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Abstract

We review a few problems issued from the modeling of the transport of charged particles,
subject to the influence of given or self-consistent electric fields. We describe some of the
mathematical methods introduced to deal with these problems.

1 A review of the models

Let us start by presenting the different possible modeling for charge transport. The motion of
charged particles is indeed governed by the surrounding electro-magnetic field. However, local
concentration and movements of charges also create electric fields and currents which, in turn,
lead to nonlinear PDEs. The topics is very active since the 80’s, motivated by applications in
plasma physics and the modeling of semiconductor devices, the reduction of the size of the devices
demanding accurate description (see the classical treatise [72] or surveys in [76], [30]). Projects of
energy production based on strong electromagnetic or inertial confinment is currently motivating
intense research, it is definitely a source of challenging mathematical problems, see [56]. Interest for
these models also comes from spacecraft engineering: a spacecraft interacts with the surrounding
plasma and, depending on the environment, difference of potential might appear between some
places of the spacecraft, or between the spacecraft and the plasma. These potential gradients can
produce the formation of electrical arch which in turn produce devices failures and possibly the lost
of the spacecraft. Understanding of these complex phenomena can help in preventing such violent
consequences of the charge mechanisms. Such a problem is addressed for instance in [26, 25, 89, 90].
We mention also specific models for dealing with ionospheric plasmas [11]. It is worth pointing out
that models having a similar structure than those of charge transport appear in different fields
of physics and can lead to related interesting mathematical difficulties; we mention in particular
the case of particles subject to gravitational forces in astrophysics [24], the recent development of
kinetic or hydrodynamic models in biology [23]... These models are particularly challenging since
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singularities can appear in finite time. We also mention fluid/particles flows with application in
combustion theory [94] or for describing pollutants transports [1, 2, 18, 38, 57, 52, 53, 20, 54]... We
distinguish:

- quantum models, which are based on the Schrédinger equation,

- kinetic models, collisional or not, where a statistical viewpoint is adopted, particles being
described by their particle distribution function in phase space,

- hydrodynamic models where the charge transport is described by classical models of contin-
uum mechanics.

1.1 Quantum models

A fine description of electrons in a crystal takes into account quantum effects. Hence, electrons
are described through their wave function 1 (t,x) € C, where t and z stand for the time and the
space variables respectively. This quantity itself has no physical meaning, but instead |¢(t, z)|? is
interpreted as a probability density:

[ o) as

is the probability of finding electrons in the domain  C R¥ at time t. We thus associate to this
quantity some physical observables, like the density of electrons at time ¢ and position x defined
by

n(tv ZU) = W(t, x)|2’

or the current density given by

J(t,z) = Im(¢(t, 2) V0 (t, z))

The wave function obeys the Schrodinger equation

2

h
ihop) = —— A + gV (1.1)
2m
where

e h > 0 stands for the reduced Planck constant,
e ¢ > 0 stands for the electron charge,

e m > 0 stands for the electron mass,

while V' is the potential the charge particles are subject to. It splits into the given potential V},
of the crystal in which the electrons are evolving and the self-consistent potential V; created by
the charged particles themselves. The former takes into account the structure of the crystal and
therefore presents naturally some oscillations which can be modeled either by periodic or random
variations. The latter is defined through the following Poisson equation

A V.=n-B (1.2)
q



where g is the permittivity and B some given background density of positive charges. Hence, it
makes the problem non linear since the term Vi) in (1.1) depends quadratically on the unknown.

Let us briefly comment on (1.2). When working on the whole space RY, the Poisson equation
(1.2) should actually be understood as the convolution formula

Wiitr) = [ Exte =)o - Bty dy

v (1.3)
_ f;N/RNEN(x—y)f(t,y,f)dEdy—/ En(z —y)B(t,y)dy,

RN
where )
—% it N =1,
—%lnm it N =2,
v ={ (1.4
—_— if N =3
Ar [] : ’
L T

stands for the elementary solution of the Laplacian (—A,). Note that, when B = 0, n > 0, we
have Vi, > 0 for N > 3.

1.2 Kinetic models

We can also adopt a statistical description of the charge transport by introducing the density of
particles in phase space: f(t,z,£) > 0, where £ is the so-called wave vector variable, is such that

ft,x, &) déda

gives the number of particles at time ¢ in the ball centred on (z,¢) with volume d¢dz in phase
space. This quantity obeys the following PDE

of +1(6) Vol = L9,V Vs = QU). (1.5

The left hand side describes the transport of particles, while the interaction mechanisms the par-
ticles are subject to (binary collisions, collisions with impurities or another species of particles...)
are embodied into the “collision” operator Q(f). The parameter 7 > 0 is a relaxation time; it
characterizes how often such collision events occur. The function

v: RN — R4

& — v

is the velocity of the particles. We associate to this statistical quantity some macroscopic quantities
like the macroscopic density

n(tvx) = o f(tvx>£) dg,
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the macroscopic current
Hta) = [ 0(€) ft.2,6)d6 = maft,)

u being the bulk velocity, and the temperature

2

Nuo(t.) = [ [o(e) ~uf’ ft0.)de
R

Let us neglect temporarily the interaction mechanisms and assume @ = 0. Then (1.5) can be

interpreted by reasoning on the characteristics equations: we define X(¢;s,z,£) and Z(¢; s, z,§)

solution of the ODE system

d d q
{ TR dt m VeV (6 X) (1.6)
Xji=s = @, Ept=s = &.
Then, (1.5), with @ = 0, reduces to the simple conservation ODE
d
&f(ta X(tv $,T, 5)5 E(t> $,T, 5)) = 0.
Accordingly, given the initial data
f|t:0 = fo
the solution is given by
ft,2,6) = fo(X(0;t,2,8),2(0; ¢, 26)). (1.7)

Then, the equation agrees with Newton’s law: derivative of the position is the velocity, derivative
of the momentum equals the applied force. As a matter of fact, in the absence of force, that
is V' = 0, particles are moving freely and keep constant velocity: we get Z(t;s,2,£) = £ and
X(t;s,x2,8) = x + (t — s)€ so that f(t,x,€) = fo(z — t£,€) in this simple case. However, this
approach leads to a couple of mathematical difficulties, in particular when we consider non—linear
models where the potential depends on the unknown by the coupling induced by (1.2). On the one
hand, (1.6)—(1.7) is not a closed relation in this case since the potential and thus the characteristics
depend on the unknown f itself. On the other hand, (1.6) makes sense under some regularity
assumptions (applying the Cauchy-Lipshtiz Theorem requires V.,V to be locally Lipschitz with
respect to the space variable...) and it is not clear at all that the necessary regularity is guaranteed
when dealing with such nonlinear models. Anyway, this reasoning gives another (fruitful) way of
thinking the motion of electrons: considering a finite set of M particles subject to a given (smooth)
potential V},, the trajectories obeys (1.6). Namely, for any j € {1, ..., M}, we have

d _ d_ q
{ i = v(E;), @zj = —vavp(tXm)
Xj,\t:s = Ty, = lt=s = fj‘

Then, we check that the distribution
M
flt,2,8) = 0(x = X;(t:0,2;, &) ® 6(€ = Z;(£0,25,))
i=1
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verifies

Of +0(&) - Vof = LV,V, - Vef = 0.

Self-interaction are described at the M —particles level by the coupled EDO system

d — —

% = (&), 3 = VWt Xj) - D VA(IX; — Xal),
° s

Xj,|t:s = Ty, =g t=s = fj-

Then a natural and delicate question consists in obtaining the corresponding Vlasov equation by
passing to the limit M — oo.

In the right hand side of (1.5), the collision operator, which can be linear or not, has usually
a specific structure. This structure is motivated by the physical modeling, but it also induces
mathematical properties crucial to the analysis. Usually the operator () acts only on the variable
¢ and remains local with respect to time and space; it is for instance an integral or a differential
operator with respect to &. In particular, a lot of models implies the following key features:

e The operator () is orthogonal to some functions, usually of polynomial nature, of &, which
induces local and conservation properties.

e The functions which make vanish the collision operator have a specific dependence with
respect to the variable &, a typical example being

efE(g)

QUf) =0 iff f(§) =nM(E), M) =—F——"— VEE) =v(§).
/ B ge’

e The operator () dissipates some quantities, which means that

[ e e <o

holds for some function ¥ : Rt — R. These dissipation properties are crucial for the mathe-
matical analysis since they provide useful a priori estimates on the solution (in some sense they
govern the functional spaces to be used). Moreover, the dissipation vanishes when f = nM
is a (local) equilibrium, indicating the relaxation effects of the collisions.

The simplest example is given by the relaxation (or linear BGK) operator

QU =M [ #€)ag - 1o, (1.9

It preserves the charge since

Q(f)dg =0.
RN
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Accordingly, integrating (1.5) yields the local charge conservation equation relating the macroscopic
charge and current
o + div,J = 0,

and thus the global charge conservation

d
— dz = 0.
& o ndr =0

A slightly more involved operator, the so—called linear Boltzmann operator, reads

Q) = [ Me M) - M) de (19)

for some positive and symmetric kernel b(§, &) = b(¢,€) > 0. It describes the binary collisions
dynamics of the electrons with other particles which remain in an equilibrium state described by
the Maxwellian M (&). It also implies the charge conservation. Clearly the kernel of ) is spanned
by functions proportional to M: Ker(Q) = Span{M }. We observe also that

anwinde = [ [ weernrome) (L - )(f/M)()d&’ds

- 2/&/( ><>M(>( - L)

< (W(F/M)(E) = W(F/M(E) ) de’dg

is non positive for any non decreasing function W. Specializing to ¥(z) = z and assuming b(¢, &) >
(> 0, it can be interpreted as a spectral gap inequality

[Landae = 5[ [ meme (e - $©) aa
> /R =) [ rag) g e

In turn, we deduce the following a priori estimate

gL Lo [ neenrome) (L) - 4©) ads <o

which tells us, at least, that the solution lies in L>=((0,7); L*(RY x RN, M~1d¢ dz)).
We can also consider the Fokker-Planck operator

=|

Q) = Ve () + Vef) = dive v ()] (1.10)

which is of differential nature. It verifies
! / ‘ ! ‘2
J e = — - MdE <0.
RN Q(f)Mdg BN VE(M) d€<0
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A relevant example of non linear operator is given by

Q(f) = /RN b(&, &) (M) FE)(L = f(&)) = FOL = f(§)M(E)) de, (1.11)
which takes into account Fermi exclusion principles. It vanishes when
w&) = 4 is constant
that is when f is the Fermi-Dirac distribution
_ M)
&)= pt+M(E)

It verifies the charge conservation too and the dissipative properties have been analyzed in [78].
For considering further non linear operators, let us restrict to the simple case where

v(§) =¢ B =¢2
A non linear version of (1.8) is then the BGK operator

n _E—up

Wexp( o) — ). (1.12)

where n, v and ©, considered as the charge, the bulk velocity and the temperature of the cloud of
particles, are associated to f by the relations

Q(f) =

n = fdé&, nu:/ £ fd¢, nu*+ NO = £ fd¢.
RN RN RN

Therefore, when using these definition into (1.5), the macroscopic quantities n,u, © depend on
(t,x). Similarly, we can define the non linear Fokker-Planck operator

Q(f) =Ve- (€ —u)f +OVf). (1.13)

Both the BGK and the Fokker-Planck operator conserve charge, momentum and energy since, by

construction
1

[ e Jani=o
RN 52
which yields the conservation laws
1 1 0
at/ ¢ | rde+v, | ¢ ¢ fd§+ngV~/ 1 | fde=o. (1.14)
S SRS " =\ %



Note however that (1.14) is not a closed system of equations since the equation for the kth moment
involves the moment of order k+1. Equilibrium states for the BGK and the Fokker-Planck operators
are the Maxwellian distributions

n € — uf
f(&) = WGXP < ~ 58 ) (1.15)

which are parametrized by total charge, momentum and temperature. The dissipative properties
of these operators are summarized in the so—called “H-Theorem” which consists in observing that

f
QUII(f)de = | Q(f)In ((QW@)—N/26—|s—u|2/<2@>> a

( o lE—ul?/(26) 7
/RN ( eroype > i ((QWG)N/28|5“2/(2@)) de

for the BGK operator

RN

2 (27@) N2l /(26)
/

dg

[
RN

L for the Fokker-Planck operator
< 0.

