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Fluid-dynamic treatment of flows of a mixture of

- a vapor and a noncondensable gas

- caused by surface evaporation/condensation

- near the continuum regime (small Knudsen number)
- based on kinetic theory




Introduction Vapor flows with evaporation/
condensation on interfaces

Important subject in RGD

. condensed
(Boltzmann equation) o phase
> v o\
Vapor is not in equilibrium L il
near the interfaces, even for ”’””’"””»»\‘4\ E g TARE
condensed \
small Knudsen numbers phase

(near continuum regime).
Kn=I[l/LK1 (Continuum limit Kn — 0)

l . mean freepath L : characteristic length

Fluid-dynamic description ~ €quations ?? BC’s ?7?
not obvious

Systematic asymptotic analysis (for small Kn)
based on kinetic theory

Steady flows
m Pure vapor Sone & Onishi (78, 79), A & Sone (91), ...
Fluid-dynamic equations + BC’s in various situations

@ |Vapor + “‘ condensed
Noncondensable (NC)| " Mme
gas AR Y
M - s Vapor (A)
condensed \
. . . phase +
Fluid-dynamic equations ?? NC gas (B)

BC's ??




Problem condensed

] phase
Steady flows of L “\y 'y
vapor and NC gas s . Vapor (A)
at small Kn phase. +
NC gas (B)

for arbitrary geometry
and for large temperature (density) variation

Boltzmann equation for a binary mixture
hard-sphere gases
(and model equation)

B.C. [ Vapor - Conventional condition
NC gas - Diffuse reflection
Formal discussion: more general B.C.

Dimensionless variables (normalized by fﬁ., fir, L
Velocity distribution functions

FAXx, ¢) : Vapor FB(x,¢): NC gas

X : position ¢ : molecular velocity

;)

Molecular number of a component in dxd({

[F"(X, ¢)dxd( (a=A, B) }

Boltzmann equations | (¢ ~ Kn <« 1)

A
c-ai — L [JAAFA, FA) + JBAFB, FAY)
€

B
¢ ai 1 JAB(pA, pBy 4 yBB(pB pBy]
€




Collision integrals (hard-sphere molecules)
7P (f,9) = 5 =K [17(ED9(¢) ~ F(EIg(Olle-VIdeae)dL,,

Lo
¢=¢c+t2 > evre, G=C-"gEVe, V=(-¢
(d“ + df)2 Ba _ 2mmpP

KB = =—:.
4 » # me® + mbP

Macroscopic quantities
1
= [Feag,  ve=— [croa,
P =noTo =2 [mC — VPR, (a=4, B),

n='n,A-|—nB, p=m nA+m nB ,
1

v = Z(mAnivA + mBnBvB),
P

p=nT= ) [pa + _mana|va —v[?|.
a=A,B 3

Boundary condition| (a= A4, B)

Vy-N= 0
a\3/2 [0 2
a _ go [ _m®¢ — Vul® .
F*=g¢ (wT_w) exp( To ), (¢-n>0)
o 9 n
Vapor o = nlt = pl/Tw 3
(a= A) T
(number density) (pressure) — evap.

of vapor in saturated
equilibrium state at 7w
New approach: Frezzotti, Yano, ....

NC gas Diffuse reflection
(a = B) (no net mass flux)

B\ 1/2

aB=_(ﬂ) / / ¢-nFBd¢
Tw ¢-n<0




Analysis
® small Knudsen number ¢ = (/7/2)Kn <« 1
Kn=1I/LLK1

reference mfp of vapor reference length

® amount of NC gas () ~ amount of vapor <=
(I « amount of vapor

Fluid-dynamic systems are different !!

Asymptotic analysis for € < 1
Sone (1969, 1971, ... 1991, ... 2002, ...2007, ...)

* Kinetic Theory and Fluid Dynamics (Birkhauser, 2002)
» Molecular Gas Dynamics: Theory, Techniques, and Applications
(Birkhauser, 2007)

(I) amount of NC gas ~ amount of vapor

: Takata & A (01) TTSP
Fluid-dynamic-type equations aad ©1)

Hilbert solution (expansion) [6F%/x = O(F?)]

