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with n edges, graph distances grow like n'/%.

o Scaling limit is the Brownian map (Le Gall,
Miermont 2011); many extensions.

o Equivalent to 1/8/3-LQG (Miller-Sheffield,
2016).

e Proofs based on Schaeffer bijection.

@ Graph distances in decorated maps much less
understood.

o Should grow like n*/%, where dy is the
dimension of 7-LQG. Computing d, is a big
open problem.

o Proven in some cases up to o(1) error in the
exponent using LQG methods.
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‘ Natural model of directed random planar maps.

A Kenyon-Miller-Sheffield-Wilson (KMSW) bijection:
encoding by walks on 72, steps <> edges.

\/4/3-LQG universality class. Undirected distances ~ n*vartod),

SDP(x, y) := length of shortest directed path from x to y.

LDP(x, y) := length of longest directed path from x to y.

Random planar map analog of directed first/last passage percolation.

Discretization of “directed y/4/3-LQG metrics”.

Main result: directed distances in uniform bipolar-oriented
triangulations are solvable!
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@ Technique also applies to other RPMs in other universality classes.
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@ The uniform infinite bipolar-oriented triangulation (UIBOT)
(M, eg) is the Benjamini-Schramm local limit of uniform
bipolar-oriented triangulations at a uniform edge.

o Infinite directed random planar map with no source or sink (at o).

o Let B("f be the rightmost directed path
Moo/ - from terminal endpoint of ey to co.

o Let Bé be the lefmost directed path
from —oo to the initial endpoint of eg.

o Let My o be the submap lying to the

- left of Bg‘f and to the right of 66.

e Edges on B(")? are part of My o, but
edges on ﬂé are not.

@ Map explored after time 0 in KMSW bijection.

o {xx}kez boundary vertices, from left to right.

Ewain Gwynne (Chicago) Directed distances 7/17



Busemann function and scaling limit

Busemann function

@ Busemann function
“X (k) := LDP(xk, c0) — LDP(xg, 00)."

Ewain Gwynne (Chicago) Directed distances 8/17



Busemann function and scaling limit

Busemann function

e Busemann function
“X (k) := LDP(xk, c0) — LDP(xg, 00)."
e Theorem (Borga-G.): 3X : Z — Z s.t.
for any sequence of distinct vertices
{w;}jen reachable by directed paths
from xg and xg,

Eac ~ X(k) = LDP(x¢, w;) — LDP(xp, w))

for each large enough j. Same for SDP.

Ewain Gwynne (Chicago) Directed distances 8/17



Busemann function and scaling limit

Busemann function

e Busemann function
“X (k) := LDP(xk, c0) — LDP(xg, 00)."
e Theorem (Borga-G.): 3X : Z — Z s.t.
for any sequence of distinct vertices
{w;}jen reachable by directed paths
from xg and xg,

Eac ~ X(k) = LDP(x¢, w;) — LDP(xp, w))

for each large enough j. Same for SDP.
@ Busemann functions are heavily studied in first/last passage
percolation, directed landscape.

Ewain Gwynne (Chicago) Directed distances 8/17



Busemann function and scaling limit

Busemann function

e Busemann function
“X (k) := LDP(xk, c0) — LDP(xg, 00)."
e Theorem (Borga-G.): 3X : Z — Z s.t.
for any sequence of distinct vertices
{w;}jen reachable by directed paths
from xg and xg,

%  X(k) = LDP(x¢, w;) — LDP(xo, w))

for each large enough j. Same for SDP.
@ Busemann functions are heavily studied in first/last passage
percolation, directed landscape.
o Theorem (Borga-G.): In the LDP case, k~3/2X(k-) converges in law
to a 2/3-stable process. In the SDP case, k~*/3X(k-) converges in

law to a 4/3-stable process.

Ewain Gwynne (Chicago) Directed distances 8/17



Busemann function and scaling limit

Busemann function

e Busemann function
“X (k) := LDP(xk, c0) — LDP(xg, 00)."
e Theorem (Borga-G.): 3X : Z — Z s.t.
for any sequence of distinct vertices
{w;}jen reachable by directed paths
from xg and xg,

Eac ~ X(k) = LDP(x¢, w;) — LDP(xp, w))

for each large enough j. Same for SDP.

@ Busemann functions are heavily studied in first/last passage
percolation, directed landscape.
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to a 2/3-stable process. In the SDP case, k~*/3X(k-) converges in
law to a 4/3-stable process.

@ l.e., directed distances along a single interface converge.
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Finite bipolar-oriented triangulations

@ Theorem (Borga-G.): For certain models of
finite bipolar-oriented triangulations with =< n
edges, LDP distances are comparable to n®/*
and SDP distances are comparable to n3/8

(up to constants).

@ Boltzmann maps with right boundary length
n'/2; Size-n KMSW cells.
@ Analogous results for other finite bipolar-oriented triangulations with
some work.

@ Directed analogs of reciporical LQG dimension 1/d\/4/—3.

o Exact limiting law?