¢ < (QWQ)—N/2£—IE—U2/(2®) )

1.3 Macroscopic models

Eventually, we can adopt a fully macroscopic or hydrodynamic picture of the electrons describing
their motion by the evolution of their macroscopic density n, current J and temperature ©. The
simplest model relies on drift-diffusion PDE: starting from the charge conservation

on +divy =0
we postulate the following relation between the current and the density
J=—qnV,® — KV, n.

The last term is reminiscent to the standard Fick law and induces diffusion of the particles. The
first term means that particles are convected with —q¢V,® as velocity field. Taking into account
the coupling with (1.2), the convection depends on the distribution of particles itself. We shall
see below that such model can be derived from (1.5), considering suitable asymptotic regimes and
conservative linear collision operator like (1.8) or (1.10). The interesting question in such derivation
is the identification of the diffusion matrix . In the same spirit, non linear models can be obtained
from (1.11). Dealing with more involved operators that conserve also the energy, we are led to the
so-called Energy-Transport models where the unknown is the pair (n,®). We can also describe the



plasma by the standard equations of fluid mechanics. For instance, we can use the Euler system

o + div,(nu) = 0,
Oy(nu) + Divy(nu @ u+ p) = —ianV, (1.16)
d(nE) + Div, ((nE + p)u) = —%nvxv "

where E = e + u?/2 is the total energy and e > 0 is the internal energy. The latter is related to
the temperature ©, while the pressure is determined by a state law. For instance, we can complete
the problem by using the perfect gas law:

62L>0, p = RpO.

(y=Dp ~
The set of equations (1.16) can be obtained from the kinetic picture (1.5), endowed with, say
the BGK operator (1.8). Let us assume that the relaxation time is small 0 < 7 < 1: 7 can be
interpreted as the typical time between collision events. When these events become very frequent,
it is natural to expect a description with a model of continuum mechanics type. Indeed, the
penalization of the collision term forces Q(f) = 0 so that we guess in this regime that f relaxes to
a Maxwellian distribution

n € —uf?

(2r@)Nz P ( " 20

fe ) = Mo (©)

We obtain a closed system of equations for the macroscopic quantities (n,u, ©)(t,z) by inserting
this ansatz into (1.14). We get

( 1 1 0
o, / ¢ Myoodé+V, [ €| ¢ Mypodé+-Lv,v- / I | My,ode=0
RN 52/2 RN 52/2 m RN
n nu 0
o | nu + V.| nu®u-+n6l + 4 nV,V =1 0
\ nu®/2 + Nn©/2 (nu?/2 + Nn®©/2 + nO)u T\ nv,V - 0

This is an adaptation of the “hydrodynamic limit” in gas dynamics. Similarly, we can also derive
models that include viscous corrections. We refer e. g. to [22, 45, 46, 92] and for specific aspects
for plasmas to [30]. For details on the equations of compressible gas dynamics we refer [68].

A further approximation consists in assuming that the gas is isentropic or isothermal. Then,
we get rid of the energy equation and the flow is simply described by the coupled PDE

{ o + div,(nu) = 0,

9y (nu) + Divy(nu @ u+ p) = — — %nvxv (1.17)

where now the pressure is determined by



(the isothermal case corresponds to v = 1). Even with such simplifications the analysis of the PDE
system remains tough: it relies on the theory of hyperbolic systems, with additionaly the difficulty
of dealing with the coupling that defines the potential. Such details are beyond the scope of these
notes, we refer instead to [70, 80] or [27].

Remark 1 Here, we present the equation set on the whole space. Discussion of the boundary
conditions remains a tough questions, even for the modeling viewpoint. Furthermore, the influence
of the boundary conditions on the dissipation properties and the underlying estimates needs some
care, as pointed out in [28] for kinetic models.

Remark 2 A more detailed coupling involved, instead of the mere Poisson equation (1.2) for defin-
ing the electric field, the complete set of Maxwell equations. To be more specific, the kinetic equation
reads

Wf+&-Vaf +Ve - (Ff)=0
where the force acting on the particles reads
Flt,2,€) = qB(t, x) + € A B(ta)
where the electric field E and the magnetic field B verify

O.F — c*curl,B = —qJ(t’ x), OB + curl, E = 0,
€0 (1.18)
t
div, B = "0 div,B = 0,
€0

with ¢ the speed of light, g the vaccuum permittivity. The system of PDEs which couples the kinetic
equation (1.5) to (1.2) can be derived from (1.5) coupled to (1.18) by investigating the limit ¢ — oo
(up to a suitable choice of units...): we refer to [29, 84] or [14] for the specific case of time-periodic
solutions. Similar problems can be addressed with magnéto-hydrodynamic equations.

Remark 3 The situation where we look at the evolution of the electrons only is already a simplified
framework. Actually, electrons interact with positive charges, or with “holes” in semiconductors
theory, so that we should deal with coupled system of PDEs like (1.1), or (1.5) or (1.16) or (1.17),
with ¢ = £1; the coupling arises from the definition of the electric potential in (1.2) which then
reads

_)\Ax‘/s - (nne ative — T ositive)
g P

instead of having a given background. In what follows we shall neglect this additional difficulty and
deal with one species of charged particles only.

The mathematical questions concerning these PDEs can be summarized as follows:

e Mathematical analysis of the equations: well posedness of the Cauchy problem, qualitative
properties of the solutions...

e Asymptotic analysis: identification of physical paramaters and asymptotic regimes which
allow to derive relations between the different levels of modeling.

e Numerical analysis: design of performing numerical schemes.
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2 Semi-classical limit: from quantum to classical mechan-
ics
2.1 From Schrodinger to Liouville

The first goal consists in obtaining the models of classical mechanics from models describing the
transport of charge at the quantum level. The derivation relies on asymptotic analysis arguments,
letting (a dimensionless version of) the Planck constant & go to 0 in (1.1). The mathematical
analysis of these questions has been performed by P.L. Lions-Th. Paul [65]. The main ingredient
is the introduction of the Wigner transform [93] of a functioil Y :(0,T) x RN — C.

In what follows, we denote indifferently by % (f) or by f the Fourier transform given by

flo = [ s ae

and .Z(f)(€) = [ev eV f(y) dy/(2m)N. We recall that these formulae make sense when both f

and f belong to L'(RY), but the Fourier transform and its inverse are extended to L*(RY) or to
the Schwartz class . (RY) by density, and then by duality to .#/(RY).

Definition 1 Let € L2(RY). The Wigner transform of 1 is the real valued L*(RY xRYN) function

defined by |
BYWRLE Y
Wz, €) = /RN vz —y/2) Yz +y/2)e EW'

The change of variable y — —y yields

Wiole.6) = [ (o 0/2) Ta = a2e G WO
so that W[y](z, &) € R. Next, it is convenient to rewrite
W, ) = F ke [vla —y/2) vl +y/2)|.

The change of variables (', y') = (x — y/2,x + y/2) shows that

/ Wz —y/2) Yz +y/2) dyde = 22N/ (') Y(y) P dy' da’ = 227 [[v |17
RN xRN RN xRN
and the Plancherel formula implies that Wi](x,€) belongs to L*(RY x RY). We shall describe
below further functional spaces adapted for studying the properties of the Wigner transform.

The point is that the Wigner transform changes the Schrodinger equation into a transport
equation, where the Fourier variable & plays the role of velocity. The potential term is transformed
into a pseudo-differential operator.

11



Proposition 1 Let ¢ be the solution of the Schrodinger equation

|
{ i) = —5 AV + Vi, 219)

w|t:0 — wlnit c LQ(RN),

with a smooth and real valued potential, say V € CX®(RY). Then, W[y] verifies the following
Wigner (or ”quantum Liouville”) equation

Of +&-Vof =0(V)(f) iR xRY xRY, (220)

with wnitial data fi—o = W™ and where the right hand side is defined by the pseudo-differential
operator

OW)(f) =1Z, ((V(z+y/2) = V(e = y/2) [ (t,z,1)). (2.21)
Proof. We compute the time derivative of the Wigner transform
oWl e.e) = [ (00 —/D TET D + 0la =92 90T D)o
= [ G 3a Ve —/2)ite =) T+ o)

st —y/2)(1) (= 200+ Vi 4 y/2) T /D))o W

(2m)N
- i/RN (V(x +y/2) = V(r— y/2)) U(r —y/2) m R (;:;N
# [, (Bevte — o2 TG - vlo 0/ ATET D)o 5 5

The first integral is nothing but ©(V)(W[y]). Let us now integrate by part in the second term,
remarking that

V[pe ) =5 (Ve /), Adlry/2) =48, [plr £ y/2)].
We get
2 /R (W[t -] (v, -9 [7E )]
(9, +6) [pa — 9/2)] -9, [5G T 7] e

(2m)N
¢ [ (Vota =y 20 + vl =y Vil + /) i
=— =& V,W[Y](t, z§),
which ends the proof. N

In fact, for our purposes, we need a definition that takes into account the Planck scale h. To
this end, we adapt Definition 1.
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Definition 2 Let (Q/Jh) heo b€ @ sequence bounded in L*(RYN). We associate the following sequence

of Wigner transform
dy
(2m)N

We notice that the L? norm of Wj[ths] is now of order O(h™). Since we aim at extracting
convergent subsequences, this is not a useful information. To go further, we introduce the space

Walinl(e.€) = [ vne — hy/2) Tnlo+ hayB o™

A = {¢ < OO(RN X RN)’ yfﬂy(b(xay) € Ll(Rg],/Va CO N LOO(RN))}a

endowed with the norm

H¢>||£/=/RN |- Fe—y® (-, Y)|| oo dy:/}R sup (ﬁé—»ykb(xay)’) dy.

N zeRN

Clearly, &7 contains the space .# of Schwartz functions on RY x RY. Hence, the dual 7’ embeds
into .. The starting point of the analysis relies in the following claim.

Proposition 2 Let (¢h)h>o be a sequence bounded in L*(RY). Then (Wh[wh])h>0 is bounded in
o', Accordingly, we can suppose that there ezists a subsequence which converges (weakly—* in <f")

in "
Proof. By definition we have

/ Waltn] (e, €) de dr = —— / Feyol.—y) tnle — hy /2yl + hg2) dy de
RN xRN 2m)N Jrw ry

Hence, we get

‘ /RNxRN Whltn] o(x, ) dg dm‘

< [ el dy x sup [ fone — by/2)nGe+ g2 do
R

RN yeRN

= el sup { ([, wnte =2 as) [ onta g2 az) 1/2}

< Ngllo 192 vy

Corollary 1 Let 1y, be the solution of (1.1). Then, its Wigner transform fr = Wyl verifies
Ofrn+ & Vafn=0rV)(fr) inRS xRY xR, (2.22)

with initial data fr -0 = Wil it) gnd where the right hand side is defined by the pseudo-differential

operator
i

OV)(f) = 77, (V@ + hy/2) = V(x — hy/2) f(t, 2, ). (2.23)

St
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The connection with the classical Liouville equation can be understood with the following formal
ansatz

V(z+ hy/2) — V(x — hy/2)

z ~ V., V(x)-y

so that as h — 0

OV)(f) = V.V(x)-i / N f(y)eihyf@i?)l]v

~ YV V(0) L (iyf) = V.V (@) Vef ().
Making the argument rigorous leads to the following claim.

Theorem 1 Let vy, be the solution of (1.1) with a smooth given potential V- € Ct N W1 (RYN).
Then, up to a subsequence, as h — 0, the Wigner transform Wil = fr tends to f in C°([0,T], o' —
weak — %), solution of the Liouville equation (1.5) with initial data f™ the limit, in the weak-x
sense in " of Wy[y2it].

