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In the modelling and simulation of nanosystems, it is often necessary
to take into account the interactions between quantum electrons

Fullerenes in nanotubes Nano-tetrapods

(University of Tsubuka) (Berkeley Lab)
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1
Atomic units: h=1, m.,=1,e=1, — =1
471'8()

Electrons and nuclei:

Electrons: mass m, = 1, charge —1,

Nucleus k : mass 1836 < m; < 400000, charge z;, € N*

Born-Oppenheimer approximation:

M classical point-like nuclei, N quantum elect. in their ground state

M
—AV =A4r <Z 2kOR, — ,00)

k=1

Ry, € R? position of the k'™ nucleus, p° electronic ground state density
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Electronic ground state density (no spin for simplicity)

p’(x) =N Wz, 29, -+ ,on)| das- -+ day
R3(N-1)

where UV is the ground state of the electronic Schrodinger equation

Hyv? = B0y

ZA% ZZ‘%_RM > o

1=1 k=1 1<i<y<N

e Pauli principle
\V//L <]7 \Ij()( 7:1:'].7... 7561'7"') :_\Ij()( ,ZCZ',"' 7xj’...)
e Normalization condition

/3N |\IJO(:L*1, e ,:z:N)|2d:1:1 codry =1
R
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1. A short introduction to DFT (Density Functional Theory)

One of the most popular models in Physics

2. Electronic structures of perfect crystals

I. Catto, C. Le Bris and P.-L. Lions, Ann. IHP 2001

3. Electronic structures of crystals with local defects

E.C., A. Deleurence and M. Lewin, Comm. Math. Phys. 2008
E.C., A. Deleurence and M. Lewin, J. Phys.: Cond. Matter 2008

4. From micro and macro: the example of dielectric permittivity

E.C. and M. Lewin, submitted (arXiv 0903.1944)
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N

For a system of N non-interacting electrons: Hy = Z P,

; i=1

h=—-A— ; p ijk’ on L*(R")
€ - _E__ __i_ 77777777 °F
N;S N;G

ho; = €;0;, 3 Qiv; = 0ij, €1 < e < e3 < ... negative eigenvalues of h

R

1
EO:ZED qj()(xl:"' 73:]\7):

| mdet(qbi(xj)), p(z) = Z |¢i() |
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N
For non-interacting electrons, F’ = Z e; and p( Z |¢;(x)|* with

1=1

(1

_§A¢z’ + V%0 =i
) Gipj = 0ij
R3
L e1 <& <---<ey lowest N eigenvalues of h = —%A + pne
— Linear eigenvalue problem

vne Z |x_Rk|
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To deal with very large systems, it is convenient to introduce the
ground state density matrix

N
V(a,a') = ¢ila)gi(a) ‘insulating’ case
i=1
7(x,2) is the integral kernel of the rank-N orthogonal projector
N N
= Z |9i) (i 1.e. o= Z (i, )12 @i
i=1 i=1

From 7", one can compute the ground state density
() ="z, x) (note that Tr(~") = )

and the electronic ground state energy

1 1
E’=Tr ((——A — Vne> 70) = Tr (——Avo) 1 / PV
2 2 R3
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When the Fermi level is a degenerate eigenvalue (‘metals’)

nz-:lif5@-<6F,

70:Zni\¢i><¢z‘\ with 0<n; <1if ¢, =¢p, Zm—:N
i n; =0 1f g; > ep, i

and we still have

EY— Ty ((—%A T vne) 70) @) = A )

+" is a positive self-adjoint operator s.t.

0<~’'<1 (all eigenvalues between 0 and 1) =
Tr(y') = N =
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Density matrix formulation of the (non-interacting) GS problem

E" (resp. 7") is the minimum (resp. a minimizer) to

inf {E(7), ve€SLARY), 0<v<1, Tr(y)=N, Tr(—Ay) < oo}

]' ne
LE(y) =Tr(Hy) =Tr (—§M> + /RS p VY pyle) = (2, o)
The minimization set Cy i1s convex and any v € Cy can be written as

+00
v =Y milgn) (¥l
1=1

+00
3%%:5@']’, 0<m; <1, Zmi:Na %‘EHl(RS)
R i=1
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The case of interacting electrons

