I1l. Kinetic-Hydrodynamics
Coupling



Kinetic and hydrodynamics equations

e Solving kinetic equations are much more
expensive than solving hydrodynamic
equations

* Defined Iin phase space (six dimension +
time)
 More expensive when mean free path

( Knudsen number=mfp/typical domain length)

IS small




Kinetic Equations (of monatomic gases)

f+ k-V, f-V,V-V.f= 1/ Q(f

f(t,x,k): probability density distribution
t: time X: position  k: particle velocity
V(X): potential Q(f): collision operator
. dimensionless mean free path or Knudsen number
Properties (for elastic collisions):
conservations of mass, moment and total energy;
H-theorem (entropy condition)



Scales in Kinetic (Boltzmann) Equations

 When ¢is small (kn < 0.01), the moments
of f solve the compressive Euler (to
leading order) or Navier-Stokes equations
(to O(¢g) ) of fluid dynamics, except at
Initial, boundary or shock layers

 When ¢ Is not small the fluid equations
are not valid, so one has to use the kinetic
equations




Multiscale Problems

* Very often one needs to deal with
multiscale phenomena:

e Space shuttle reentry
¢:108 ~ 1 meters
¢ fluid equations not accurate in boundary

layers, shock layers, high Mach numbers
e Different property of materials need

different physical laws at different scales




Outline

 Develop schemes that work uniformly with
respect to ¢:

asymptotic-preserving methods
(kinetic schemes)

 Domain decomposition (hybridization method)

« Moment closure technigues




I1I-A: Asymptotic preserving methods

 Work in both kinetic and fluid regimes

by solving only the kinetic equation; No
need to couple two physical equations

e When ¢ Is small, can do coarse

(underresolved) computation: numerical
discretization parameters (time step, mesh
size) Independent of ¢

 Automatically become a fluid solver when
c20




Fluid approximations of kinetic equations

The Euler scaling

moments:
p=/fdk mass
pu= [kfdk momentum

E=1/2 [|k|?fdk  total energy
when ¢20, Q(f)-0, then
f=p/(2n T)(42) @ kW ?/21=\  |ocal Maxwellian

The moments p, p u, E solve the compressible Euler
equations




High order approximations

Chapman-Enskog expansion:
expand in terms of power series of ¢

Zeroth order: Euler equations

First order: Navier-Stokes equations

Second order: Burnett equations (linearly unstable)
Third order: super Burnett equations (linearly unstable)

Justifications of fluid dynamics limit (Caflish-
Papanicolaou, Bardos-Golse-Levermore, Golse-Saint

Raymond, ...)




Numerical iIssues when ¢ 1s small

 Numerical stiffness: an explicit collision term
would require A t=0(g)

 Implicit collision allows At to be independent of &,
but inverting the non-local collision term is
numerically difficult and expensive

* Does the underresolved computation gives the
correct macroscopic solutions?




Numerical goals

Implicit collision that can be solved explicitly:
underresolved time step; uniform stability

Schemes capture the macroscopic behavior
without resolving the small Knudsen number

Asymptotic-preserving:
numerical scheme should preserve the discrete
analog of the Chapman-Enskog expansion




Asymptotic preserving




AP->Uniform convergence

Golse-Jin-Levermore (SIAM J Num Anal 99)

For linear transport equation, with the diffusion
limit, If the scheme Is asymptotic-preserving,
then

| FA =1, ]| < C (A)™2
Where C Is independent of ¢

Similar analysis applies to any other AP scheme




A case study—the BGK model

e Coron-Perthame SINUM '91

e f+k-V, f=1/e (M-
M = p/(27t T)(d/2) e(k-u)/(ZT)
Splitting:

convection: f,= 1/ (M —f)
collision f+k-V =0



Implicit collision

o (f*l-fM/At=1/e (M —f+l)
Clearly A t=0(1)

however, since elastic collision conserves p, u, T:
Mn+1:|\/|(pn+1 un+1 Tn+1):|v|(pn+1 un+1 Tn+1)