Obtaining (1.5) by using the Wigner transform might sound strange since when introducing
(1.5), we said that the unknown f is interpreted as a density and is therefore non negative while
there is no reason that give a sign to Wy[)p]. Nevertheless, the limit when A — 0 has indeed the
required sign (which motivates the terminology of “Wigner measure”).

Proposition 3 If the sequence of Wigner transform Wy|[ip] associated to a sequence v, € L*(RY)
converges in " to some W, then W > 0.

Proof. We aim at proving that

h=0 JRN xRN

holds for any non negative ¢ € .. It suffices to establish the result for ¢ = |p|> = $p. We start
by remarking

/ Waldn] 1 (2,€) de da = / Unle — hy/2)nle ¥ g2 FL |3, ) dy e
RN xRN RN xRN

Then, the standard rules of the Fourier transform yield

Fl,ably) =

§—y
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Furthermore, we have

SUER(E) df — b R _ Z (=)
L, HOUE = s [ b g = T

F1b(y) =
It follows that

F B (@, y) = 22,38, y) — (2m) / o(z,2)p(z, 2 — g)dz.

RN

Thus, we arrive at

/ Walvn] |31 (. €) dé da
RN xRN

— @m)" / dn — iy 2) Ol gDl 2)ple,z — ) dzdy de

RN xRN xRN

= (2m)N V(" — hz2)n(x — Ty )o(a" — Wz +y') /2, 2)o(a" — Wz +y')/2,y') dz dy’ da’

RN xRN xRN

with the change of variables (z,y) = (¢ — h(z +¢')/2,2 — ¢/) (having jacobian 1). The leading
term is obtained by replacing ¢(x — h(z +¢')/2,-) by ¢(z,-); that is

/RN - Wit 8% (x, ) d da
= (2 — hz)n(a’ — y)p(a', 2)p(a’,y') dz dy do!

RN xRN xRN
= [ ([ =m0 d@ar)( [ onls' - ho) ol 2)dz) do

RN
2
- f ‘ Un(a" = hy') (2’ y") dy'| da’ > 0.
RN ' JRN
The remainder terms which have been neglected can been shown to be of order O(h). .

Proof of Theorem 1. We multiply (2.22) by a test function ¢ € . such that qg e CX. Set
Dy (z,y) =V(r+y/2) — V(z —y/2). Note that

[ emin et = oo [ [ @ epy@fi) ol duas
1 = 1 A
— e [ Dvle ) F iy =~ [ D Tenda
B _/RN T, J @)Dy (z,y)¢(y) dy = — - f O[V](¢)dE.
Hence, we get
d
At Jargy fﬁ¢d5dx=ANXRN fhv-Vm¢d£dx—ANXRN [xOu[V]¢ d da
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since the operator (2.23) is skew-adjoint. Then, we first show that (©5[V]¢) heo TEMains in a

bounded set of 7. This is guaranteed for V € C* N WL(RY) and ¢ € .. This already proves,
by applying the Arzela-Ascoli theorem that { fRNxRN fnodéde, h > O} lies in a compact set of
C°([0,T]). Second, we establish the convergence

@h[v]¢ W vzv : vv(b in @{7

as a consequence of the fact

V(z+ hy/2) —V(x— hy/2)
h i—0

Fe_yOnlV]o =id(z,y) iy- V.,V in L'RY; CP(RY)).

Let us comment this result:

e With the regularity assumptions made here, namely V € C' N Wh>°(RY), we can show the
uniqueness of the solution of (1.5) in CO(RT; M*(RY x RY) — weak — %) by appealing to
the characteristics, which are indeed well defined under such conditions, see e. g. [13, 65].
Accordingly, assuming the convergence of the initial data, we can conclude that the statement
hold for the entire sequence fr.

e The regularity assumptions on V' can be slightly relaxed, but in such a case the uniqueness
of the limit equation might not be guaranteed. Conversely, assuming more regularity on V
and the initial data, we can obtain sharp ansatz, with estimates on the solutions like O(h™).

e Non linear situations where the potential is defined by a convolution formula V; = U x n(t, )
can be dealt with, including the singular kernels corresponding to (1.2).

e For some hints on the numerical treatment of the semi-classical scale, we mention [87], [48]
and references therein.

2.2 Interaction between the semi-classical scale and the periodicity of
the medium

As said above, the potential due to the environment has naturally a periodic structure, according
to the structure of the crystal in which the electrons are embodied. New difficulties appear when
the typical length scale of the crystal lattice coincides with the Planck scale. Keeping A as notation
for the common value of the parameter, we are interested in the limit A — 0 in the Schrodinger
equation

2
O — —%Amh V(2B (2.24)

where V}, is periodic:
Volz +7) = Vp()

16



for any v € T, the lattice of the crystal. The asymptotic analysis of (2.24) combines the semi-
classical limit with homogenization aspects and the framework designed above is not well designed
to take into account the specific periodicity of the medium embodied into the potential V;, and the
scales interactions. Following [71], the analysis relies on the combination of two ingredients: a suit-
able spectral decomposition of the solutions, the so—called Bloch decomposition, and an adaptation
of the Wigner formalism to the periodic setting.

The starting point relies in the following remark: changing z into z/h = y, one changes
Hpp(x) = —%QAx@/) + Vo(z/B)Y into H(y) = —3A,0 + V(y)v. Hence, we shall concentrate
on the spectral properties of the operator H where we get rid of the small scale. We shall see also
below that passing from Hj, to H, we can also reduce the space domain, exchanging the whole
space RY to a bounded domain C, with suitable boundary conditions. This considerably simplifies
the spectral structure of the operator. Let us introduce a few notation:

- we denote by C' C R¥ the period cell of T,

- we define the dual lattice

= {7* € RY for any v € T, one has v -7* € 27TZ},

- finally B stands for the period cell of I'*: this bounded set of RY is the so—called Brillouin
zone.

Lemma 1 Let ¢ € L*(RY); we set

u(z, k) = Zw(as + ) e

vel

forz € RN and k € B. Clearly, k — u(x, k) is B—periodic: for any v* € I'* we have u(z, k+~*) =
u(x, k). Furthermore, x — u(x, k) is k—quasiperiodic, that is for any v € I', we have

u(x ++', k) = " u(x, k).
FEventually we have
(z) = / u(w, k) dk
B

where dk stands for the normalized Lebesque measure on B.

Now, consider v, solution of the Schrédinger equation

1
0 = 3800 + Vit
with V}, a C'—periodic potential. Then,

u(t,z, k) = Z Y(t,x +y)e 7

vyel
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verifies )
i0u = —EAmu + Vou

endowed with the k—quasiperiodic boundary condition:
u(x 4+, k) = "V u(z, k).

This remark permits to consider the problem in a bounded domain, and thus to use the spectral
decomposition associated to the operator

1
with k—quasiperiodic boundary condition (see [86]).
Lemma 2 The operator 7 = —%Am + V, on C with k—quasiperiodic boundary condition is sym-
metric and admits a compact resolvant; hence, for any fixed k € B, there exists a sequence of real
eigenvalues { E,(k), n € N} and associated eigenfunctions {x +— u,(z, k), n € N} which define a
orthonormal basis of L*(C). The set {E,(k), k € B} is called the n—th energy band of F .

We now reintroduce the parameter £ by using the following claim, see [86].

Proposition 4 For ¢ € L*(RY), we set

- 1
Dn(n, k) = /R (@) gt/ k) do.
Then

o (z) = Z/Bzzh(n, k;)#un(x/h, k) dk,

hd m(n7 k) = En(k)z/;h(rh k)

Proof. We only sketch the manipulations that lead to the second item. Indeed, for A = 1 and
Y(z) = [pu(z, k) dk with u(z, k) = o(k)u, (2, k) we have

1 1
Hy(z) = —§Amz/) + Vo(z)yY(x) = ( — §Af"’ + Vp(x)> / u(z, k) dk
B
- / Aoz, k) dk = / By (kyu(z, k) dk
B B
We introduce the Fourier coefficients

en(v) = /B E (k)™ dk,  En(k) =) en(y)e"*.

vyel
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The previous equality becomes

Hi(z) = Y eul(y) / eFu(z k) dk = Y ea(y) / e T (v + o) dk

vel 'y ~'el B
= > e +4)0 = ez +7).
¥,y €l ~yel

Then, we multiply by u, to obtain

Hy(z)u,(z, k)de = Zen(v) (x + v)un(x, k) de

= Ya0) [ v@unle =k da
= Doal) [ U)o k) da
= D ea(n))e™ d(n, k) = Ea(k)d(n, k)

The next step consists in defining the Wigner series associated to the corresponding solution of
(2.24):
W) (0, k) th x — hy/2)Yn(x + hy/2) e

~yel'

Again, we observe that W [¢y] is real valued; we can show boundedness in appropriate functional
space and establish that cluster points (defined in .%’) are non negative. Let us detail the basic
asymptotic result.

Proposition 5 Assume that initially 1™ belongs to the n—th band space that is

ni 1
() = [ k) gz uaa/ )k
for some u € L*(B). Then, the solution vy of (2.24) has the same property and we get

ihoibn = Y en(y) Un(z + )

~yel'

where the £,(7)’s stand for the Fourier coefficients of E, (k). Furthermore, the associated Wigner
series satisfies

oW [Wn)(t, x, k) + an )T E(WE TRl (t, x + Ry /2, k) — W ] (t, x — hy/2,k)) = 0.

'yGF
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Proof. We only detail the equation for the Wigner series. Of course, we have

oWy ) = —= Z elk'y<Hh¢h(ﬂf — Iy 2)Yn(x + By /2) — Yn(x — Py /2) Hpypn(x + 57/2))-

VEF

We make use of the following identities:
- since 9 remains in the n—band space, we get

Hypp(x Zé?n Yn(z + hy),

vyel
- and we have clearly ¢,(7) = e,(—7).
Hence, we can write
WSl = 2 3 (<l Wil — /2 + o Ynla T T D)

“/761“

) __gn(_Jy)¢%(x‘_ h7/2)¢%(x-+-ﬁ7/2.+_th>
— —% Z en(7) Z ik (@/)h(a: — hy/2 4+ By Vn(z + By /2) — Yz — By /2)n(x + Ry /2 — fW’))

. y'el’ ~yel
i o .
= =2 D" eu()e Y- e (vnle — By = +')/2)0nle + B 7)2)
y'el ~yel
—n(z — By +')/2)n(z + A0y — 7)/2) )
by using the change of variables v — v + +'. We recognize the asserted formula. [

When A — 0 we guess that

LS e (f a4 B2 K) — f(tw — f2,R) = § Y e ()L f (k)
vyel vel

Vi( Do ea)e™) - Vaf(t k)

yerl’

~ ViEn(k) - Vof(t,z k).

Theorem 2 Assume that the initial data for (2.24) belongs to the n—th band space. Then, up to
a subsequence, the Wigner series converges (in a appropriate weak sense...) to f > 0 solution of
the transport equation

12

atf + Un<k) ’ vxf =0,
with velocity v, (k) = ViE, (k).