In the Kohn-Sham model, the ground state energy, density and KS
density matrix are obtained by solving

inf {E"°(y), ve€S(L*(R?), 0<~<1, Tr(y)=N, Tr(—Ay)<oo}

1
EY(7) = Tr (| —5Ay / py V™ + / / ) o da’ + E*|p,]
2 R3 R3 JR3 ‘CE’ — X |

Vi (x Z ’x—Rk| p7<33> = (2, )

e exchange-correlatlon functional

Hohenberg-Kohn theorem: existence of an exact XC functional

Prototypical approximate XC functional: E p| = —Cx / o () dx
R3
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Kohn-Sham equations (’insulating’ case)

’70 - Z ‘¢z><¢2’ - 1(—00,5F](Hp0)’ po(x) - 70($7$) B Z |¢Z($)‘2

i

Hp0¢z' = €iQ;
iQ; = 0ij
w0 I
g1 <ey<---<ey lowest N eigenvalues of H -
N=5
1 S S ne — 4 1/3
HPOZ_§A+V/)I§’ Vp% =V +P0*|'|1—§Cxpo

— Nonlinear eigenvalue problem
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Reference model: reduced Hartree-Fock (Kohn-Sham with E*¢ = 0)

Existence of a ground state density matrix for neutral molecules

Uniqueness of the ground state density
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Bulk limit for the perfect crystal

—————————————————————————————————————————
\\\\\
e | e | e | e | e
\\\\\
77777777777777777777777777777777777777777

7777777777777777777777777777777777777777
“““
e | e | e | e | e |
“““
77777777777777777777777777777777777777777

E? the ground state total energy

(=Y 20(-R)
< RERNAL — | p% the (unique) ground state density
| 2L electrons 0

v; a ground state density matrix
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Catto-Le Bris-Lions (Ann. THP 2001)

EO )
. L 10 0 in some sense ()
S 5 = o LT P

Besides, E),, and p), can be computed by solving some periodic

reduced Hartree-Fock problem (x) posed on the set of R-periodic
density matrices

V(z,2) eR*xR’, VReR, 7x+R,2+R)=n~(z,7)

E.C.-Deleurence-Lewin (Comm. Math. Phys. 2008)
The solution 7, to (x) is unique and

O 1n some sense ()

L I oo /Yper
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Periodic mean-field Hamilonian

per per

1
HO — —§A—|—V0

where V' denotes the periodic electrostatic potential generated by

per
the periodic charge density pi% = pi., — phes

( _AVO = 4m (pger - pggrc>

per

] Vier R-periodic

/ V;?er = ( [': periodic cell
\ JT
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per per per

1
0 0 0 0
Vper = 1(_00’51?]([‘] ) H = —§A +V

z =2 z =3
Insulator / Semiconductor Conductor
A A

Conduction bands

Valence bands
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Example of a crystal with a local defect

Impurity with relaxation of the host crystal

6 9 0 0 0 O 0 @ 0 O 0 O 0 O 0 O 0 O 0 O @
L RN SEREEL JERREE ZRSSRl JERISE EREEL JENISR SERERL JERAEN SERERL JERIOR SERERL JERIER SERERL JERSER SEREEL JERIAR RRERL JERRRR SERRNI )
IR RREE SERTSY TERRRR SNNY JETEEE SUPRNT JETEE TEPRRY TRRRIY SERINY TERNRR JSTTEY IEPRRR STTIEY NERRE SERR NEER SEEtRl JISSEE SERRN )
L RN SEREEL JERRRE ZSSRl JERISE EREEL JENISR SERERL JERIEN SERERL JERIOR SERERL JENIEN SERERL JERSEE SRREEL JERIAR ARERL JERRRR SERRNI )
O @ @@ @@ @ @@ T N N
‘e ‘®
E ‘e
LI S SN SEEL SRR SR SN AR SRS A HEEE SN AU SR AUEN IR AL SN AR
Loe
LIEENEE SSRIL JSEISE. SEER NERIE. SEIERL SISEIS SEISEL SESERS SENIEAPISPISISEISE IERER SRRl IERIER SISERL TEEISE SEIER BERIE SRR J
L SN SEREEL JERREE ZRSSRL JERISE EREEL JENISR SEREEL JERREN SERERL JERROR SESERL JENIER SERERL JERREE SEREEL JERRAR RRERL JERMRR SRRRNI )
L e I R S e R RRet T e S e e R JStek SERIEY SERRY SRR )
L JEEEER SRRRL IEEEER SECRRY JECEEEL SERERY JERSUE SREERY IERRRR. SURERY ERERN JUSEEL IEEER SORRRL IEEEEE SRRRRY IECEERL SERERY TRRSEEL SERRN S
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Supercell model (artificial - BvK - periodic boundary conditions)

