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Introdution 2.In the modelling and simulation of nanosystems, it is often neessaryto take into aount the interations between quantum eletrons

Fullerenes in nanotubes Nano-tetrapods(University of Tsubuka) (Berkeley Lab)



Introdution 3.Atomi units: ~ = 1, me = 1, e = 1, 1

4πε0
= 1

Eletrons and nulei:Eletrons: mass me = 1, harge −1,Nuleus k : mass 1836 ≤ mk ≤ 400 000, harge zk ∈ N
∗

Born-Oppenheimer approximation:
M lassial point-like nulei, N quantum elet. in their ground state

−∆V = 4π

(
M∑

k=1

zkδRk − ρ0

)

Rk ∈ R
3 position of the kth nuleus, ρ0 eletroni ground state density



Introdution 4.Eletroni ground state density (no spin for simpliity)
ρ0(x) = N

∫

R3(N−1)
|Ψ0(x, x2, · · · , xN)|2 dx2 · · · dxNwhere Ψ0 is the ground state of the eletroni Shrödinger equation

HNΨ0 = E0Ψ0

HN = −
N∑

i=1

1

2
∆xi −

N∑

i=1

M∑

k=1

zk
|xi − Rk|

+
∑

1≤i<j≤N

1

|xi − xj|

• Pauli priniple
∀i < j, Ψ0(· · · , xj, · · · , xi, · · · ) = −Ψ0(· · · , xi, · · · , xj, · · · )

• Normalization ondition∫

R3N
|Ψ0(x1, · · · , xN)|2 dx1 · · · dxN = 1



Outline of the talk 5.1. A short introdution to DFT (Density Funtional Theory)One of the most popular models in Physis

2. Eletroni strutures of perfet rystalsI. Catto, C. Le Bris and P.-L. Lions, Ann. IHP 2001

3. Eletroni strutures of rystals with loal defetsE.C., A. Deleurene and M. Lewin, Comm. Math. Phys. 2008E.C., A. Deleurene and M. Lewin, J. Phys.: Cond. Matter 2008

4. From miro and maro: the example of dieletri permittivityE.C. and M. Lewin, submitted (arXiv 0903.1944)



1 - A short introdution to DFT



1 - A short introdution to DFT 7.For a system of N non-interating eletrons: HN =

N∑

i=1

hxi

ε Fε F

N=5 N=6

h = −1

2
∆ −

M∑

k=1

zk
| · −Rk|

on L2(R3)

hφi = εiφi,

∫

R3
φiφj = δij, ε1 < ε2 ≤ ε3 ≤ ... negative eigenvalues of h

E0 =

N∑

i=1

εi, Ψ0(x1, · · · , xN) =
1√
N !

det(φi(xj)), ρ0(x) =

N∑

i=1

|φi(x)|2



1 - A short introdution to DFT 8.For non-interating eletrons, E0 =

N∑

i=1

εi and ρ0(x) =

N∑

i=1

|φi(x)|2 with





−1

2
∆φi + V neφi = εiφi

∫

R3
φiφj = δij

ε1 < ε2 ≤ · · · ≤ εN lowest N eigenvalues of h = −1
2∆ + V ne

−→ Linear eigenvalue problem

V ne(x) = −
M∑

k=1

zk
|x−Rk|



1 - A short introdution to DFT 9.To deal with very large systems, it is onvenient to introdue theground state density matrix

γ0(x, x′) =

N∑

i=1

φi(x)φi(x
′) 'insulating' ase

γ0(x, x′) is the integral kernel of the rank-N orthogonal projetor

γ0 =

N∑

i=1

|φi〉〈φi| i.e. γ0 φ =

N∑

i=1

(φi, φ)L2 φiFrom γ0, one an ompute the ground state density

ρ0(x) = γ0(x, x) (note that Tr(γ0) = N)and the eletroni ground state energy
E0 = Tr((−1

2
∆ + V ne

)
γ0

)
= Tr(−1

2
∆γ0

)
+

∫

R3
ρ0V ne



1 - A short introdution to DFT 10.When the Fermi level is a degenerate eigenvalue ('metals')
γ0 =

∑

i

ni|φi〉〈φi| with ∣∣∣∣∣∣

ni = 1 if εi < εF,
0 ≤ ni ≤ 1 if εi = εF,
ni = 0 if εi > εF,

∑

i

ni = Nand we still have

E0 = Tr((−1

2
∆ + V ne

)
γ0

)
, ρ0(x) = γ0(x, x)

γ0 is a positive self-adjoint operator s.t.
0 ≤ γ0 ≤ 1 (all eigenvalues between 0 and 1)Tr(γ0) = N