Of course, by using orthogonality properties, we can consider sums of functions belonging to
different band spaces. It works as soon as there is no band crossing. The situation is definitely
much more intricate when we consider mixed states and possible band crossing: E, (k) = E,,(k) for
some k. The ultimate breakthrough can be found in [5] where the analysis includes external and
self-consistent potentials. Finally, it is worth mentioning that the Wigner formalism has became a
powerful and general tool for studying oscillations in PDEs, according to [44].
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2.3 From Schrodinger to Boltzmann: homogenization aspects

Let us now describe another amazing question involving the semi-classical regime. Classical par-
ticles subject to a random potential, under a suitable time-space rescaling, can be described by a
Brownian motion. This classical question has been treated in full details in the reference paper [63].
Surprinsingly enough, the similar scaling when adapted to the quantum picture leads to a linear
Boltzmann equation. The analysis is due to [40], at the price of a highly technical proof. Recently,
Poupaud and Vasseur revisted the problem and proposed an alternative approach. Actually, they
changed the problem since they introduce a somehow artificial time-dependence of the potential.
Compared to [40], the result might be questionable since the physical model has been changed
drastically by introducing randomness with respect to time. Indeed, in the standard problem, the
coefficients oscillates randomly with respect to space and the decorrelation properties should be
analyzed along the trajectories, which makes the analysis particularly tough, see e. g. [63]. Any-
way, the analysis of [82] provides a statement with the same flavor, with a smart and quite simple
proof. Besides, the method introduced by [82] is very flexible and it can be readily adapted to
various physical situations where the time decorrelation appears naturally, see [17, 64, 54, 55, 21].
We shall now detail this approach.

We start with a toy model, inspired by [77]. Let us consider the simple ODE

d

1 2
Selt) = i-alt/2)uc(t) (2:25)

where a(t) :  — R is a random variable with zero mean
Ea = 0. (2.26)
We also suppose it has finite variance, and fulfils the following stationarity property
Ea(t)a(s) = R(t — s) (2.27)

As a preliminary remark, note that the equation preserves the modulus:

mwzkmofwwﬂm)ww:wwy

We assume that the initial data is deterministic (it does not depend on the alea variable w € Q).
We wish to determine the asymptotic behavior of the expection value Eu.(t) as € goes to 0. The
crucial assumption consists in the following finite time decorrelation hypothesis:

a(t) and a(s) decorrelate when |t — s| > 1: (2.28)
E(a(t) a(s)) =0 for |t —s| > 1. '
The analysis is based on the Duhamel formula:
1 t
us(t) = u(s) + g/ ia(o/e?)u.(0) do. (2.29)
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It has two immediate consequences:

a) first of all, with s = 0 and bearing in mind that «(0) is deterministic, we realize that u.(¢)
depends only on realization of a(s/e?) for 0 < s < ¢; hence due to (2.28), u.(t) and a(t'/e?) are
independent when ¢t — ¢/ > &2

b) second of all, it already provides the estimate

o) — ua(s) = o('t - 8'). (2.30)

€

Then, let us specialize (2.29) to s =t — &2, which involves the decorrelation time scale:

1 t
ue(t) = ue(t — ) + = / ia(o/e*)u.(o) do (2.31)
e t7€2
It allows to rewrite

W)y = WD ey L [ ialt/alo/un(o) do

€ € g2

In the right hand side, due to (2.26) and the decorrelation, the expectation of the first term vanishes

B (a(t/62) et — 52)>

3

t 2
IECL( 28 ) Eu,(t — €?) by decorrelation
=0 by (2.26),

while the second term is of order
1 1
(= X length of the integration interval) = (= x e?) = 0(1).
€ €

In particular, we get

%Eug(t) = iE@ug(t) = —Eé /t_€2 a(t/e*)a(o/e*)u.(o) do = O(1)

which already tells us, by applying the Arzela-Ascoli theorem. that Eu. belongs to a compact set
of C°([0,T]). The next step consists in replacing in the last integral u.(s) by Euc(t). The error can
indeed be controlled and vanishes as € goes to 0, as a consequence of (2.28) and (2.30). To this
end, we write

IEE% /t_ alt/)alo /(o) do = Eé /t_ alt/)alo /<) do Bu. (1
+E€i2 /HQ at/e2)a(0 /€% (ue(o) — ua(t — 2%)) do
+E€l2 /t_ alt))alo /) (et — 26%) ~ Eua(t — 2%)) do

+E€i2 /t_ alt/)a(o /) (Bua(t — 2%) — Eua(n)) dor
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Since, by (2.28), u.(t — 2¢?) is independent of {a(c/e?), t — &* < o < t}, the third term can be

recast as
1 t
£2

E(a(t/sQ)a(a/a;Q))]E(uE(t — 2¢%) — Eu.(t — 26%)) do = 0

t—e
and it vanishes. The second term is estimated by using (2.30): for any t — e < o < t, we have
lu(0) — ue(t — 26%)| < o — (t — 2e?)|/e < Ce hence we dominate the second term by

1
—2><C€><52:C€.
€

A similar estimate holds for the last term. We thus have

iEuE(t) = iE(@ua(tD =-E <€—12 /j ] a(t/e?)a(o/e?) da) Eu.(t) + re, re — 0.

e—0
(2.32)
We end up with the following statement.

Theorem 3 The expectation Eu. converges uniformly on [0,T] to u, solution of the ODE

d
Eu = —\u

where the effective coefficient is

1 [T
)\—5/ R(r)dr > 0.

o0

Proof. It only remains to identify the coefficient A. First, let us check the positivity of A which is
not completely direct. The proof relies on the following observation: for any F' € L'(R), we have

+R +R
/RF(T) T—ngl;oﬁ/ / (0 —7)dodr. (2.33)
Therefore, A\ becomes

+R +R +R +R
A = 1%51;04]%/ / R(o—1 dadT:nglgoE/ / )dO’dT

_ I%EEOE(4R/_R ()da) > 0.

Consequently, note that the modulus of the limit u is not conserved anymore, but it decays as time
grows. It indicates that the passage to the limit and the stochasticity effects have induced a loss
of irreversibility. We prove (2.33) by writing

/RF(S) +R/ 5) dsdt — —/+R (/ a—t)da) dar.
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Therefore, it suffices to show that

/_;R /UER [Flo =1 do) at = 0.

Changing variables again, we reduce the problem to investigating the behavior of

i ([, L) o

for large R’s, and similarly for the quantity obtained by replacing s +¢ > R by s +t < —R. The
Fubini theorem yields

2R/ (/ I_p<i<prllp_s<t dt) ds
23 [ 1F) (/}j dt> ds+%% R (/_Z dt) ds
:/02R| Olgpds+ [ 1P ds

and we conclude by applying the Lebesgue theorem.
Then, we go back to the definition of the effective coefficient. In (2.32), we make the following

quantity appear
1 t t t— s
8—2E/ a(t/e*)a(s/e*) ds = / R ds = / R(T
t—e? t—e?

as a consequence of (2.27). Hence this quantity does not depend on £ anymore and it can be
rewritten as

1 +1 1 +o00

E /0 a(7)a(0) dr = E /0 a(0)a(r) dr = E /0 R-rydr= [ Roydr=2 [ Rirdr

due to the support property of the function R in (2.28). "

We now apply this strategy for investigating the limit 7~ — 0 in the following set of Schrédinger
equations

h?
ihatwm,h = _7Azwm,h + \/E'V(t/hv x/h’)wm,h

We suppose that the set initial data {¢,, n(t = 0), m € N} is a deterministic orthonormal system
of L2(RY). Consequently for any ¢ > 0, the system {¢,, n(t), m € N} is also orthonormal. We
associate to the index n an occupation probability A,, . The particle is then described by the

mixed state
2) = Anpltmnlt, )%

meN
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We suppose that
AnnZ 0, ) dan=1 D> [haal <M AV

meN meN

(It is realized with a finite number Nj, of states, with Ny, = (1/RY) and A\, p = 1/Np if m < Nj, 0
otherwise.) Hence, the Wigner transfrom

ey
w(t, 2€) = %ZNAM Yt © — Ty /2) Ynun(t,x + hy/2) e ng
is bounded in L>(0, co; L?(RY x RY)). It satisfies
OWy 4+ & -V, Wi = O4(8) [Wh] (2.34)

with

(x x x/h— f e ds dy
OuNIN@8) = = [ (Vb /it /2 = V(t/ha/h=y/2) Fla.) st

The requirements on the potential are the following

e I/ is a smooth random variable,
e For any t,z, V is centered: EV (t,2) = 0,
o EV(t,2)V(s,y) = R(t — s,z — y) with furthermore R(7,-) = 0 when || > 1.

Theorem 4 Up to a subsequence, Wy, converges, as h — 0 to f > 0 in C°([0,T]; L*(RY x RY) —
weak), which is solution of the following linear Boltzmann equation

O +E-Vaf = [ MEEIE) A6~ AOSE)

with

6.6 - GrrR(555e-6). A= [ uee)ae,

where
R(0,§) = / R(t,y) e v qy de.
RxRN

Proof. We sketch the adaptations of the steps described for the toy model, skipping the tedious
functional details. We see (2.34) as a perturbation of the free transport equation by the source term
Or(Wp). Therefore, integrating along the characteristics x + t&, we obtain the Duhamel formula

Wi(t,x, ) = Wi(s,z — (t = 5)€,§) +/ On(@)Wi(o)(z — (t — 0)¢,£) do. (2.35)

s

It provides the basic estimate and the decorrelation property, analog of a) and b) for the toy model.
It is convenient to introduce the operator

Sef(@,€) = flz — 1€,
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the adjoint being
S; - S_t.

Then, (2.35) recasts with the shorthand notation as

Wilt, ,€) = Si_sWi(s)(z, €) + / Sy On()[Wi(o)] (x, ) do. (2.36)

(Roughly speaking passing form the toy model to (2.34), 0; + £ - V,. replaces the derivation E’

integration along the characteristics involving the operator S; replaces the standard integration
on time intervals while Op(t) replaces multiplication by a(t).) Reasoning as above, we reduce to
investigating the limit A — 0 in

8tIEWh + 5 : VI]EWFL = E/ h@h(t)St_a@h(a)[Wh(a)](:E, f) do

_E / | O(1)S-0Ou(0) Sy [EW(1)),€) do + 1

where the remainder r; can be shown to tend to 0 as i goes to 0, in some appropriate functional
space. It is easier to derive the limit operator by reasoning by duality. Namely, multiplying the
leading term in the right hand side by a trial function ¢ € C®(RY x RY), we obtain

/ EWy(t, 7,€) E ( / S, On()Ss 1On D)4 (x, €) da> de dz
RN xRN
EWy Lulg](t, . €) dé da.

RN xRN

More precisely, the operator Ly reads

Lale)(z,€) = ~E4 //thly£ (3.2 (_0)5”@/2)_‘/(2x—(t—a)f—ﬁyﬂﬂ

h R’ 3

1Y Er iz [V( (t—U)(f E*)+hz/2> V(E x—(t—o)(g_g*)_hz/2>
K’ h B’ A

xF ezl = (t = 0)(€ ~ &), 2) (Q?SN dé. Q?T?;N do.