ooy °. ......... ! L

Drawbacks of the supercell model:
e spurious interactions between the defect and its periodic images

e inaccuracies for charged defects (e.g. jellium background)
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Alternative: defect = pseudo-molecule embedded in the host crystal

n 0 0 0 0
P = Pper T V= Yper T P = Pper + 07T

Nuclear charge of the pseudo-molecule (u: relaxation field)

m(z) = 2'6(x — u(0)) — 20(x) + Y z(6(z — (R+u(R))) — 6z — R))
ReR\ {0}

Compute directly: QQ"°F and p""°F

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
I e o :
e ’o’T\SNUdEUS Of charge Z

e ey
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Bulk limit of the supercell model, with and without defect

[ SRR SRIESE ISR SENN SRR SR | SRR JETRY TSR SO N e ,? SRR SRS R AR
R A ST T L RRRNY ) o o -0 e e @& | " o 0% @ i
® I 3 1 3 o ‘0
Ly 3 1 .
¢ o.. rrrrrrr 0 rrrrr ® L —_— 00 L — i .,.,,,,,,,,,‘? ———————————————
° : ® .

L IEEE SHRIC IRt ° o [ ZECRER. ERERY JETERN SEERN TERRRE SRR ) L —= QD e ® - g® i
L SRR SRRSY ISR SEN SRR SRR | - 0 0 0 @0 | i R AR

EmagF m,er m,eg

0 0 0 m,e m,e m.e
sc, L 7 pSC,L ? fysc,L Esc,L? psc,L? /ysc,L € Fa P Fa Q s

Theorem (E.C.-Deleurence-Lewin, Comm. Math. Phys. 2008). As-
sume that the host crystal is an insulator or a semiconductor. Then

L. (0% 1> Veer) cONVerges to (o)., Vo) When L goes to infinity

MEFR 170 : TmMit <TEF
2. B, — B has a finite limit ¢
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e A self-adjoint operator (Q on L*(R?) is called trace-class if
+00 +00
Q= Mool  with Y |\ <o
i=1 =1
If () 1s trace-class then

po(x) = Qz,x) =Y \loi(x)” € L'(R?)

1=1

[ p0=Tr(@ = 3% = Y (el

neN

and

for any orthonormal basis (e,),cy of L*(R?).

e A self-adjoint operator Q on L*(R?%) is called Hilbert-Schmidt if
+00

+00
Q=7 Moal  with Y Af <oo
1=1

1=1
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3. o s’ — po. converges to p"F € L*(R?)

4. fy:;’zF—fng’ ; converges to some Hilbert-Schmidt operator Q™ °F (u.t.e.)

5. p""°F 1s the density associated with ("°F in the sense that

VW regular compactly supported, Tr(WQ™F) = / pomer ()W (z)dz
R3

6. Let Hymer = H) + (p"F —m) % | -|~! be the mean-field electronic

per

Hamiltonian of the crystal with the defect. If ep ¢ o(H mer), then
7" = Yper + Q" = L0 zg) (H )

NI P S T N S S
€F

--- - - - T - F{E=e= F--L 1




Tper =
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7. Denoting by H_ = Ran(y),,) and H, = Ran(1l — ) the occupied

and virtual spaces of the host crystal, there exists

)i>N_ Of H_

e an orthonormal basis (gb._

7

e an orthonormal basis (¢, );~n, of H;
such that in the orthonormal basis ((¢; ), (¢.7)) of L*(R?) = H_&H,

with

10
0

Qm,gp —

0<a; <1,

+00

Zai < 400,

1=1

bi = \/CLZ(l — CLZ'>

Tr([Q™*F]* + [Q"*] ") = Ny — N_

[ —In 0 0 0
0 |diag(—ai, —a9,---)| 0 | diag(by, by, --)
0 0 Iy, 0

\ 0 diag(by, b, - - - ) 0 |diag(ai,as, -
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8. Q™" is a minimizer (and p"? is the unique minimizing density) to
some variational problem posed on the set of those ()’s satisfying

