheres model

0 0.5 1 1.5 2 2.5 3
14.335 =

14.33
14. 325
14.32
14.315
14.31
14. 305 y

14. 3}/
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Motivation

Degenerated Function

r(t)
f(t,v) = Br( H Ot v, v= (v, v@ vE)T
k=1

Discretisation

r(t)

3
Fty = (1) . 1 =2 [, jec

=1

Memory requirements, FFT

Mem = O(n), Op(FFT):125n®Inn — 15rninn

Low Rank Tensor ||F — F.|[r <¢l|Fllr, [IFllF=1/Yjec, ()
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Maxwell Distribution, r = 1

fu(v)

3
1 _O-v0)
e 2T,
po E (2 To)'72 ’
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Motivation
Maxwell Distribution, r = 1

1 (vo-v)*

3
fM(V) = Po - e 2Ty
E (27 To)1/2

BKW Solution, r = 3

___ o 3/2 B+ o 3 - ve
f(t, V)—W(ﬂ(f) +1) é—i-ﬁ(t)( 27, V| 2) e
with

Bo e Fo t/6

pt) = - N CE—
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Motivation

Mott-Smith model, r = 2

fus(x,v) = a(x) fy_(v)+(1-a(x)) fu,(v), 0<a(x) <1, xeR
with
eﬁ(X_XO)
ax)=————, XeR
1 + e/B(X_XO)

0.2 0.2
0.15 0.15
0.1 0.1

0 10 5 0 5 10 15 20 0 10 5 0 5 10 15 20
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Motivation

Criterion of local equilibrium
i <
o N

Kn = 0.02

with

1 > 2 5 1 o\ 1/2
(31P - PR+ 55192 + 35727

-
f(v) ~ fu(v)(1 + a+ (b,v) + (Cv, v) + (d, V)|vi? + elv[*)

4
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Adaptive Cross Approximation

Approximation of the function K(x, y)

X:{X'lv"'?Xn}’ Y:{Y1,---a}’m}
with

K(X7y):Zuk(x)vk(y)+Rf(X7y)7 r=r(e)
k=1
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Adaptive Cross Approximation

Approximation of the function K(x, y)

X:{X'l""?Xn}’ Y:{}ﬁ,---a}’m}
with

K(X7y):ZUK(X)Vk(y)+Rf(X7y)7 r=r(e)
k=1

Approximation of the matrix A € R™™

aj = K(x;, y))

with

=

Accuracy, Memory

Ax A, |A-A|F < e||Allr, Mem(A) : O(nm) — O(n+m)
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Adaptive Cross Approximation

Approximation of blocks
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Adaptive Cross Approximation

Ry=A, S=0
fork=0,1,2,...
et = argmax |(Ak)|
Rit1 = Rk —k+1(Rxej,,) (eizﬂ R)
Skt1 = Sk + Ykt (Rk i1 ) (effﬁ Rk)
with
, 1
k1=t
* (Rk)ik+17jk+1
A= Ry + Sk and (Rk)im,j = (Rk)i,jm =0form=1,...,k
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Adaptive Cross Approximation

1 -2
K(x,y) oy 10

Step Pivot row Pivot column Pivot value Relative error
1 1 1 1.00-10%2 3.43.107"
2 2 2 7.91-10"° 1.62-10~"
3 6 6 1.10-10™° 3.66-1072
4 28 28 2.25-107" 2.26-107°
5 3 3 6.10-1072 8.40-10~*
6 13 13 9.87-107° 2.28-107°
7 4 4 3.91-107* 8.85-107°
8 20 20 1.02.10~* 2.69-10~7
9 9 9 6.32-10°° 3.30-10°8
10 32 32 1.97-10°8 1.13-107°
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Adaptive Cross Approximation

Initial situation
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Adaptive Cross Approximation
After 3 Iterations
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Adaptive Cross Approximation

After 6 lterations
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Adaptive Cross Approximation

After 9 lteratio
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Main ideas

Extension of the ACA

So(X7y,Z)=O, RO(X?yfz):K(vaaz)

Gl 12 = Bm—1(Xin> Yims Zkm ) Bm—1(Xins ¥, 2)Bm—1(X, Yjm> Z2) Bm—1(X, ¥ Zky,)
me Rm—1(Xim»yjm>Z)Rm—1(Xim,Y>ka)Rm—1(X7yjm7ka)

Sm(X7.y7Z) = Sm—1(X>y7 Z) + Cm(X7y7 2)7

Rm(X,y7Z) = Rm_1(X,y, Z) - Cm(X7y7 Z)
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Numerical experiments

Initial condition

1 lv—(2,2,0)"]? lv+(=2,0,0)"2
(V)= ——= | e 2 +e 2
0 2(27)3/2
0| A o —_ T
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Numerical experiments

Initial condition

1 v=(220"7 _|v+(-2,0,0)T7
S 2 2
fo(v) 2(2n)2 e +e
Relaxation of the numerical rank
o 0 T e
8 8
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Numerical experiments

Computational times

n e=0 e=10""6 e=10"8
16 0.2s 8.0s 0.4s 19.0s 0.5s 22.0s
32 11.0s 12.0m 0.8s 70.0s 1.0s 81.0s
64 7.0m 15.0h 3.3s 7.0m 3.4s 7.0m
128 6.0h - — 49.0s 3.6h 49.0s 3.6h
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Adaptive Cross Approximation

Springer monograph

Sergej Rjasanow
Olaf Steinbach

The Fast Solution of
Boundary Integral

Equations

&) Springer
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