(Note that we multiply 1/A by an integral over a time interval of size h.) By using the self-correlation
function, we obtain

bl / [ w5 e - o)e- 6.2
t
a—t o—t Y o—t o—1 Yy—2z
h’h§*+2>+Rh’h£* )

_R<U;t Ji;tg*_y—;z>_R(U;t’agtg*_i_y%—Z)}(Qi,;ng* dy E'
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and with the change of variables 7 = (o0 — t)/h, y, = (0 — t)&/h £ (y + 2)/2, we arrive at

1
Lilpl(x,§) = // S Fe L p(x+ hr(€ = &), 2) R(T,9)
0
X ( _ efizTg*‘({75*)ei(2y*+z)'(€7§*) —_ e+i2r§*'(5*5*)61(*2y*+2)'(§*§*)
d 2V d
z dé_* Yx
(2m)N " (2m)N

From now on, we approach ¢(x + hté&,, ) by ¢(x,-) (which induces a new error term of order O(h),
owing to the regularity of the test function) and we get

L) = - [ 4Tt z>(2ij

/ / 7' y 127&*'(576*)6121/*'(5*5*) +e+i27'§*'(§*f*) —i12yy- f [ ) d£*2 dy* dT
(2m)"
// e g)JC =p(x, 2) BT, ys)

(e+l2rs* (6=60) @i20u(6—€2) | @—i27€w(€—E.) gi2ya-(€- @))

1 e Hi2TE (6=64) gi(—20a—2)-(6=64) | e—im*‘<§—s*)ei(2y*—z)~(e—@)) dr.

dz N dy,
2™ dé*( 2

. . . . dy,
(2, €) / /O R(r, ) (e €= 260y o€ 2 60) dg_(%y)N dr

1
. . . . d
[0 Rl (77 e 0 ez €0 ag s ar

by using the change of variable ( = 2¢, — &. Now we make use of symmetry properties satisfied by
the function R, precisely, we have

R(t,y) = EV(t,y)V(0,0) = EV(0,0)V (t,y) = R(—t, —y)

dr

12

which implies

/ SWER(ry) dy = Q(r, €) = / e ER(— 7, —y) dy = / VER(—r,y) dy = Q(—7, ).
RN RN RN

Accordingly, we observe that

Lple)(z,6) ~ —p(z,8) //1 eTTE=20 (7 ¢~ €) + e+i‘r(§2—(2)/2Q(7_7£_<)> (Q%N
+ [ [ ete0) (Mg - )+ 06 -0 d>
_“5//1 T2 (7, - §) + e TEDQ(—7, 6 — ¢

12

) d
/ / (@,0) (7€ Q(-7 ¢~ ) + eI e~ O 5
w03 [ [ ( m eT@Q<2>/2@<r,£—c>+e”<52<2>/2@<r,<—£>)—CN

2n)
+OO 2 2 2 2 d
w5 [ | el 0) (¢EOEQUr e — 4 TR - ) 5

2m) N
d¢
2m)N

12
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by using the fact that 7 — R(7,y) is supported in (—1,+1). Using again that (7,&) — Q(7,&) is
even, we arrive at

Ly[p)(z,€) =~ —90(:13,5)/_00/ Q(r, € — ¢) eﬁ(@—c?)/z(Q%N dr

RN
” _ ) ey _9¢
[ ew0 [ [ Qme—g et

which is exactly the linear Boltzmann operator with collision kernel given by

1 2 2
b(&,C) = an)™ 9\(T,y)—>(w,§)R<C 25 € —C>-

The kernel is indeed symmetric since

1 +o00 o
b(gy C) - W 3 Q(T,§ _ Oen(g —¢2)/2 dr
- ﬁ N Q(—7,& = e =D qr by changing 7 +— —7
= (271)1\[ +oo Q(T’C . é.)eiT({fo?)/Z dr since (T, 6) - Q(T’ 5) S even
= bCE).

It only remains to check that b > 0.
The proof follows those of Proposition 3. Indeed, up to some irrelevant constant showing b > 0
reduces to show

F ) —we Bw, =€) > 0.

(ry)—
To this end it suffices to justify that

_ 2
F )iy B@,8) | ey d(w, E)| dwde >0

RxRN

holds for any ¢ € (R x RY). However, the latter can be recast as

/ / R(r,y) 60, 2)9(0 — 7.2 — ) d= do dy
RxRN JRxRN

= Rlo—1—0,z—y—2) ¢(0,2)p(c — T,z —y)dzdo dy dw
RxRN JRxRN

=E V(o —71,2) V(o,2) ¢(0,2)p(c — T,z —y)dzdo dy dw

RxRN JRxRN

2

:IE/ / V(o 2) é(o, 2)dzdo| > 0.
RxRN JRxRN
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3 Analysis of the Vlasov-Poisson system

This Section is devoted to the analysis of the PDE
Ohf+v-Vuf =V, -V, f=0 (3.37)

where the potential is defined by

—A,P =n(t,x) = f(t,x,v)dv.
RN

As said above, see (1.3), the latter equation should actually be understood as the convolution
formula

Btx) = [ Exe—ynty)dy= [ Exle=)f(ty0)dyde (3.39)

RN RN

where Fy stands for the elementary solution of —A (and one has to care about formal integration
by parts that would use directly the Poisson equation). Of course the difficulty comes from the
quadratic non linearity in V,® -V, f. In fact the difficulty is two—fold: first, we should discuss the
relevant functional framework and determine how this acceleration term makes sense (this is not
so clear since the kernel Ey has some singularity at the origin); and second we need to establish
some compactness property which will be necessary for proving the existence of solutions through
a suitable approximation procedure.

3.1 A priori estimates and sketch of the existence proof

Of course, the keypoint relies on the derivation of a priori estimates satisfied by the solution. The
first obvious estimate is nothing but the charge conservation

d
el dvde =
dt/RN Rvax O’

which offers the L' estimate. Next, neglecting any difficulty related to a possible lack of regularity
of the field (which can be fixed by a regularization step), we can write

ft,z v) = f™NYX(0:t,z,0), V(0;t,2,0)),

where the characteristics (X (s;¢,x,v), V(s;t,z,v)) are defined by the ODE system

{ %X(s) = V(S), %V(S) = —qu)(s,X(S)),
X(t)==x V(t) =wv.

Hence, we also obtain .
1 ()] oo v ey < L™ oo @y vy -

The last “easy” estimate comes from energy conservation. Indeed, define the kinetic energy as

02
Ec(t):/ / — fdvdz
RN JRN 2
29



and the potential energy as

1 1 1
Ep(t):§/RN/RNCI>ded:v:§/RN<Pndm:E/RN/RNEN(x—y)n(t,y)n(t,x)dydx.

It is worth pointing that F, is non negative when N > 3. Then, by using integration by parts, we
compute

GEO B == [ [ vvieravdes [ [ Bvte—pnlty) it dyds

where in the last term we have used the symmetry of the kernel Ey(z) = Enx(—z2). Precisely, the
last integral reads

a /RN /RN /RN En(z —y)n(t,y) v- Vo f(t,z,v)dvdyde
:1/N/;Uf'préNEN@*—wnwyﬁw)dv¢c

:f /]E vf -V, Pdvdz.
RN JRN

We conclude that the total energy is conserved
d
dt

The discussion of further a priori estimates will make use of the following claim, referred to as the

Hardy-Litelwood-Sobolev inequality [86].

(Elt) + Ey(1)) = 0.

Lemma 3 Let 1 < a < oo and consider the operator

f(y)

T : _—
fe gy |2 — y| N/

dy.

Then, T is a bounded operator from LP(RYN) to L4(RYN) for

1 1 1
l<p<ad= a ) -—=—4+——1
a—1 qg p «

Remark 4 [t would be tempting to perform some integration by parts and to write potential energy
as the integral of |V, ®|>. However, such a computation is misleading. This is the case in dimension
2. Indeed, let n € L'(R?), withn > 0 and let ® be a solution of —A® =n in R?. Then VP belongs

to L*(R?) iff n = 0. This is clear by Fourier transform since we know that €2®(&) = A(€) € L(R2).
Then, we get |V, P(&)] = |&] |P(§)| = L% [n(&)|, which is non square integrable in the neighborhood

of the origin where this quantity behaves like |n(0)]/|¢|, with n(0) = [ p(x) dz > 0 by assumption.
Coming back to Lemma 3

B -y n(y)
V. ®(x) = /R = dy

vz =yl fo—
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corresponds to set « = N/(N — 1) € (1,00). Hence obtaining V,® € L? is not affordable in
dimension 1 and 2 (we find p = 2/3 and p = 1 respectively which are not amissible); in dimension
3 it requires p = 6/5.

Let us make a short break by mentioning the twin situation where the sign in the Poisson
equation is changes, namely, the potential is defined by

+A, P =n

and thus instead of (3.38) we get

N

O(t,z) = - /RN En(z —y)n(t,y)dy = —/[R En(z —y)f(t y,v)dydv. (3.39)

The model is physically relevant and it arises in astrophysics: the self-consistent force field now
corresponds to the gravitational attractive force exerted by the particles instead of the repulsive
electric forces between charges of similar sign. (But we are not aware of a similar relevant quantum
model.) From the view point of mathematical analysis, the attractive case is more difficult than
the repulsive one. For the time being, let us only use the attractive case to illustrate by a simple
computation why the singularity of the kernel Ey is not completely harmless. We can indeed show
that solutions can develop singularities in finite time.

Theorem 5 Consider N = 4 and the attractive potential (3.39). Then there exists initial data
it e C2(R* x RY) such that the solution does not remain of class C* for any positive time.

Proof. We remind that E,(x) = C/|z|%. Let us compute

i x—gfdvdx—/ v-xfdvdx
dt R4><R4 2 - R4><R4

and next

d2 2
_2/ x—fdvdx:/ v2fdvda:—/ V,® - xfdvde.
dt R4 xR4 2 R4 xR4 R4 xR4

However, the last integral recasts as

/ V¢ zfdvde = -2C - y4n(t, y) - zn(t,z) dy dx
R4 x R4 RixRt |T — Y]
=-C ;n(t y)n(t, z) i (x —y)dydx
RixRS |T _1?J|3 7 sz =y
T —y
=-C ——n(t,y)n(t,r) —— - (r —y dydx:—/ n® dux.
RixRt [T — y[? (6 ), ) |z =y ( ) R4

Hence, we arrive at

d2 2
i ~ fdvdz = 2(E, + E,)(t) = 2 x (Initial Total Energy &).
dt2 R4><]R4 2
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In the attractive case, the potential energy contributes negatively and & can be negative. In such
a situation we are led to a contradiction since the previous manipulations lead to

2
/ Y fdvde = &1 + Lt + I
R4 xR4

where the right hand side vanishes and becomes negative for a finite time 7T, while, of course, the
second moment of the density f should remain non negative. The contradiction comes from the
fact that the computations above, and in particular the formal integrations by parts we made, are
not licit when f becomes singular.

For obtaining a smooth data with negative energy, we proceed as follows: pick a non negative
fo € C*(R* x R*) and compute

C

4xR4 ‘ZE - y‘Z

2
ai) = [ Ghdvds &= [ fola, o) foty, ) dw dy o da

which are both positive. In the attractive case, the total energy reads

&0 = 6e(fo) — &(fo)-

Set f3 = \fy for some A > 0 and remark that the associated total energy is

Ee(Mfo) = E(Mo) = A fo) — N&,(fo)
which becomes negative for large enough \’s. [

The one-dimension case is interesting since it allows to perform a proof that uses only elementary
tools (and works for both the attractive and the repulsive potential). In this case we can indeed
take advantage of the simple expression of the force

T

F(t,z) = 0,9(t,x) = —%(/ n(t,y)dy — /IJFOO n(t,y) dy).

—00

In particular, the L' bound on n immediatly imply that £ is continuous and bounded. Furthermore
when n belongs to L*°, F' is uniformly lipschitizian. Then the proof uses the a priori estimates,
sharp estimates on the characteristics and the preservation of support properties (which provides
the L*° estimate on n on finite time interval...).

Theorem 6 Let f™t : R x R — R, f™* > 0 be an integrable and bounded function, compactly
supported. Then there exists a unique weak solution f € C°([0,00); LP(R?)), for any 1 < p < oo
solution o the Vlasov-Poisson ystem with initial data f™. For any 0 <t < T < oo, the support of
f(t) is compact in R?, f belongs to L°((0, 00) x R?) and the total energy is conserved. Furthermore,
if f™ belongs to C*, the solution is C* too.
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Let usrather focus on the 3-dimensional case for the repulsive potential. The first step consists

in replacing the singular kernel Ej(z) = ﬁ by a smooth approximation in the definition of the

potential. Introduce a sequence of mollifiers
(. € C(RY), 0<((x) <1, C(x)de = 1.
R3
We set
U.(x) = (. x Es(x).