F% = F&))+F((“‘1)6+F(a2)e2+. . (a = A, B)

Macroscopic quantities (h = n®, v*, T%, || n, V, T, ...)
h = k() + hye+hoy? + ...

Sequence of integral equations <=—= [Boltzmann eqs.}

OF4 1
¢ =< [JAA(FA, FA) + JBA(FB, F4))

FB 1
62 = L{ABrA, FB) + JPB(EP, FP)




Sequence of integral equations (a = A, B)

T F Gy Foy) + TP (F g, Fgy) = 0 ,
Fa

Lo B o Bay B 1o — . (0)
ﬂ=§,B J (F(]_), F(o)) + J (F(O)a F(l)) - C ax

Solutions F("(‘)), Fﬁ),

F(‘?)), F(%)Z local Maxwellians (common flow
velocity and temperature)

Solvability conditions
Constraints for F-D quantities h(o), h(1)7

Fluid-dynamic-type equations

Assumption Boundary at rest

Vw =0 (Voo =0) (No flow at infinity)
@ [ more generally, vy = O(€), Voo = O(e)]

[V(o) (= V‘(40) = V?o)) = 0] Consistent assumption
@ (Sone, A, Takata, Sugimoto, Bobylev (96), Phys. Fluids)

Fluid-dynamic-type equations for (finally) n‘(%), T(0)
o 3/2 e , V
=1t (o) oo (-TE) = P VD)

T
N © { P(0) = const

P(1) = const

P = po) +P@)e + p(2)§€2 +...

V=0 +vuyetveo+...




Fluid-dynamic-type equations o) _ p(1) _ .

6:1:,- ’ 6.'D,;

(”(0) (1)) ("(o) (1))—0 continuity

Iv; (1)_ aP(z) 1/2 9vi(1)
2PO% (M g, oy + 50 (4735 92,

8 (11 M%) 08 |t & () M
Oz P(0) Oz; Oz; B:Dj n(0) Oz; ox;

T(o) axAaxA T4 8XAT(q)
Ox; '"'(0) 3:1:, Ox; 6% n(0) 6:1:3 Ox;

) momentum

X4 =nly/n)y  n) =10y F Gy A = Aij + Aji — (2/3)Apbij

A’ JA
Database: Takata, Yasuda, A, & Shibata (03) RGD23

B dB
n, T1, To, T3, T4, Tg: Functions of XA depending on m —)
m

Fluid-dynamic-type equations o) _ pa1) _

6:1:,- ’ 6.'D,;

O A A \_ 8 B B \_ .
6—%(71(0)1’]-(1)) =0, a(ﬂ(o)"j(l)) =0, continuity
g i) _ o), 8 [ r1/29 (1)
20O () Ba; —  Ba; T Ba; T(o/) :
8 11 0T(0) (o) aT(o) T 8 (.. 9T0))
8:01 P(0) Oz; Oz; B:BJ ”'(0) 3:13:, 2 ox; ox;
T(o) 0Xx46x4 T4 0XAdT, 1)
Ox; '"'(0) 3:1:, Ox; 6:33 n(0) ('hr:J Ox;
To) 8 BXA
n(0) 3%_ 58z |’ momentum

X4 =nly/n)y  n) =10y F Gy A = Aij + Aji — (2/3)Apbij

B B
n, T1, To, T3, T4, Tg: Functions of XA (depending on m—A, d—)
mA’ dA

Database: Takata, Yasuda, A, & Shibata (03) RGD23




a 1/29T(0)
()‘T(o/) 92 -—[kTP(O)( ja) — viy)]

oz ;
9T(0)
_5("(0)"’1'(1) + "(0)"1-(1))6—% =0, energy
A B (10/) Dyp ax4 aln T(O) diffusi
Yi(1) T %) T n(0) XAxB ( dz; +kr o1 ) ) Ifrusion

X4 =nfg)/ney  n(o) = nfoy + (D)

mB 4B
X\, Dup, kr=Dp/Dag: Functions of X4 (depending on —, —A)
ma d

Database: Takata, Yasuda, A, & Shibata (03) RGD23
ooy = mnfoy + mPnfy, Py = n0)T(0)
vi1y = (mnoyvitsy +mPnoyeiti))/e(o),