Thus one can solve this implicit scheme explicitly!
This time discretization is AP:

As \epsilon->0, "+l 5> Ml
Plug this into the convection step gives the Euler equation



AP In space

e O, f+ko, =0
using upwind:
O, T+ (KHK[)/2 (f-fy) 1A X
+ (k-[KI)/2 (fiyF,}) 1A x=0
If one plugs f=M into the scheme, and take
the moments, one arrives at

at F + [FJ+1/2-FJ—1/2]/A X:O




* Where Fi, = F.1p= Fiap
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This is the kinetic flux vector splitting scheme for compressible Euler by
Deshpande



More general collision terms

e using the Wild sum for more general
collision operators

(Gabette,Pareschi, Toscani, SIAM J Num Anal '97)



High order time discreitzations

e second order Strang splitting reduces to
first order as \epsilon->0:

*Jin, J. Comp. Phys. 95
 usually L-stable ODE solvers work:

* Runge-Kutta splitting: Caflish, Jin, Russo,
SIAM J. Num Anal. 97

* Implicit-Explicit (IMEX) time discretizations:
Pareschi-Russo,



(Incompressible) Navier-Stokes or diffusive limit

« Transport equation in the diffusive regime

+ €f).
‘

Ff'illltf-F\r"?mf = 1 {% / fﬂh’f —L'Tf

» The diffusion limit: as =20, f>p?, where

ot 1 e T
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An AP scheme (J-Pareschi-Toscani, SINUM ‘OO)

Split this equation as two equations, each for v = O

1!

9 f_1 fav =1 L’I) ‘
1! o
(Ejilﬁﬁl_ﬂ_b’l)‘

rit,z,v) = %[f[trm] + flt, z, —v)],

ed flv] +vd, flv) = 1 (
€
(3.2)
1
€

ey f(—v) — v, f(—v) =

In this case the even- and odd-parities are

J(t,x,v) = % [flt.z,w) — fit,z, —v]|.

Adding and subtracting the two equations in (3.2) lead to

(3.3) o .



An AP scheme (cont’d)

» Solve the relaxation step (by some L-stable implicit ODE solver)
ar = = (r—p),

Bj=—=(i+ (1 - p)vder),

» Solve the convection step (by some explicit shock capturing scheme)

Syr 4+ vd,j =0,

s 1+ godyr = 1,

Here ¢(e)=min {1, 1/} is a front wave speed

(related work: Klar)



Numerical example: transport to diffusion

density flux

e=1, x<10; £=0.001, x>10
A x=0.5, At=0.1

- SIAM J. Num Anal. ‘00




Numerical example: transport to diffusion

density flux

e=1, x<10; £=0.001, x>10
A x=0.5, At=0.1

- SIAM J. Num Anal. ‘00
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e=1, x<1; £=0.0001, x>1
AX=0.05, x<1; Ax=0.1, x>1. A t=0.025




Two space dimension

density

flux

¢=10°
AX=0.05
At=0.001




Other AP schemes

A. Klar
Carrillo-Goudon
Lemou-Mieussens
Hauck-Lowrie

Degond etc. for plasma (Euler-Poisson,
Valsov-Poisson)

Asymptotic-preserving Monte Carlo
Caflish-Pareschi-Russo '99--




I11-B: Domain decomposition methods

kinetic hydrodynamic

difficulty:  location of interface,
interface condition




Different couplings

e Artifical interface:

* add an artificial interface to couple a
kinetic and hydrodynamic equations

*where should the interface be?