We note that, for any 0 < R < oo,

1
By € LY(B(0,R)), for 1< q<3,  V,Esz)= _E% € LYB(0, R)), for 1 < q < 3/2

and we check readily that U, and V,U. converge to F3 and V,F5 in these spaces, respectively.
Owing to a fixed point argument we construct a sequence of solutions to the following non linear

problem
atfe +uv- V:chs - Va:q)s : vvfe = 07

O, = U, *, ng, n.(t,x) = / fe(t, z,v) dv, (3.40)
. R3
fa,|t:0 = flmt >0

The solutions verify
e f->0,

o [[fe(t)lr@axrs) = || /™| Loraxrs), for any 1 < p < oo,

e and the energy conservation

2 1
/ /v—fgdvdx+—/ /Q)Efgdvdszc(O)+Ep(0)<oo.
rit3 JR3 2 2 rit3 JR3

Note again that the both the kinetic and the potential energy are non negative, a specific feature
of the repulsive case for dimension N > 3. Thanks to these estimates, we can suppose, possibly at
the price of extracting a subsequence, that

fo = f weakly in LP((0,T) x R* x R%)

for finite 1 < p < co and weakly -xin L>((0,T) x R3 x R3). and we wish to pass to the limit € — 0
in the weak formulation

_/ fInitsp(O’{L'7’l}) dvdz — / / fg (8t+v Vx)@(twrav) dvdzdt
R3 JR3 0 R3 JR3

+ / fe V@, - Vyp(t,z,v)dvdedt =0
0o Jr3JR3
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which holds for any ¢ € C2°([0,00) x R3 x R3). Clearly, the difficulty concentrates on the last term.

For constructing solutions of (3.40), we remark that for any n € L'(R"), the potential U.xn €
C?*(RY) with V,(U. x n) uniformly lipschitzian on RY (but with a Lipschitz constant that blows
up when ¢ goes to 0). Therefore, we define the mapping

T g f
so that

Of +v-Vof =V, @4V, f, P, (t,x) = U. */ g(t,x,v)dv, fii=o = f™.
RN

The regularity of ®,, for g given in C°([0, 00); L*(R*RY)) allows to define the associated character-
istics, and thus we obtain the solution f by integrating the kinetic equation along characteristics.
It remains to show that .7 is a contraction mapping on C°([0, T]; L*(RY x RY)) for any initial data
it e CHRY x RY) (but more general data can then be considered by a regularizing argument).

It is necessary now to make precise the estimates on the force field. To this end, we need an
interpolation lemma which will allow to take advantage of the energy conservation.

Lemma 4 Let f: RN x RY — R such that, for some m > 0,
f € L*RY x RY) and //\v[m |f(z,v)|dvdx < oo.

Then n(x) = [gn f(x,v)dv belongs to LP(RY) for p = (N +m)/N.

Proof. We split as follows

ol < [ e olas [ oo [ o)
. T e

< [ f |l oo m xrvymeas( By (0, R)) + . o™ | f(x,v)|dv
1

< Cnllfllse@y xenyRY 4+ — o |v|m |f(z,v)|dv.

Optimizing with respect to R yields

i) N/(N+m)
)] < O Iy ([ 1 faolac)

Therefore, we end up with

/ In(z)| NN Az < Oy HfHZiNRWN)/ / o™ | f(z,v)] dvdz < co.
RN RN JRN

With m = 2 and N = 3 one gets that the macroscopic density n lies in L>3(R?). The en-
ergy conservation tells us that f]R3><R3 v?2f. dvdx is bounded and we deduce the following a priori
estimates.
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Corollary 2 The sequence (n.)__, is bounded in L**(0, 00; L*/*(R?)).

Corollary 3 The sequence (V,®.)__, is bounded in L*(0,00; L1(R?)), for 3/2 < ¢ < 15/4.

e>0

Proof. Clearly we have

ne(t,y)
IVaelza < [IGlln [IVaBs % nelzo < H/ Sl
R3 ’x - y’

Hence, we apply the Hardy-Littlewood-Sobolev inequality with a = 3/2 and we obtain 1/q =
3/5+2/3—1=4/15. Since all moments 0 < m < 2 are bounded, we obtain estimates on a family
of L4 spaces.

In particular, we remark that m = 3/5 gives n.(¢,z) bounded in L>(0, co; L5/°(R?)) and thus
V.®. bounded in L?(R3). .

Consequently the product f.V,®, is bounded in L>(0, oo; LY(R?)), for 3/2 < ¢ < 15/4, and we
can suppose that it admits a limit. It remains to establish that

LV,D. — fV, 0, ®=F% [ fdo.

R3

It requires improved compactness properties, that is to show some strong convergence property.
To this end, a first attempt would be to exploit the smoothing effects of the Poisson equation,
and precisely use that n — [oy = y‘a dy is a compact operator from LP(R") into LL (RY) for
convenient pairs (p,q). This argument needs additionally some care concerning the treatment of
the time variable. Hence, we shall use instead “Average Lemma” techniques which have became
a very standard tool in the theory of kinetic equations. In particular, the argument is necessary
for proving the existence of solutions for the more complete Vlasov-Maxwell model, see 33, 83].
The flavor of the argument can be summarized by saying that if f and (0, + v - V,)f belong to
LP p > 1, then average with respect to the v variable are smoother. It translates into stronger
compactness properties when dealing with bounded sequences. We shall detail below the Average
Lemma approach, which allows to finish the proof of the following claim.

Theorem 7 Let N = 3 and let f™t € L' N L®(R? x R3), ft >0, such that
,UZfInlt c Ll(R3 % R3) - */ fInlt c L2(R3)

Then, there exists f € C°([0,00); L®(R3 x R3) — weak — %), solution of the Vlasov-Poisson system
with initial data f™¢. Furthermore, we have

1F )l ooxeey < 1™ Ioo@exry,  (Be+ Ep)(t) < (B + E,)(0).
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3.2 Average lemma

The average lemma is a useful and powerful tool for obtaining compactness on solutions of kinetic
equations. Roughly speaking the statement tells us that macroscopic quantities are smoother
than the microscopic ones, which in turn leads to improved compactness properties for quantities
involving averages on the velocity variable. The basic statement reads as follows.

Theorem 8 Let f(z,v) € L*(RY x RY) verifying
v-Vof =g L*RY xRY). (3.41)

Let ¢ € L®(RY) with compact support in RY. Then the macroscopic quantity

polz) = / b(v) f(z,v)dv

belongs to the Sobolev space HY?(RYN). More precisely, we have
/R N €l P67 A€ < CO fllz@y vy lgllz@y vy (3.42)
X

where a stands for the Fourier transform

o~

o(&) = | ot z)e” ™ du

RN

for € € RY.

Remark 5 The support assumption on v can be relaxed when we have estimates on high order
moments (wrt v) of f. More generally we can deal with a set V. C RN endowed with a measure
dp(v), but it is crucial to require that

sup u({v € B(0,R), |v-& < 6}) < Cge. (3.43)

{ for any R > 0 there exists Cr > 0 and €y > 0 such that for any g > ¢ > 0 we have
EESN—I

Note that (3.43) excludes discrete models (for example, V = {v1, ..., vy), du(v) = S0 6(v = v;)
and pick & orthogonal to one of the v'’s in V' ). Roughly speaking (3.43) means that we need “enough
directions” v to make the information on v -V, f useful.

Remark 6 Of course, analogous results are available for the non stationary case. There are refined
(and useful!) versions of this statement, see in particular [34], [12], [42], [43], [75]...: on the one
hand we can relax the reqularity required on the right hand side g and in particular we can deal
with derivatives and on the other hand we can replace v by more general functions a(v)... This
tool has been successfully applied to justify the Rosseland approximation in radiative transfer [3].
It is also a key ingredient in the proof of existence (in a suitable weak sense...) for the Boltzmann
equation of gas dynamics [32], [66]. Further developments and applications can be found in the
lecture notes [13]... Note however that some non linear hydrodynamic limit problems can be treated
without average lemma techniques, but using instead a compensated compactness argument which
allow to deal with discrete velocity models [67, 50, 31].
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Proof. We suppose that supp(¢)) C B(0, R). Clearly py belongs to L*(R"). The remarkable fact
lies in the improved regularity, while the microscopic quantity f belongs only to L?. Applying the
Fourier transform to (3.41) yields

v 5 f(gav) = _1@\(57?})

When | - v| > 6|¢| > 0, this relation allows to estimate |€]f nicely, while the “bad” set on which
|€ - v|€]| is small has only a “small” contribution thanks to (3.43). Let us make this idea precise.
We split the integral

UA,UdU: UA,UdU UA,vdv.
s@feni= [ sofeoas [ vofen

RN

We estimate the second integral by using (3.41):

N §-v
) d - —d
'/m-mzamw(v)f(g v)dv ngmm gv)é‘ !

1/2 1 1/2
0o Gl 24 - d
Wl ([ enra) ([ ptson(a)

1 _O(R) [~ dr_ C(R)
/£v|>55| [Eopteem ) dv="Tes | 51ep”

Next, we estimate as follows
R 1/2 1/2
< Yl (/ (f(&,v))*d ) (/ Lp(0,r) dv)
€-v|<6[¢]

\ [ e
Ev] <5e]
)
/ ]]-B(O,R) dv = C(R) / dr = O(R) 0.
I€v]>3e] 0

where (see (3.43))
Combining all the pieces, we obtain

IN

where

~

R~ (FEVE+ L),

() f(€v)do| <
RN €IV
where G(§) = [[9(§, *)|| z2ry) and F(§) = Hf(f, )|/ 22(ry) belong to LQ(RN). Since this relation holds
for any 4, in particular we can choose § = | §|GE?() &) which finally leads to

~

[ w0)fe ) b < CRIl=—= VFEE).

€]
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We can now finish the proof of the existence theorem for the Vlasov-Poisson system. The
delicate term can be recast as

1. :/ VP, - ( fVyp dv) dz dt
0o JrN RN

which make naturally a velocity average appear. We can use the following refined version of the
average lemma [75, 13]

Theorem 9 Let f, and g satisfy

(at+v Vﬂc)fn = Z az?g:

laj<m

for somem € N. Let Q be a open set in RxRY. We suppose that (fn)nEN is bounded in LP(Q x RY)
for some p > 1 and the (gfl‘)neN s are bounded in LY(Q x RY). Then, for any ¢ € CZ(RY), the
sequence defined by pn(t,z) = [pn fa dv is relatively compact in LP(Q).

Accordingly, we obtain
fVypdv — fVypdv strongly in L2((0,T) x RY x R™Y).
RN e—0 RN

Besides, owing to Corollary 3, we can suppose
V.®. = ¥ weakly in L*L*((0,T) x RY).

Therefore, we conclude that

I, — / / U(t,x) fVypdvdedt.
=0 Jo  JrN RN

Coming back to the Hardy-Littewood-Sobolev inequality, ®. is bounded in some LP((0,7T) x RY)

space so that, still extracting subsequences if necessary, we obtain &, — ® and V,®, -~ ¥ =V,

while passing to the limit in the Poisson equation yields —A,® = n = f]RN fdv. Remark that,

using the average lemma again, we can actually prove the strong convergence of ®. in LP spaces.
Eventually, we justify compactness with respect to the time variable in order that the initial

data for the limit equation makes sense. Since

atfs = _divx<vf8) + divv(vxq)&fa)

appears as derivatives with respect to x,v of functions bounded in L*°(0,T; L'(B(0, R)), for any
0 <T,R < oo we can indeed appeal to the following claim.
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Lemma 5 Let n.: (0,7) x R? — R such that

SUIO) ||n€(t)||L°°((O,T)><RD) <M < 0.
e>

Furthermore, suppose that

Ome = _ 929\,

la|<k

where, for any compact set K C RP,

Sup{/ / 1g{)| da dt} —0 as |E| — 0.
e>0 EJK

Then, the sequence n. is compact in C°([0, T]; L°(R”) — weak — x).