Concentration-stress

Galkin, Kogan, & Fridlender (72) .
convection

Knudsen layer and slip boundary conditions
Hilbert solution does not satisfy kinetic B.C.
Solution:  F* = Fg + F% (a= A, B)

= 7 0(e) s
Hilbert solution  Knudsen-layer ’/
correction ]

Stretched normal coordinate 7)

X

\

X =enn(x1, x2) + Xw(x1, x2) N X, = const

FK(n7 X1, X2, C)_>O (”7_>°°) 67’} \%%z
FH—FH(0)+FH(1)€+ 471(
I%= FIa<(1)6+...,
Half-space problem for

- Fa
Egs. and BC for Fi ;) == linearized Boltzmann egs.




Knudsen-layer problem

Half-space problem for
linearized Boltzmann egs.

8¢°

Cla_a,-l

¢* = & + com® (o + c3m* (3 + cam®|¢)% + g*(C),
R A YV & (¢G>0, 2, =0),

Undetermined consts.
% — 0, (r1 = o0)

F_;Oé(l) —

0 (A

= £A%(¢4, ¢*) + £LB(¢P,¢*), (a=A, B)

Solution ¢* exists uniquely iff ¢4, c&, co, c3, ca
take special values )

t
A, Bardos, & Takata, o
J. Stat. Phys. (03) Boundary values of Fg

h h h
BC for FD-type equations J (heo) P(1ys R2)s )

Knudsen-layer problem

Single-component gas Grad (69) Conjecture

Bardos, Caflisch, & Nicolaenko (86): CPAM
Maslova (82), Cercignani (86), Golse & Poupaud (89)

Half-space problem for linearized Boltzmann egs.

@ Decomposition Numerical analysis (HS)
Takata, Yasuda, Kosuge, & A

* Thermal slip (creep) (03) Phys. Fluids

« Diffusion slip === BCfor FD-type egs.

 Temperature jum
b cihos }.’ BC for higher-order

« Partial pressure jump FD-t
-lype eqgs.

» Evaporation and condensation

Takata, Yasuda, & A; Zhdanov & Roldughin; Loyalka;
Sharipov & Kalempa; Garcia & Siewert; ....




Boundary conditions

t

v
A _ af_ph
0) = "w (_T_w)’ Vy =0
T(O) == Tw, wa
A
vﬁ)- n=o0, (P
b=ty L o) oy, 1 0X4
v(l) t= T(O) (b7 p(O) ox t+ bg ’n(o) ox t-
& S
Thermal creep Diffusion slip

bz, bg (Slip coefficients) + Knudsen-layer corrections

Functions of X4

(depending on A gA

& A (03) Phys. Fluids

mB dB) Database: Takata, Yasuda, Kosuge,

vﬁ)- n=20,
b= _rt2 [y L T L, 1 8XA
v(l) o= T(O) (b7 P(0) (5) 4 t 1 (0) ox t-
Z ~
Thermal creep Diffusion slip
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Summary: () amount of NC gas ~ amount of vapor

Boltzmann system

Formal asymptotic analysis for small Kn
Takata & A (01) TTSP

Fluid-dynamic-type equations

+ Database for transport coefficients
Takata, Yasuda, A,

& Shibata (03) RGD23

Boundary conditions

Database for slip coefficients Takata, Yasuda,
(Knudsen-layer correction) Kosuge, & A (03)
Phys. Fluids

FD system for slow flows of vapor and
NC gas with large temperature and density variations

4 N

Application Continuum limit

PVoJolllez=Yielgl  Laneryd, A, & Takata (07) Phys. Fluids

X2 il = fig[1 — fccos(2w X1 /L)]
TO Ny
L/2 — Numerical solution
Finite-volume method
L