Ewain Gwynne (Chicago) Directed distances 9/17



Busemann function and scaling limit

Analogy: last passage percolation on Z?

e Assign i.i.d. weights T(x) to vertices of Zzzo.

Ewain Gwynne (Chicago) Directed distances 10/17



Busemann function and scaling limit

Analogy: last passage percolation on Z?

e Assign i.i.d. weights T(x) to vertices of Zzzo.

e Last passage percolation (LPP):
highest-weight directed (north-going) paths.

Ewain Gwynne (Chicago) Directed distances 10/17



Busemann function and scaling limit

Analogy: last passage percolation on Z?

@ Assign i.i.d. weights T(x) to vertices of Zzzo.

e Last passage percolation (LPP):
highest-weight directed (north-going) paths.

@ ‘“Integrable” when T(x) ~ Exponential.

Ewain Gwynne (Chicago)

Directed distances 10/17



Busemann function and scaling limit

Analogy: last passage percolation on Z?

e Assign i.i.d. weights T(x) to vertices of Zzzo.

e Last passage percolation (LPP):
highest-weight directed (north-going) paths.

@ ‘“Integrable” when T(x) ~ Exponential.
@ Exponential LPP <« directed distances in bipolar-oriented map.

Ewain Gwynne (Chicago) Directed distances 10/17



Busemann function and scaling limit

Analogy: last passage percolation on Z?

e Assign i.i.d. weights T(x) to vertices of Zzzo.
e Last passage percolation (LPP):
highest-weight directed (north-going) paths.

@ ‘“Integrable” when T(x) ~ Exponential.
@ Exponential LPP <« directed distances in bipolar-oriented map.

o n'/2 and n'/3 fluctuation (KPZ) <+ n3/* scaling.

Ewain Gwynne (Chicago) Directed distances

10/17



Busemann function and scaling limit

Analogy: last passage percolation on Z?

e Assign i.i.d. weights T(x) to vertices of Zzzo.
e Last passage percolation (LPP):
highest-weight directed (north-going) paths.

@ ‘“Integrable” when T(x) ~ Exponential.
@ Exponential LPP <« directed distances in bipolar-oriented map.
o n'/2 and n'/3 fluctuation (KPZ) <+ n3/* scaling.

e Horizontal line R x {n} <> OM, .

Ewain Gwynne (Chicago) Directed distances

10/17



Busemann function and scaling limit

Analogy: last passage percolation on Z?

e Assign i.i.d. weights T(x) to vertices of Zzzo.

o Last passage percolation (LPP):
highest-weight directed (north-going) paths.

@ ‘“Integrable” when T(x) ~ Exponential.

@ Exponential LPP <« directed distances in bipolar-oriented map.

o n'/2 and n'/3 fluctuation (KPZ) <+ n3/* scaling.

e Horizontal line R x {n} <> OM, .

@ Busemann function converges to stationary horizon (Busani
Seppaldinen-Sorenson) < stable process.

Ewain Gwynne (Chicago) Directed distances

10/17



Busemann function and scaling limit

Analogy: last passage percolation on Z?

e Assign i.i.d. weights T(x) to vertices of Zzzo.

o Last passage percolation (LPP):
highest-weight directed (north-going) paths.

@ ‘“Integrable” when T(x) ~ Exponential.

@ Exponential LPP <« directed distances in bipolar-oriented map.
o n'/2 and n'/3 fluctuation (KPZ) <+ n3/* scaling.
e Horizontal line R x {n} <> OM, .
@ Busemann function converges to stationary horizon (Busani
Seppaldinen-Sorenson) < stable process.
@ Only one “direction” along which we can approach oo in our setting.
Ewain Gwynne (Chicago) Directed distances

10/17



Busemann function and scaling limit

Analogy: last passage percolation on Z?

e Assign i.i.d. weights T(x) to vertices of Zzzo.

o Last passage percolation (LPP):
highest-weight directed (north-going) paths.

@ ‘“Integrable” when T(x) ~ Exponential.
Exponential LPP <« directed distances in bipolar-oriented map.
n'/2 and n'/3 fluctuation (KPZ) <+ n3/% scaling.

Horizontal line R x {n} <> OM .

Busemann function converges to stationary horizon (Busani
Seppaldinen-Sorenson) < stable process.

@ Only one “direction” along which we can approach oo in our setting.

e Fluctuations converge to directed landscape <> /4/3-directed LQG
metric.

(]
o
o
(]

Ewain Gwynne (Chicago) Directed distances 10/17



Busemann function and scaling limit

Analogy: last passage percolation on Z?

e Assign i.i.d. weights T(x) to vertices of Zzzo.

o Last passage percolation (LPP):
highest-weight directed (north-going) paths.