Proof. Pick ¢ € C*(RP). At first, we remark that

sup ‘/ ne(t, z)p(x) da:’ < M |||l poompy < 00. (3.44)
e>0, 0<t<T | JrD

Secondly, the estimate

‘/ n:(t+ h,z)p(z )dx—/ ne(t, z)p (:c)dx‘

kY t+h

< S0l [ [ [ 1ol do as
upp ()

|a| <k

{/RD ne(t, 2)p(x) dz, & > 0}

is equicontinuous on [0, T]. Therefore, for a given test function ¢, the family is compact in C°([0, T1),
as a direct consequence of the Arzela-Ascoli theorem.

proves that the family

By density and using (3.44), the compactness property extends to any test function ¢ in L!(RP).
Since L'(IRP) is separable, by using a diagonal argument, we can extract a subsequence such that

/ o(x)ne,(t,x) de — o(x)n(t,x) de as { — oo (3.45)
RD RD
in C°([0,T]), for any test function ¢ in D, a demombrable dense subset of L!'(RP). Coming

back to (3.44) and by density, we realize that the convergence (3.45) applies to any test function
p € L}(RD). ]

A natural and deep question consists in considering C! solutions. so that the equations (1.5)
holds in a strong and pointwise sense. The question is clearly related to the possibility of defining
the characteristics, and therefore to control the second derivatives of the field. The key estimate in
this direction reads as follows.
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Lemma 6 Let n € L' N L>®(R3) such that V,n € L®(R3). Set ® = ﬁ Then D?*® belongs to
L (R3) with
10201 < C(1+ Inllzs + Il (1 + (1 + [ Vanlls<)) ).

By combining this claim to properties of transport equations we get

Corollary 4 Let f be a smooth solution of the Viasov-Poisson system. We assume that for any
0<t<T < o0, there exists a finite Ry > 0 such that

f(t,z,v) =0  for|v| > Ry.
Then, there exists a constant C' depending on || f7™| 11, || ™| oo, |Vaw ™| and T such that
D0 <€, [Vauf(O)i= < C
holds.

Hence, the question reduces to a control of the expansion of the support of the solutions of
the Vlasov-Poisson system: the support should remain bounded on finite time intervals. Denoting
P(t) = sup {|v| such that there exists z € R" verifying f(¢,z,v) # 0} we can derive quite easily
an estimate on short time. Going further requires a very fine analysis; we refer to [85] and [69] for
ultimate results in that direction.

3.3 Attractive case (N = 3)

The proof can be adapted to treat the attractive potential (3.39) as well, despite the fact that
the energy has no definite sign a priori. Nevertheless, the methods detailed above allow to control
the kinetic energy, which is the crucial point in the proof. We start with a simple interpolation
inequality

Lemma 7 Letn:R3> — R. Then, we have

7/10 3/10
/ In|%°dx < (/ |n|dx> (/ |n|>/? da:) :
R3 R3 R3

Proof. Write 6/5 = 0 + (1 — )5/3, that is = 7/10 and use the Hélder inequality on |n|® € L'/
and |n|(1=05/3 ¢ [1/(=0), .

Then, for V,® = —ﬁ# * n, where fRS ndx = 1, the Hardy-Littlewood-Sobolev yields
IV2@ll 2wy < Clinllorsas) < Cllnllyss

L5/3(R3)'

We go back to Lemma 4 which imply for n(z) = [5, f(z,v)dv,
[ e < Cllpwnaesy [ o?i(w o) dvas
R3 R3 xR3
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and we end up with
1/4
V@] 2rsy < C (/ v f(z,v)dv dx)
R3xR3

where C depends on the L' and L> norms of f. Consequently, the associated total energy verifies

1/2

/ v? f(z,v) dvdr — |Vx<I>]2d:c2/ v2f(x,v)dvdx—0(/ v2f(x,v)dvdx>
R3xR3 R3 R3xR3 R3xR3

Dealing with the sequence of solutions of approximated problems defined as above for the attractive
case, we show that (f.) _ is bounded in L**((0, c0) x R* x R?) and in L>(0, oo; L' (R® x R?)), with
furthermore

e>0

sup / v f.dvdz bounded uniformly wrt e
t>0 JR3xR3

(since this quantity satisfies an inequality looking like P(k) = k — Cvk — E < 0). Then, we can
follow the arguments developped for the repulsive case and extend Theorem 7 to the attractive
potential as well.

3.4 Dispersion inequalities

Let us finish by establishing some dispersion inequalities which provide interesting information on
the large time behavior of the particles. The result is in agreement with the physical intuition: due
to the repulsive effect of the self-consistent force, particles spread in space producing a decay of the
macroscopic density.

Theorem 10 Let (f, ®) be a solution of the (repulsive) Viasov-Poisson system. Then, there exists

C > 0 such that
C

VIt
/ |z —tv*fdvdr < C(1 +1),
R3xR3

< C
\ ()|l L5/3(ray < (EEa

IV ®(t, ) 2y <

Proof. We follow the tricky proof proposed in [60]. The first step of the proof consists in remarking
that

d |z — tv|? 1/,d
X

Indeed, integration by parts shows that
d — tv]?
—/ ufdvdaz:’ = / (x—tv~v)—(:c—tv)~(—tv$<1>—(:c—tv)-v)fdvdx
dt R3xR3 2 R3xR3
=t J:-Vm@fdvdx—ﬁ/ v-V,® fdude.

R3 xRR3 R3xR3
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Besides, we have
d P2
— V2| dx:/ v-V,® fdvde.
dt R3 2 R3xR3

Finally, we use the expression of the elementary solution 3 to obtain

1 _
/ r-V,® fdvder = —— P y3n(t z)n(t,y) dy dx
R3 xR3 417T R3 xR3 t|$ — |
- ——/ nt o)t y) g qy ——/ IV, @[ da.
8T Jrawrs [T — Yl

These relations finally lead to (3.46).
We set

12 )
['(t) = 3 |V O|*dx
which verifies q
dtr() / |V, ®* dz + / |V, ®|* dr.

Therefore, we have

d |z — tv|? t ) I'(t)
— T fdvde +T()) = = LB de = —2.
dt(/Rngs g Jdvde U) 2/]R3|v Fde=—

Integration between, say 1 and t, yields

—t 2 tF
/ Mfdvdxjur(t):c*ﬁ/ ) 45> (1) > 0
R3xR3 1

S

and the Gronwmall lemma allows us to deduce that

['(t) < Crexp (/jwds> = Cit

s
that is |V, ®(t)||72gs) < C1/t. Then it follows that

|z — tv|? !
——fdvde < C1 + | Cids < Ci(1+1).
R3xR3 2 1

Eventually, we write

0<n(t,xr) = f(t,x,v)dv:/

R3 le—tv|<R

f(t, z,v) dv—l—/ f(t,z,v)dv

lz—tv|<R
< [|fllz=meas({v € R®, |u/t — v < R/t}) + o
1

— o]’ f dvda.
R2/]R3><R3|x v|*fdvde

|z — to]*f dvda
xR3

4
< HfIthLOO(R3><R3 m(R/t)’ +

Optimizing with respect to R we find

3/5
0<n(taz)<Ct %" (/ \x—tv|2fdvdx) :
R3xR3

which leads to the estimate on the L3 norm of n.
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4 Hydrodynamic limits: from kinetic equation to drift-
diffusion models

In this Section, we describe an example of hydrodynamic limit, obtaining drift-diffusion equations
from a kinetic model as the mean free path becomes small (compared to a length of reference).
The original point in the model devised below relies on the fact that the drift velocity depends on
the macroscopic concentration through the Poisson equation. To this end, we start from a kinetic
model which takes into account some collisional effects. Indeed, fluid approximation in collisionless
situation can be questionable, as indicated in the deep numerical investigation [9]. Therefore, the
Vlasov-Poisson system describes the evolution of electrons interacting through their self-consistent
electric field and we consider additionaly friction forces and Brownian effects, embodied into the
following linear Fokker-Planck operator

kgTy,

e

Lf:divy<vf+ Vyf>.

Written in physical variables, the evolution of the particles density obeys

kT

e

1
Of +v-Vaf - L vxcb-vvfz;vv-(vﬂ Vof).

The electrons are thus subject to the force —-I V,® with the coupling

A =L [ fao.
€0

4.1 Dimension analysis

The problem is driven by the following set of physical (positive) quantities:

- €9, the vacuum permittivity,

- ¢, the elementary charge of the electrons,

- m, the mass of the electrons,

- T,, the relaxation time characteristic of the interactions of the particles with the thermal bath,

- kp, the Boltzmann constant,

- Tip, the temperature of the thermal bath.

We introduce time and length units T, L, respectively. They define a velocity unit L/T which has
to be compared to the thermal velocity

V= V kBEh/me
like the time unit will be compared to the relaxation time 7,.. The quantity

kgTin
me

b, =1,
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is the mean free path of the particles: it is the typical distance travelled by the particles during the
time 7,. The plasma is also characterized by A, the typical number of electrons. The quantity

eok Ty
A=,/ ————— L
\/ >N

defines the so—called Debye length, that is the typical length of perturbations of a quasi-neutral
plasma. We define dimensionless variables and unknowns by the following relations

=

ft,x,v) = f'(t)T,z/L,v/V).

{t:Tt’, x=L2, v=V1,
[3V3
Eventually, for the potential we set

kenT,
O(t,z,0) = x =2

o'(t)T,z/L)

where y > 0 is a dimensionless parameter. Accordingly, the dimensionless form of the equations
reads as follows (where the primes have been dropped),

( VT qT kBTth T
Y. B P - —— )
Of + v Vaf oA V. vvéT = Vo (0f + Vof),
kgTy, L 1 eokpTi,L AN2 /
| YT X TN X (L) Jdv

Hence, we have at hand three free parameters y, T, L corresponding to the physical quantities
N, Ty, and 7 which characterize the plasma. The scaling we consider assumes that

R

which serves as a definition of x. Next, since we consider hydrodynamic regimes where the micro-
scopic distribution relaxes to an equilibrium we have

T T.

Given 0 < € < 1, we distinguish two relevant regimes:
- either, we set

T 2 L
— =& — =, x fixed. (4.47)
: _ _ = VT _ :
Since £ = 7V = 7L and A/L = 1/,/X it means

{=cL < L~A;
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- or we set
, (4.48)

which means
(=eL < A=+cL<L.

These regimes has been identified in [81], where the former is analyzed, with complements in [49].
The latter regime has been investigated in [74] for the one-dimensional case, and then in [51] for
higher dimensions results. Similar investigations dealing with the non linear BGK or the Fermi-
Dirac collision operator are due to [8] and [6, 7]. For attempts with the Maxwell equations instead
of the electrostatic coupling, we refer to [15, 16].

4.2 Formal asymptotics: diffusive scaling

In what follows, we focus on the scaling (4.47). We are thus interested in the behavior as ¢ — 0 of
the solution (f:, ®.) of the following Vlasov-Poisson-Fokker-Planck system (VPFP for short)

1 1
3tf5+gv-vxfs—§V:c@s-vvfs:g Lf. fort>0,zeRY veRY,
Lf =V, (uf +V,0), (4.49)
_A(I)E = Pe; pe(tux) = / f5<t,$’,'l}> dv.

RN
The problem is supplemented with an initial data
feji=o = [ > 0. (4.50)

As said above the Poisson equation should be understood as

O.(t, ) = (Ex o pult, ) (). (451)
The relaxation effect due to the collisions can be understood by writing

Lf =V, (7Y, (fe™?)),

the kernel of which is spanned by the Maxwellian distributions. Since the asymptotic € — 0 makes
the collision operator vanish (Lf. — 0), it would lead to

2
ev/2

fe(t7 X, U) >~ ,O(t, .T) W (452)
The limit equation satisfied by the macroscopic density p(t,z) can be obtained by looking at the

evolution equations satisfied by the moments p. and J. = fRN 2 fe dv. We have

{ atps + vac . Je - 07 (453)

e20,J. + Div,P, = —xp. V.. — J.
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where furthermore

]P’E(t,a:'):/RNU(EQU fedv.