ε F

N=6



1 - A short introdution to DFT 11.Density matrix formulation of the (non-interating) GS problem
E0 (resp. γ0) is the minimum (resp. a minimizer) to
inf
{
E(γ), γ ∈ S(L2(R3)), 0 ≤ γ ≤ 1, Tr(γ) = N, Tr(−∆γ) <∞

}

E(γ) = Tr(Hγ) = Tr(−1

2
∆γ

)
+

∫

R3
ργV

ne, ργ(x) = γ(x, x)The minimization set CN is onvex and any γ ∈ CN an be written as

γ =

+∞∑

i=1

mi|ψi〉〈ψi|

∫

R3
ψiψj = δij, 0 ≤ mi ≤ 1,

+∞∑

i=1

mi = N, ψi ∈ H1(R3)



1 - A short introdution to DFT 12.The ase of interating eletronsIn the Kohn-Sham model, the ground state energy, density and KSdensity matrix are obtained by solving
inf
{
EKS(γ), γ ∈ S(L2(R3)), 0 ≤ γ ≤ 1, Tr(γ) = N, Tr(−∆γ) <∞

}

EKS(γ) = Tr(−1

2
∆γ

)
+

∫

R3
ργV

ne +
1

2

∫

R3

∫

R3

ργ(x)ργ(x
′)

|x− x′| dx dx′ + Exc[ργ]

V ne(x) = −
M∑

k=1

zk
|x− Rk|

ργ(x) = γ(x, x)

Exc : exhange-orrelation funtionalHohenberg-Kohn theorem: existene of an exat XC funtionalPrototypial approximate XC funtional: Exc
Xα[ρ] = −CX

∫

R3
ρ4/3(x) dx



1 - A short introdution to DFT 13.Kohn-Sham equations ('insulating' ase)
ε F

N=5






γ0 =

N∑

i=1

|φi〉〈φi| = 1(−∞,εF](Hρ0), ρ0(x) = γ0(x, x) =

N∑

i=1

|φi(x)|2

Hρ0φi = εiφi

∫

R3
φiφj = δij

ε1 < ε2 ≤ · · · ≤ εN lowest N eigenvalues of Hρ0

Hρ0 = −1

2
∆ + V KS

ρ0 , V KS
ρ0 = V ne + ρ0 ⋆ | · |−1 − 4

3
CXρ

01/3

−→ Nonlinear eigenvalue problem



2 - Eletroni struture of perfet rystals

Referene model: redued Hartree-Fok (Kohn-Sham with Exc = 0)Existene of a ground state density matrix for neutral moleulesUniqueness of the ground state density



2 - Eletroni struture of perfet rystals 15.Bulk limit for the perfet rystal

L






ρnuc
L =

∑

R∈R∩ΛL

zδ(· − R)

zL3 eletrons −→

∣∣∣∣∣∣∣∣∣∣

E0
L the ground state total energy

ρ0
L the (unique) ground state density

γ0
L a ground state density matrix



2 - Eletroni struture of perfet rystals 16.Catto-Le Bris-Lions (Ann. IHP 2001)

lim
L→∞

E0
L

L3
= E0

per, ρ0
L

in some sense−→
L→∞

ρ0
per

Besides, E0
per and ρ0

per an be omputed by solving some periodiredued Hartree-Fok problem (⋆) posed on the set of R-periodidensity matries

∀(x, x′) ∈ R
3 × R

3, ∀R ∈ R, γ(x + R, x′ + R) = γ(x, x′)

E.C.-Deleurene-Lewin (Comm. Math. Phys. 2008)The solution γ0
per to (⋆) is unique and

γ0
L

in some sense−→
L→∞

γ0
per



2 - Eletroni struture of perfet rystals 17.Periodi mean-�eld Hamilonian

H0
per = −1

2
∆ + V 0

per

where V 0
per denotes the periodi eletrostati potential generated bythe periodi harge density ρtot

per = ρ0
per − ρnuc

per






−∆V 0
per = 4π

(
ρ0

per − ρnuc
per

)

V 0
per R-periodi
∫

Γ

V 0
per = 0 Γ: periodi ell



2 - Eletroni struture of perfet rystals 18.