~L/2

11



INoJollfe=1ilelsl  Laneryd, A, & Takata (07) Phys. Fluids

X2 7l = fig[1 — Accos(2w X1 /L)]
Ty nh
0 w
L/2 il 1 Numerical solution
n 4y s -
+ ; Finite-volume method
A*B
0 | L 1
B YW AT VY
L/2 -
= A n
To nw —2% - Amount of NC gas
ng
== /5] ~B 7B
h— gy _ gy X
nc—0.5, ﬁ—O—O.S, mA_S, JA_]- 'fo ﬁé
( #ify = fig[1 — Accos(2rX1/L)] ) |
0 ; X1
vA To il
(1)
0.5 ' e 05T T\ e ]
HIENSS AN N
7”\ A NN - - :. g g »‘:‘ i Il h“\ \\ T / / 17
[N i i ” Lo " /]
, Ty v v . —— \‘ \ / ‘;(7
T2 | n n S o= e, | ) ‘\“ “r—-,(— L ““ |
A XY % o= < < £ b v ..Q ‘\\ /”y
To v v < < < < 2 _— \\\ ,./ﬁ// I
0.0~ tl( (I T \( g 0.0 7*(:7\ T
0.0 Ty 0.5 0.0 Ty 0.5

12
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Comparison nB mbB dB

with DSVIC ne=05, 5 =08 Z23=5 ;=1
Sanc ( 7igy = g1 — Aiccos(2nX1/L)] )
V1
(2kTy/mA)L/2 € i v 1
(e=0.01108) Y = I 2kTo/mA)T2 €

A I VT S

xxxxxxxxx

n® =n%0)+ n?l)e + n‘("2)62 +... — '"’((10)

T = T(O) + T(l)e +T(2)€2 +... — T(O)

P = Po)+Pu) TR F e Po) = const
v = 0 +V(1)€+V(2)62+ — 0

_ 2
v¥ = 0 +v‘("1)e+v‘(’2)e +... —>0%
No evaporation or condensation

The flow vanishes; however, the temperature field is still

affected by the invisible flow Ghost effect
Navier-Stokes system 9 AaT
__ — |1 =0
v=0, p=const OJz; ( 6‘”]')

T : steady heat-conduction eq.
Tw(X) + no-jump cond.

14



Some references on ghost effect

Single gas:
Sone, A, Takata, Sugimoto, Bobylev, Phys. Fluids 8, 628 (1996)
Sone, Rarefied Gas Dynamics (Peking Univ. Press, 1997), p. 3
Sone, Ann. Rev. Fluid Mech. 32, 779 (2000)
Sone, Doi, Phys. Fluids 15, 7405 (2003)
Sone, Doi, Phys. Fluids 16, 952 (2004)

Y. Sone, Molecular Gas Dynamics: Theory, Techniques,
and Applications (Birkhauser, 2007)

Gas mixture:
Takata, A, Phys. Fluids 11, 2743 (1999)
Takata, A, Transp. Theory Stat. Phys. 30, 205 (2001)
Takata, Phys. Fluids 16, 2782 (2004)

X2
=~ ~A
A i A = fig[1 — fic cos(2m X1 /L)]
N /\X Tw = Tp[1 — Tecos(2nX1/L)]
0 L
YW R8T VI . .
T e Numerical solution of FD
w T system by finite-element method
e m_na oo mP__ dB
nc—0.5, Tc—0-3, ﬁ—0—0.8, ﬁ_ ) J_A_l




- 7B mB
fic=0.5, T,=0.3, 22 =0.8, — =25,
- m

V=V(1)€+...
— 0

T(O) = const

FD system

© ' ' (@

(II) amount of NC gas < amount of vapor
A, Taguchi, & Takata (03) Eur. J. Mech. B

m Knudsen number Kn=1I[,/L K1
reference mfp of vapor % N reference length

B Small amount of NC gas
Mgy /Tr = O(Kn) = const x Kn € 1

/] N reference number density of vapor

average number
density of NC gas

Continuum limit (Kn — 0)
7D [fir = O(Kn) = 0

Infinitesimal average concentration of NC gas

16



Fluid-dynamic equations

Hilbert solution (expansion) [BF¢/0x = O(F%)]

F® = F(o('))—I-F(al)e+F(a2)e2—|-. e (a = A, B)
Macroscopic quantities (h = n%*, v&, T%, || n, Vv, T, ...)
h = h(gy + h(ye + by + ...