Using (4.52) yields P.(¢,z) ~ p(t,x) I, and thus, passing to the limit in nonlinearities, we are led
to

3tp + Vm - J = O,
coupled to the Poisson relation
—Ad =p. (4.55)

4.3 Analysis of the diffusive scaling when N = 2

The difficulty is two—fold:

- first we should establish a priori estimates, uniform with respect to e; to this end, entropy
dissipation induced by collisions is crucial,

- then, we shall see that exploiting these estimates so that the non linear acceleration term
makes sense and passes to the limit can be a bit subtle.
The convergence of solutions of (4.49) to those of (4.54)-(4.55) is established in [81] on small enough
interval of time (0,7}), under a fast decay assumption on the initial data. Precisely, if, for some
p>N, (3(79*1)”2/2fgnit is bounded in LP(RY x RY), then, there exists T}, > 0 such that a subsequence

satisfies
pe —p in L0, T L"(RY)), 1<r<p,1<q<o0,

f(t,z,v) — p(t,x) (2m) N 2e=v*/2 in L9(0,T,; L' (RN x RV))
2<r<p, 2<q<o0.
We shall describe below an alternative approach which applies to the specific case of dimension two
and gives the result without any restriction on the time interval nor on the data, considering only
bound on entropy and energy.

Theorem 11 Set N = 2. Let f™% > 0 satisfy

/ M dy do =1,

RERE . _ (4.56)
sup / 1 4 0? + |z + [ In(fM0)) do do = My < oo,

e>0 JR2JR2

Let 0 < T < oo. Then, up to a subsequence, p. converges in CO([0, T]; L'(R?) —weak) to p, solution
of the limit system (4.54-4.55).

Remind that for N = 2, we have

By(z) =~ In(Jz]).

A typical feature of the 2D case is that E5 has no definite sign. The starting point of the analysis
consists in establishing a priori estimates, the clue being the energy conservation already remarked
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when dealing with the collisionless Vlasov-Poisson equation. However, due to the collision, we
observe additionally for (4.49) a dissipation mechanism. The key computation reads

2
{/ £oIn(f.) dvdx+// ”—fadvdx+5/ fﬂ),gdvdx}
dt R2 R2/ Rz 2 R2JR2

1 1
= /]R(vf5+vvf€) Edvda&-—(E // v/ fo + 2V, / f)? dv do (4.57)
:—if/ |VU fanZ/Q‘ e 2 Ay du.
R

g2 2JR2

It clearly reveals the relaxation effects, in agreement to (4.52).
We will also need some control on the behavior of f. at infinity (with respect to the space
variable). To this end, we remark that

/ |z| fo dv dz = — // f8 dv dz
R2 R2 R2/R2

== g Rz \/z—l— 2V, \/ﬁ \/ﬁdv dx (4.58)

([ ) ([P )

Next, the macroscopic entropy can be estimated by means of the microscopic entropy.

Lemma 8 Let f: RN x RY —— R, with f > 0. Set p(x fRN ) dv. Then, we have

/ pln(p) dz < / fIn(f) dv dx
RN RNJRN

—1n27r// fdvdm—l—// —fdvdx
RNJRN RNJRN

Proof. The statement is a direct consequence of the Jensen inequality applied to the convex
function W(s) = sln(s) and the probability measure on RN (21)~N/2e=v*/2 dy = M (v) dv. We get

pln(p) = / — M dv
RN
< / \I/< ) M dv = f( + In(f)) dv + N In(27) f dv.
- RN M 2 RN
We conclude by integrating with respect to z. [

Accordingly, integrating (4.57) with respect to time, we are led to

/ Pe hl(ps) dz + K/ pP. dx
R2 . 2 R2
4 2
T3 // |Vv\/ f€€”2/2‘2 e /% dv dx ds < My + M} + In(27).
9 0 JR2JR2

However, the potential energy has no sign. Nevertheless, it can be bounded from below, by using
the following statement.

(4.59)
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Lemma 9 Let p: R? — R such that p > 0. Then, for any k > e, we have

In(k) |1 1
/p@dxz—n(> —(/ pdx) —i——/ pdz | |z|pdz|.
R2 ™ 2 R2 k R2 R2

Proof. We follow a trick in [35] by introducing the parameter £ > e. Since k — ln](gk) is non
increasing on (e, +00), we obtain

1 1
Odr =—— In(|z — xddx—— In(|lz — z) dy dx
X o [ m y|><><> y / Il = etw)ete) dy
2 —— AQAQP(x)p(y) ylp(z)p(y) dy da

> —hl;f) (/R2 p() dx>2 _ In(k) /R2 d:v/ |2|p(x

Coming back to (4.59) leads to

/peln ,05 d$+_/// ’V \/f€v2/2} 7U/2d’l)d$d8
R2 Rz

<M0+M’+ln(27r)+x / |z|pe(x) dv dz.
4
Using (4.58), we obtain, for some v > 0,

ln(k)
/RZpaln@g)dw(u— i) [ lalo s
+(1—-v/2)= // ‘V V 6”2/2| /2 Ay dz ds
R2

lnk +1/t
4 2"

We pick 0 < v < 2, and then k large enough so that v > x In(k)/(2km).
We conclude by using a classical trick which will provide an estimate on the non negative
quantity p.|In(p.)|. Let k > 0. We have

plIn(p)|

< (I+v)My+ Mj+ x

= pln(p) — 2pIn(p)Xe-rizi<pc1 — 20I(p)Xo<p<enlel
< pln(p) + 2&[z[p + K\/pXo< p<enal
< pln(p) + 2k|z|p + Ke *I21/2,

for some K > 0. Hence, we are led to

In(k)
/w pe|In(p.)| dz + (V — 2K — X%) /R? ||pe da

1% 4 t B) 2 —1}2/2
+<1——>—2 }VU feev /2’ e dv dz ds
2/ ¢ 0 11%2 R2
In(k t
< (14 v)My + M}, +XL + DK el g,
47T 2 R2

Summarizing, we proved
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Proposition 6 Suppose (4.56). Let 0 < T < co. Then,
i) p-(1+ |z| + |In(p.)|) is bounded in L>(0,T; L*(R?));
i) }Vv\/fEeUQ/Q{Q e~"*12 is bounded in L'((0,T) x R? x R?).

Corollary 5 Let the assumptions of Proposition 6 be fulfilled. Then v?f. is bounded in L'((0,T) x
R? x R?).

Proof. We note that

0<///vfdvdxds
R2/R2

//R/R |v\/ﬁ+2v VI = 4V T — dur/F, - Vﬁ)dvdxds
//RQ/RJU\/EHV \/ﬁ|2dvdxds+0+4//w RZfEddeds

By Proposition 6, it is dominated by Cre? + 4T, where Cr depende only on T' and the initial data.
]

We go back to the moments system (4.53), where as a consequence of Corollary 5, J. and P,
are bounded in L*((0,7) x R?). We go a step further by remarking

P, = /R2U fe®(v\/ﬁ—i—2vv\/ﬁ)dv—2/]R v\/ﬁ@)vv\/ﬁdv
= /v fe®( \/ﬁ%—QV\/ﬁdv%—peH—OLl()—i—pg

R2
We can suppose that
pe = ps S,

weakly in L'((0,7) x R?) (by virtue of the Dunford-Pettis theorem, see [39]) and in the vague
topology for bounded measures on (0,7") x R?, respectively. Furthermore, we can use a convenient
adaptation of Lemma 5 and justify that p. converges to p in C°([0,T]; L}(RY) — weak). Letting
e — 01in (4.53) yields

op+Vy,-J=0,

J+ Xv:cp = = lli% pavxq)a

in the D’((0,T) x R?) sense. It remains to identify the limit of the nonlinear term p.V,®., but we
point out that there is no direct argument providing a clear functional framework for the potential
by exploiting the available estimates.

The idea uses the symmetry properties of the Poisson kernel: for ¢ € (Cgo (Rz))2, we write

— r Ty . )
<p5Vx<I>5,90> = /R2/R2 ,05 t p\E t y) ‘ yl ( )dy d
T 4 /RQ/RQ/) (t,2)p=(t, ) | —y? ’ ((p(:c) - 90<Z/)) dy dx.
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This idea, which appears in [81], is reminiscient to the study of weak solutions of the two-dimensional
Euler equations by Schochet [88], and for further developpements we refer to [79]. The advantage
is that

R? x R? — R?

(y)  — o (@) ()

|z =y

belongs to L>=(R?xR?): (it is bounded by || V||~ and not well-defined on the diagonal {(x,z), = €
R?} which is a negligeable set of R? x R2. Therefore, we obtain

lim (peVa®e, ) = — /W/RQ (t, 2)p(t,y) " _ny (p(x) = ¢(y)) dy da,

for any time ¢t € [0,7]. We conclude that p is a solution of (4.54-4.55) in the sense that

N RQP(t ,x)p(z) do = / p(t, w)AsO( ) dz
/R/R (t,z)p(t,y) | y| - (Vo(z) = Ve(y)) dy dz, (4.60)
/RQ”“"””) ( 0—211%// fo(@)p(x) dv da.

holds in D'([0, +00)) for any test function ¢ € CX(R?).

4.4 Attractive potential

It is interesting to look at the same problem in the in the attractive case that is by reversing the
sign in the Poisson relation: (4.49) is now coupled to

A:U(I)a = Pe

that is
B.(t,x) = - / Ex(z — y)p.(t,y) dy.
]RN

The asymptotic problem is detailed on physical grounds in [24], motivated by stellar physics mod-
elling. As ¢ — 0 we are led to

Ad—p (4.61)

which is referred to as the Smoluchowski system. Far later, the system (4.61) has also been proposed
as a model describing the evolution of certain biological systems subject to aggregation dynamics by
Keller-Segel [62]. The analysis of the system is amazing since the solution can exhibit concentration
as a Dirac mass in finite time. The singular behavior depends on a threshold involving the parameter

X-
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Proposition 7 We suppose that the initial data for (4.61) is a smooth, say C*, normalized function

/ p(0,z)dx =1
R2

with a finite second moment. Then, if x > 8, the solution does not remain smooth for any time.

Proof. Clearly, mass conservation holds

/Rzp(t,x)dx:/RQp(O,x)dx: 1.

We compute the time derivative of the second order moment

% x—dex = —/ - (xpVo® + Vop) da
= /Rf’dx— / / LY (@) plt,y) dy da
R? JR2 — |
- / f’dm—a/Rz/RJ iy Hp(t D)ot y) dyde
= /]R pdr — ﬁ/RQ/RQ,O(t,x) (t, y)dydx—2<1— 8%)
When x > 8, it contradicts the fact that fRQ 2%pdx is non negative for any time. [

In dimension 2 x = 8 splits really the behavior of the solutions, which are globally defined when
X < 8m. We refer to [61, 41, 58] and to the crystal clean recent proof in [36]. The critical case is
detailed in [4] and for a suitable measure-valued framework we mention [79] and [37]. The situation
is more involved in higher dimensions or in bounded domains [59] As far as we are concerned with
the hydrodynamic aymptotics question, we can prove the following result which guarantees global
convergence provided there is no blow up in the limit equation.

Theorem 12 We suppose x < 8m. Then Theorem 11 applies to the attractive case as well.

The difficulty relies on the estimation of the contribution of the potential energy. Hence, the
proof differs from the repulsive case by the replacement of Lemma 9 by the following claim, which
is a direct application of Theorem 2 of [10] (see also [19]).

Lemma 10 Let p : R? — R such that p > 0 and fRQp dx = 1. Then, there exists a constant
C, > 0 such that

—4// y) In(|z — y[)dy do < C, +2/ pln(p) dz.
R2/R? R?

o1



Accordingly, we get in the attractive case

. 1
ddr>—="—— [ pln(p) da.
/RQ’) TZ g T L0 de

Then, using this inequality in the attractive version of (4.59), we get

t
(1 - 1) / peIn(p.) dz + ;ig // Vo L2 e/ dv dx ds
R2 0 JR2/R?

8
< My + M{ +1In(2m) + x

*
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where the threshold clearly appears. The other arguments can be repeated mutadis mutandis. =

The scaling (4.48) leads to the same coupled system, up to the diffusion term. We refer to

[74, 51] for the asymptotic analysis and to [73] for the derivation of the transport equation from
the convection-diffusion system.
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