γ0
per = 1(−∞,εF](H

0
per) H0

per = −1

2
∆ + V 0

per

ε F
ε F

ConductorInsulator / Semiconductor

z  = 2 z  = 3

γ 

Valence bands

Conduction bands

Band gap



3 - Eletroni struture of rystals with loal defets



3 - Eletroni struture of rystals with loal defets 20.Example of a rystal with a loal defet

Impurity with relaxation of the host rystal



3 - Eletroni struture of rystals with loal defets 21.Superell model (arti�ial - BvK - periodi boundary onditions)

L

Drawbaks of the superell model:
• spurious interations between the defet and its periodi images

• inauraies for harged defets (e.g. jellium bakground)



3 - Eletroni struture of rystals with loal defets 22.Alternative: defet = pseudo-moleule embedded in the host rystal
ρnuc = ρnuc

per +m γ0 = γ0
per +Qm,εF ρ0 = ρ0

per + ρm,εFNulear harge of the pseudo-moleule (u: relaxation �eld)
m(x) = z′δ(x− u(0)) − zδ(x) +

∑

R∈R\{0}
z (δ(x− (R + u(R))) − δ(x− R))Compute diretly: Qm,εF and ρm,εF

Nucleus of charge z

Nucleus of charge z’

Ghost nucleus of charge −z

(impurity)



3 - Eletroni struture of rystals with loal defets 23.Bulk limit of the superell model, with and without defet
L L

L

?

E
m,εF
sc,L , ρ

m,εF
sc,L , γ

m,εF
sc,L E0

sc,L, ρ
0
sc,L, γ

0
sc,L εm,εF, ρm,εF, Qm,εF

Theorem (E.C.-Deleurene-Lewin, Comm. Math. Phys. 2008). As-sume that the host rystal is an insulator or a semiondutor. Then1. (ρ0
sc,L, γ

0
sc,L) onverges to (ρ0

per, γ
0
per) when L goes to in�nity2. Em,εF

sc,L − E0
sc,L has a �nite limit εm,εF



3 - Eletroni struture of rystals with loal defets 24.

• A self-adjoint operator Q on L2(R3) is alled trae-lass if
Q =

+∞∑

i=1

λi|φi〉〈φi| with +∞∑

i=1

|λi| <∞If Q is trae-lass then

ρQ(x) = Q(x, x) =

+∞∑

i=1

λi|φi(x)|2 ∈ L1(R3)and ∫

R3
ρQ = Tr(Q) =

+∞∑

i=1

λi =
∑

n∈N

〈en|Q|en〉for any orthonormal basis (en)n∈N of L2(R3).

• A self-adjoint operator Q on L2(R3) is alled Hilbert-Shmidt if

Q =

+∞∑

i=1

λi|φi〉〈φi| with +∞∑

i=1

|λi|2 <∞



3 - Eletroni struture of rystals with loal defets 25.3. ρm,εFsc,L − ρ0
sc,L onverges to ρm,εF ∈ L2(R3)4. γm,εFsc,L −γ0

sc,L onverges to some Hilbert-Shmidt operator Qm,εF (u.t.e.)5. ρm,εF is the density assoiated with Qm,εF in the sense that
∀W regular ompatly supported, Tr(WQm,εF) =

∫

R3
ρQm,εF(x)W (x)dx

6. Let Hρm,εF = H0
per + (ρm,εF −m) ⋆ | · |−1 be the mean-�eld eletroniHamiltonian of the rystal with the defet. If εF /∈ σ(Hρm,εF), then

γ0 = γ0
per +Qm,εF = 1(−∞,εF](Hρm,εF)

ε F



3 - Eletroni struture of rystals with loal defets 26.7. Denoting by H− = Ran(γ0
per) and H+ = Ran(1 − γ0

per) the oupiedand virtual spaes of the host rystal, there exists
• an orthonormal basis (φ−i )i>N− of H−
• an orthonormal basis (φ+

i )i>N+ of H+suh that in the orthonormal basis ((φ−i ), (φ+
i )) of L2(R3) = H−⊕̂H+

γ0
per =

(
I 0

0 0

)
Qm,εF =





−IN− 0 0 0
0 diag(−a1,−a2, · · · ) 0 diag(b1, b2, · · · )
0 0 IN+ 0
0 diag(b1, b2, · · · ) 0 diag(a1, a2, · · · )





with

0 ≤ ai < 1,

+∞∑

i=1

ai < +∞, bi =
√
ai(1 − ai)Tr([Qm,εF]++ + [Qm,εF]−−) = N+ −N−



3 - Eletroni struture of rystals with loal defets 27.8. Qm,q is a minimizer (and ρm,q is the unique minimizing density) tosome variational problem posed on the set of those Q's satisfying

Q =





Q−− ≤ 0 Q−+trae-lass Hilbert-Shmidt
Q+− Q++ ≥ 0Hilbert-Shmidt trae-lass



 ,

Q∗ = Q
0 ≤ γ0

per +Q ≤ 1
|∇|Q++|∇| trae-lass

|∇|Q−−|∇| trae-lass

In addition (E.C. and M. Lewin, 2009),
• Qm,q is not trae-lass (exept possibly when ∫

R3
m = 0)Reminisent of the renormalization problem in QED(see Gravejat, Lewin, Séré for a mathematial analysis)

• ρm,q is not an integrable funtion for anisotropi rystals



4 - Marosopi dieletri permittivity



4 - Marosopi dieletri permittivity 29.Let us insert a harge distribution ρf in the perfet rystalFor simpliity, we assume that1. there are no eletrons in ρf2. the nulear on�guration remains unhanged (no relaxation)

The total harge density then reads
ρ = (ρnuc

per − ρ0
per) + (ρf − ρρf ,εF)and the total harge eletrostati potential is given by

V = V 0
per + (ρf − ρρf ,εF) ⋆ | · |−1

What is the �marosopi limit� of this equation?