Sequence of integral equations <== | Boltzmann egs. \

OFA 1 aa, 4 4 BA; B A
C.W=;[J (F2, F2) 4+ J749(F7, F9)]
oFB 1

¢ = AP(FA, FB) + JBE(FE, FP))

[ﬁfv/ﬁr = O(e)] [ Previous case 73, /iy = O(1) |

g/ Tir = O(€)

m4 == mA|¢ — v(g)|?
o F‘% ='n,’% —_— exp | — (0)
(0) (0) =T (o) T (o)
[nA=n‘(%)+n‘(41)e+..., V=V(0)+v(1)e+...,}
T=T(O)+T(1)€+...

n‘(‘lo), Vo)» T(o): Compressible
Euler equations
(pure vapor)

AN3/2 Al _ vy |2 |
FA — n{% (:LTW) exp (_l’nlch—vwl) , (¢-n>0)

17



Compressible Euler equations (pure vapor)

Ve (n(o)V() =0 470

1
o)V(0)* Va V(o) + 5 Va () =

5
V(O) «Vz (5 T(O) + |V(0)|2) =0

F(‘(‘)) satisfies BC if

”640) =, V(o) =V, T(0) =T
on the boundary
Too many conditions for Euler equations

F{5, cannot satisfy BC
==)> Need of Knudsen-layer correction

Knudsen layer and jump boundary conditions

Solution:  F* = F& + F% (a = A, B)

e wg@
Hilbert solution  Knudsen-layer ;

correction )
Stretched normal coordinate 7
X =-enn(x1, x2) + Xw(x1, x2) o

.\\\ x,:(,ons't
Fg(n, x1, X2, ¢) =0 (7 — o0) k‘m

A A A o W%:c
Fff = Fiqy+ Fhpye+ ..., Ly e
FB—oH(O) e S

0 =

F}% = F}-a{(o) + FIOé—(l)e + ey

Half-space problem for

Egs. and BC for FI%(O) nonlinear Boltzmann eqgs.

18



Half-space problems for nonlinear Boltzmann egs.

Evaporating surface
Half-space problem of strong evaporation
of pure vapor

Relations among parameters
Jvln f; 1, _Ad% = (), ~
P~00/11w = h1(Mn), g
Too/Tw = ho(Mp). Voo <——

h1, ho: Numerical (BGK)  (Mn, M)

==> |B.C. for Euler egs. Mach
numbers

Sone (78), Sone & Sugimoto (90), Sone (00),

<t

AL

saturation
pressure

Sone, Takata, Golse (01), ..., Ukai, Yang, & Yu (03), Golse (08),

Liu & Yu (09)

hl(A4h)

0.5+

%

0.5 M,

T A Sone & Sugimoto (90)

19



® Condensing surface

Half-space problem of strong condensation
of vapor in the presence of NC gas

Relations among parameters

ﬁoo/ﬁw = fs(Mn, Mt, Ci:'oo/'-i;'un&lr)a

_ /] Parameter of O(1) o
numerical  (amount of NC gas) =
— [Partof B.C. T I
for Euler egs. Bw) [2e.

(M, < 1]

P

Sone, A, & Doi (92), Saturat|0n B

Taguchi, A, Takata (03, 04) pressure  NC gas (M"’MMt?]
ac

(Single component: Sone (78), numbers

Sone, A, & Yamashita (86), A, Sone, & Yamada (90), ...)

7 (v 0 B2, 1)
N\

Y

Numerical data:

o GSB model

Garzé, Santos, & Brey (89)
e (molecule of vapor)

= (molecule of NC gas)

Analytical form of Fs
for small Mn

hard sphere
Taguchi, A.,& Latocha (06)

20



(suffix “ (0) * omitted)

A
Euler Vg - (n V) =0 //p
1
egs. nAv.va+§v$ ()=o

V.V (gT+ |v|2) =0
BC (Mt=\/6/?I(V—vw)-t|, Mn=\/(ﬁv-n)

Evaporating M =0, 0<Mp,<1
surface  p”/ply = hi(Mn), T/Tw = ho(My)