* Physical interface

need physical interface condition, interface
layer



Artifical coupling: Previous works

sharp interface coupling:
 Bouygat-Mallinger-Le Tallec-Tidriri,
o Klar-Neunzert

 Perthame-Qiu

can be easily implemented if kinetic schemes are used for
hydrodynamics

Difficulty: where to put the interface




A sharp interface coupling

=M(p, m, E), £<0 T —

—+ p, m, EEmoments of f




A smooth transition model

 Degond-Jin: SIAM J. Num. Anal. 05
 Degond-Jin-Mieussens: J. Comp. Phys. 05

kinetic buffer hydrodynamic

a b

hiry=1, for r<a,
hiz)=0, for ==

h(z)e[0,1] for a<z<bh. h(x): Sm()()th




Kinetic/kinetic coupling

hf + v f = Q(f) -00<X<oo (1)

[f we define the two distributions f; = hf* and f; = (1 = h) f*, then it is easy be check that
they satisfy the following conpled svstem:

Onft + hvds i + hvds fp = —hQ(f7 + f). (6)
. o oo A .
Ofa+ (1= hjvdy fo + (1 = hjvd: f1 = ~(1- R)Q(fL + fr), (7)

with initial data
ff.|t=n = hfa, ffq|n=n =(1-h)fa (8]




The hydrodynamic limit

 When ¢-20, where p(t,x) Is a
solution to the hydrodynamic equation

at p +ax F(p):O

p. hydrodynamic variables
F(p): the hydrodynamic flux
F(p)=<vmF(p)>




The limit of fe

 When ¢->0, Pt Where p; IS a
solution to the hydrodynamic equation

0, p°r*(1-h) F(p®r)*+(1-h)<vmf? >=0




Kinetic/hydrodynamic coupling

. | o] .
0,17+ hody f1 + o, Elpg] = -ha(f + Elgg])
Opp+ (1= h)oL Flp) + (1= hjag(omf;) =0,

fﬂn:ﬂ =hfs, F“fq|r,=n =(1-h)pm.
fe=fe +E(p°R)

Remark: no boundary condition is needed since
the equation is at x=(a+b)/2: h=0




General geometry of the interface has been built into the h-function
The mapping p—=2>E(p) should be homogeneous of degree one
E(A p)=A E(p) forany A>0

Classical kinetic models for rarified gas or plamsa (Boltzmann, BGK,
Fokker-Planck-Laudau) OK:

B n 1 [tr—u]2
E[p]_[zwﬁ?]lr’i Lxr"(_ 26 )

Quamtum kinetic models with Fermi-Dirac or Bose- Einstein statistics not
OK:

1
Elp| = —— (+ Fermi-Dirac, - Bose-Einstein).
exp(=F£) £ 1

Constraints can be removed using micro-macro decomposition

f= E(p)+g
(Degond-Liu-Mieussens)




1d numerical example: shock tube

« Solid line: coupling method

e Dotline: BGK

« Dash-dot: Euler




Shock defraction around a circular cylinder
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Physical interface

* Due to different materials, one needs to
couple equations at different scales via a
physical interface boundary condition



Transport/diffusion coupling

I

_ Diffusion region
Transport region
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approaches

e f, can not be directly used for diffusion
boundary condition: a boundary (interface)
condition based on matched boundary
layer analysis is needed to derive the
boundary condition for the diffusion
equation

A reflecting boundary condition at x,, can
be used for the transport equation



Different physical interfaces

« Density (energy) conserved at interface
Golse-Jin-Levermore, M2AN '03

« Density (energy) flux conserved at interface
Bal-Ryzhik derived interface condition
Jin-Yang-Yuan: domain decomposition method

allow partial specular or diffusive
transmission/reflection




11I-C: Moment Methods

multiply the Boltzmann equation by the functions ¢,(k) (i=1, ---, N, ---)

O [ ¢i(K) f(t, x, k) dk + V- [ (k) kf(t X, k) dk
= [ di(k) Q(f) dk =1, ---, N, -

how to close the system with finite many moments:

e Grad’s thirteen moments (density, momentum, energy, stress,
heat flux): fis a Maxwellian times a Hermite function of k

e Muller: Extended Thermodynamics: using more moments

look for models for transition regimes (0.01 < Kn < 1)




Better Hydrodynamic Models?