4 - Marosopi dieletri permittivity 30.Theorem. Let ρf ∈ L1(R3) ∩ L2(R3).For η > 0, we denote by ρηf (x) = η3ρf(ηx) and by
Vη(x) = η−1

[
V 0

per +
(
ρηf − ρρ

η
f ,εF
)
⋆ | · |−1

] (
η−1x

)
.

When η goes to zero, Vη onverges in S ′(R3) to the unique solution in{
V ∈ L6(R3) |∇V ∈ L2(R3)

} of the ellipti equation
−div (εM∇V ) = 4πρfwhere εM is a 3×3 symmetrix matrix depending only on the eletronistruture of the host rystal

εM is the eletroni ontribution to the marosopi dieletri per-mittivity given by the Adler-Wiser formula



4 - Marosopi dieletri permittivity 31.Calulation of εM

R diret lattie, Γ periodi ell

R∗ dual lattie, Γ∗ �rst Brillouin zoneEx.: ubi lattie R = Z
3, Γ = (0, 1]3, R∗ = 2πZ

3, Γ∗ = (−π, π]3Bloh-Floquet deomposition of a funtion f ∈ L2(R3)

f (x) = −−
∫

Γ∗
fq(x) eiq·xdqwhere the funtions fq ∈ L2

per(Γ) are de�ned by
fq(x) =

∑

R∈R
f (x +R)e−iq·(x+R)

Besides
‖f‖2

L2(R3) = −−
∫

Γ∗
‖fq‖2

L2
per(Γ) dq.



4 - Marosopi dieletri permittivity 32.Bloh-Floquet deomposition of H0
per = −1

2
∆ + V 0

per

f = −−
∫

Γ∗
fq(x) eiq·xdq ⇒ H0

per = −−
∫

Γ∗

[
(H0

per)qfq
]
(x) eiq·xThe operator

(H0
per)q = −1

2
∆ − iq · ∇ +

|q|2
2

+ Vperis self-adjoint on L2
per(Γ) and has a ompat resolvent. It an thereforebe diagonalized in an orthonormal basis set of L2

per(Γ)

(H0
per)q =

+∞∑

n=1

εn,q|un,q〉〈un,q| 〈un,q|un′,q〉 = δnn′In fat,
σ(H0

per) =

+∞⋃

n=1

[
min
q∈Γ∗

εn,q,max
q∈Γ∗

εn,q

]



4 - Marosopi dieletri permittivity 33.Expliit expression of εM (Adler-Wiser formula)
εM = 1 + L−

∑

K,K ′∈R∗\{0}
βK[C−1]K,K ′β∗

K ′with

∀k ∈ R
3, kTLk =

1

π2

N∑

n=1

+∞∑

n′=N+1

∫

Γ∗

∣∣∣〈(k · ∇x)un,q, un′,q〉L2
per(Γ)

∣∣∣
2

(
εn′,q − εn,q

)3 dq

(N is the number of eletrons per unit ell)and similar expressions for the vetors βK ∈ R
3 (K ∈ R∗ \ {0}) andfor the oe�ients CK,K ′ ∈ C (K,K ′ ∈ R∗ \ {0}) of the matrix C



Conlusions and open questions



Conlusions and open questions 35.Conlusions1. Using rigorous bulk limit arguments, we have obtained a varia-tional model for omputing the eletroni ground state of insulat-ing and semionduting rystals with loal defets
−→ Quid for metals?2. Hierarhial variational approximations of the modi�ation Qm,εFof the density matrix an be omputed using a (possibly enrihed)basis of Maximally Loalized Wannier Funtions of the host rystal(E.C., A. Deleurene and M. Lewin, J. Phys.: Cond. Mat. 2008)

−→ Aurary? - Linear saling? - Sublinear saling?



Conlusions and open questions 36.3. Ongoing work and future researh projets:(a) exhange-orrelation (LDA, GGA, Hartree-Fok exhange)(b) nulear relaxation, �nite temperature() defets on surfaes, extended defets (disloations, juntions)(d) interation between defets, stohasti distributions of defets(e) exited states(f) time-dependent models (TDDFT)(g) optimal ontrol of eletroni wave pakets