Condensing  p?/pfy = Fs(|Mn|, My, T/Tw, ), (|Mn| <1)

surface
n o
Amount of NC gas in Knudsen layer //k
7Y =const

( function of X1, X2 )
] /%,=const

(suffix “ (0) " omitted) Nt
A
Euler| Vz- (n?v)=0 +° \/v

1

V- Vs (g T4 Mz) _ 0 (pl)

BC ( My =1/6/5T |(V=Vu)-t|, Mn=4/6/5T v-n )

Evaporating M =0, 0<M,<1
surface  p”/ply = hi(Mn), T/Tw = ho(Mn)

w

Condensing  p?/piy = Fs(|Mul|, My, T/Tw, I), (|Mn| < 1)

surface
n 7
Amount of NC gas in Knudsen layer //k
( function of X1, X2 ) /X x,=const
] /%,= const

21



Condensing  p?/pis = Fs(|Mul|, Mg, T/Tw, T), (|Mn| < 1)
surface

t(V

W(m i
7 //,_.

y = const
/%/ e i Continuity equation for particle flux A
X, = const of NC gas in Knudsen layer

d 5]
X1,1a—(N"t(1)) +x2,0. (N - t2)
X1 Ox2
T 4o N -t 4 gy N -t(D =0

1st-order Knudsen- X1,1, X2,2, 91, g2: deometric const
layer eqgs. N\ /

geodesic curvatures

M(x1, x2) Amount of NC gas
per unit area
in Knudsen layer

N= g8(|Mn|’ Mt, T/T’Uh r) t7 (anl < 1)

N= gs(anl, Mt7 T/T’U), r) t7 (anl < 1)

N =0 —— M;=0 ;_.'_IM B
X LA b
/ D
= %
2D problems
N - t(1) = const n

t(D
'\ %,

22



Summary:  (ll) amount of NC gas < amount of vapor

nfv/nr =0(Kn) k1

Boltzmann system

Formal asymptotic analysis for small Kn
A, Taguchi, & Takata (03) Eur. J. Mech. B

Euler Equation for vapor

o";;__q e
+ 0%——0 Qa &
Boundary conditions PSRN

Database for BC
Sone & Sugimoto (90), IUTAM Symp.
Taguchi, A, & Takata (03,04) Phys. Fluids

FD system for high-speed flows of vapor in the
presence of small amount of NC gas

NI A pplication ===t Continuum limit

sone) 1k _ ey

) n 2L —— -
Taguchi, A, & Takata (04) I
Phys. Fluids

Euler egs. + BC

Evaporating surface
M; =0, 0<M,<1
pA T %f& =
— =h1(Mp), — = hy(M, Z
P11 1( n) . 2( n) Z IAZ X1

Condensing surface

pII
<=
L Vapor ﬁUI I
L -
I

NC gas Tyr
nr C

nrr

NN\

p” T
— =T (IMnl, M, —, r) Pure vapor flow
PI I7
N = const =0
1 n&,
Kn=f—>0, — = AKn =0, (A=const/Fds)
ny

Average concentration of NC gas — 0O
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Effect of infinitesimal o - - -]
average concentration of NC gas ?
vapor ﬂUII
Trir/Tr =1, nir/ny=2 7 + -
nB /n; = AKn — 0 ny NCgas ¥
2 ~
I A\ \ AA LY Xl
PEA NN Stream lines
2 0 \ \ ——— pure vapor
; : — A=2
Sr 0.5F
[ i 1 (vapor molecule)
R i \ = (NC-gas molecule)
' 05 1 = s 1
Xi/L X,/L
Up=0,  Up/(2kTy/m)'/? = 0.2
X2
T /Ty =1, nyp/np=2 ZL?————
B —
N,/ = AKn — 0
av/m1 vapor ﬂUH
Ty * iy
ny NC gas nz
%A LY X1
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DSMC (hard sphere)
A, Takata, & Suzuki, RGD23 (AIP, 2003)

Trr/Tr =1, nyr/n; =2
nB /n; = AKn

Kn = 0.005

pure
vapor
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