The Navier-Stokes equations are not valid In
rarefied gas (high altitude flights, microscopic
flows, etc.) or inaccurate in shock and boundary
layers

If one does not want to go back to Boltzmann,
then intermediate models are desired.

e Improved constitutive relation
e USe more moments.




Disadvantage of the Moment Methods

o work well for low Mach number flow (Ma <1.6)

* For higher Mach number flow it gives unphysical
e sub-shocks

e elliptic region

e deviate from the experiments and Monte Carlo
results across the shock layer.

 Including higher moments eventually cure this
problem but one needs many moments and the
Increase in Mach number is very slow




Chapman-Enskog expansion

Constitutive relation for ideal gas: pu--viscosity

T=-pl-P, p=Rp"Y,
P= u [IO+u2 [1@+pu3 1O+ .-,
g=puZ2D+p2 =@+3 =6G) +...

O(1): Euler

O(u): Navier-Stokes equations
O(u?): Burnett equations
O(u3): super Burnett equations




About Burnett equations

e linearly unstable: inconsistent to the
second law of thermodynamics

* going to higher order does not help

e (ive more accurate shock profile for
hypersonic flow than the Navier-Stokes
equations when compared with the Direct
Simulation Mont Carlo (Fiscko-Chapman, ‘88
Agarwal, '00)




Relaxed Burnett equations

Jin-Slemrod (J. Stat. Phys. '91)
a relaxation scheme to regularize the Burnett equations

defining the Stress and Heat Flux (thus the constitutive
relation) with rate equations as in visco-elastic fluids.

This gives a system of thirteen equations
linearly stable

Has a globally defined nonlinear entropy function that is
consistent to the Second Law of Thermodynamics

Chapman-Enskog expansion shows it agrees with the
Boltzmann equation to the Burnett (second) order,




A model problem

— _ o2
ut_8 uxx & uxxt

Here the second order term resembles N-S
viscosity while the third order term is that of
Burnett approximation

Fourier Transform on x gives
U, = - € £2/(1-¢2 £2) U
this is a high-frequency instability if
elg|>1



A relaxation model

o Consider the following “hyperbolic heat”
eguation

‘U +eq,=0
g, +1/eu,=-1/eq

This Is a hyperbolic system with a relaxation,
which is endowed with a convex entropy

u?/+e? g2




Chapman-Enslog expansion

* = U,-¢€q;
=-u, + g u_+0(g?)
Applying this to
u t+qg x=0
Gives u=g U, - € Uy,
Our idea Is to use the first-order “good”

relaxation system, rather than the third
order “unstable” Burnett equation



Relaxed Burnett equation

p+pdiva=0,
pu + grad p + div P = pb,

P =P

. 2 2
P - LP - PL” + Ztr(PL”)I = —% (P — P*9),
Llo

pe+pdiva+P-S+divq=0,

i - 3Mp
—_— 1 — — £q .
q-L'q TN (g — q°7)

P = —-248 + P35 + Ps,
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Numerical observations

e For small Mach numbers (< 1.6) all these
methods give comparable results

 Relaxed Burnett offers more accurate
shock profiles for larger Mach numbers,
the larger the better

e Also extended to granular flow
(Jin-Slemrod Physica D '01)




Other transition models

e Levermore
e R13
H. Struchtrup:

Macroscopic Transport Equations for Rarefied Gas
Flows:
Approximation Methods in Kinetic Theory,

Springer 2005



http://www.me.uvic.ca/~struchtr/IMM.html
http://www.me.uvic.ca/~struchtr/IMM.html
http://www.me.uvic.ca/~struchtr/IMM.html
http://www.me.uvic.ca/~struchtr/IMM.html

Summary

Three methods were discussed for multiscale kinetic problems:

e asymptotic-preserving: solving one equation (kinetic), more efficiency
In the fluid regime; don’t use hydrodynamic equations — good when
they are not available

e domain decomposition: more efficient than AP, but trickier at the
Interface

e moment methods: for transition regime, most efficient, but no perfect
models (stability+entropy+accuracy)
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