0 <0 0 0 = Q
0- trace-class | Hilbert-Schmidt 0 <Aper +Q <1
B QT QT >0 ’ V|QT"|V| trace-class
Hilbert-Schmidt| trace-class 'V|Q~~|V| trace-class

In addition (E.C. and M. Lewin, 2009),

e ()" is not trace-class (except possibly when m = 0)
R3
Reminiscent of the renormalization problem in QED

(see Gravejat, Lewin, Séré for a mathematical analysis)

e "7 is not an integrable function for anisotropic crystals
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Let us insert a charge distribution p; in the perfect crystal

For simplicity, we assume that
1. there are no electrons in ps

2. the nuclear configuration remains unchanged (no relaxation)

The total charge density then reads

p=(ph — poey) + (pr — p'°F)

and the total charge electrostatic potential is given by

Vo= Vou+ (or = p"F) x| -7

per

What is the “macroscopic limit” of this equation?
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Theorem. Let pr € L'(R?) N L*(R?).

For n > 0, we denote by p{(x) = n’pt(nz) and by
Vie) = (Vi (o] = o) |- 7] (7).

When 7 goes to zero, V, converges in S'(R?) to the unique solution in
{V e LS(R?) | VV € L*(R%)} of the elliptic equation

—div (eqfVV) = dmpy

where ¢ 1s a 3 X 3 symmetrix matrix depending only on the electronic
structure of the host crystal

em 18 the electronic contribution to the macroscopic dielectric per-
mittivity given by the Adler-Wiser formula
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Calculation of gy

R direct lattice, I' periodic cell
R* dual lattice, I'* first Brillouin zone

Ex.: cubic lattice R = Z°, I' = (0,1]°, R* = 2nZ3, I'* = (—m, 7|

Bloch-Floquet decomposition of a function f € L*(R%)

o= L b1

where the functions f, € L?_(I") are defined by

per

Zfa:JrR ¢(r+h)

Besides
A = - Mgy @
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Bloch-Floquet decomposition of HY = ——A + VY

per per

= tfaerds = H= - () @ e
T D+

The operator

(H.), :——A—zq V+—=

per/q

Vioer

1s self-adjoint on Lper(F) and has a compact resolvent. It can therefore
be diagonalized in an orthonormal basis set of Lper(F)

Pel" Z €n Q|u” q un Q‘ <un,q|un’,q> — 5nn’
In fact,

qel™ el™*

+00
0\ _
0(H ) = U [mm En.gs max En q]
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Explicit expression of ¢\ (Adler-Wiser formula)

em=1+L— Z BrlC Nk kB

K, K'eR*\{0}
with
> 2
un g U LQer I ‘
vk € R®, KLk = 22 3 / i S BP
n=1 n/=N-+1 gn q gnvq)

(N is the number of electrons per unit cell)

and similar expressions for the vectors 3x € R (K € R*\ {0}) and
for the coefficients C x» € C (K, K' € R*\ {0}) of the matrix C



Conclusions and open questions



Conclusions and open questions 35

Conclusions

1. Using rigorous bulk limit arguments, we have obtained a varia-
tional model for computing the electronic ground state of insulat-
ing and semiconducting crystals with local defects

— Quid for metals?

2. Hierarchical variational approximations of the modification ()" °F
of the density matrix can be computed using a (possibly enriched)

basis of Maximally Localized Wannier Functions of the host crystal
(E.C., A. Deleurence and M. Lewin, J. Phys.: Cond. Mat. 2008)

—> Accurary? - Linear scaling? - Sublinear scaling?
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3. Ongoing work and future research projects:

(a) exchange-correlation (LDA, GGA, Hartree-Fock exchange)
(b) nuclear relaxation, finite temperature
(c) defects on surfaces, extended defects (dislocations, junctions)
(d) interaction between defects, stochastic distributions of defects
(e) excited states
(f) time-dependent models (TDDFT)

)

(g) optimal control of electronic wave packets