@ ‘“Integrable” when T(x) ~ Exponential.
Exponential LPP <« directed distances in bipolar-oriented map.
n'/2 and n'/3 fluctuation (KPZ) <+ n3/% scaling.
Horizontal line R x {n} <> OM .
Busemann function converges to stationary horizon (Busani
Seppaldinen-Sorenson) < stable process.
@ Only one “direction” along which we can approach oo in our setting.
o Fluctuations converge to directed landscape <> \/4/3-directed LQG
metric.

e 6 o o

@ Time evolution of Busemann function on R x {t} governed by KPZ
equation. Don't know analog of this for \/4/3-LQG.
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© Proof ideas
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Independence of geodesic slices

@ Start with a Boltzmann bipolar-oriented
triangulation with fixed left/right boundary
lengths (random number of triangles).

sink

source
Mo,

¢ -0 -0 -0 -0 -0 ¢—e—o o—o—o

Ewain Gwynne (Chicago) Directed distances

12/17



Independence of geodesic slices

@ Start with a Boltzmann bipolar-oriented
triangulation with fixed left/right boundary
lengths (random number of triangles).

e Cut it along the (leftmost) LDP geodesic P

Source from the source to the sink.

sink

MO,oo

¢ -0 -0 -0 -0 -0 ¢—e—o o—o—o

Ewain Gwynne (Chicago) Directed distances 12 /17



Independence of geodesic slices

@ Start with a Boltzmann bipolar-oriented
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= lengths (random number of triangles).
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e Conditional on |P], the two sides are
P independent and are uniform over all
- possibilities (weighted by 377#F).

¢ -0 -0 -0 -0 -0 ¢—e—o o—o—o

Ewain Gwynne (Chicago) Directed distances 12 /17



Independence of geodesic slices

@ Start with a Boltzmann bipolar-oriented
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= lengths (random number of triangles).
e Cut it along the (leftmost) LDP geodesic P

Source from the source to the sink.

e Conditional on |P], the two sides are
independent and are uniform over all
possibilities (weighted by 377#F).

@ Same for SDP.
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Independence of geodesic slices
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triangulation with fixed left/right boundary
lengths (random number of triangles).

e Cut it along the (leftmost) LDP geodesic P
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e Conditional on |P], the two sides are
independent and are uniform over all
possibilities (weighted by 377#F).

@ Same for SDP.

@ “Geodesic slices” in Mp ~, are independent.
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@ Start with a Boltzmann bipolar-oriented
triangulation with fixed left/right boundary
lengths (random number of triangles).

e Cut it along the (leftmost) LDP geodesic P
from the source to the sink.

e Conditional on |P], the two sides are
independent and are uniform over all
possibilities (weighted by 377#F).

@ Same for SDP.

@ “Geodesic slices” in Mp ~, are independent.

@ = Busemann function has independent increments.
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Independence of geodesic slices

@ Start with a Boltzmann bipolar-oriented
triangulation with fixed left/right boundary
lengths (random number of triangles).

e Cut it along the (leftmost) LDP geodesic P
from the source to the sink.

e Conditional on |P], the two sides are
independent and are uniform over all
possibilities (weighted by 377#F).

@ Same for SDP.

@ “Geodesic slices” in Mp ~, are independent.
@ = Busemann function has independent increments.

o Can also show that {X (k) — X(k — 1) }«>1 all have same law, and
{X(k) — X(k — 1)} k<o all have same law.

MO,oo

0 000 e ——e e
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Recursive equation

o Law of X determined by
f(n) :=P[X(-1)=n], g(m):=P[X(1)=m].
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Recursive equation

o Law of X determined by
f(n) :=P[X(-1)=n], g(m):=P[X(1)=m].

o KMSW bijection: Moo < My oo
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Recursive equation

o Law of X determined by
f(n) :=P[X(-1)=n], g(m):=P[X(1)=m].
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e Write X' in terms of X1 — recursive equation for f and g.

Ewain Gwynne (Chicago) Directed distances 13 /17



Recursive equation

o Law of X determined by
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e Write X' in terms of X1 — recursive equation for f and g.
e Functional equation for characteristic functions F(t) =" f(n)e™
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Recursive equation

o Law of X determined by
f(n) :=P[X(-1)=n], g(m):=P[X(1)=m].

o KMSW bijection: Moo < My oo

M

prob. 1/3 LERERRE LERRRRER CRARRAS e
rob. 1/3
Moo prob. 1/ A Mieo
O S -~ — PR PO
€0
prob. 1/3 Ml -
€1

oy 7 — >

e Write X' in terms of X1 — recursive equation for f and g.

e Functional equation for characteristic functions F(t) = ", f(n)e™
and G(t) = >, g(n)e™.

@ Analyze leading-order asymptotics to get tail behavior for f and g.

Ewain Gwynne (Chicago) Directed distances 13 /17



Outline

@ Extensions and outlook
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Other models

@ General strategy (with modifications) works for directed distances in
other random planar maps.
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Other models

@ General strategy (with modifications) works for directed distances in
other random planar maps.

e Bipolar-oriented triangulations weighted by number of “flippable”
edges, v € (0, /4/3) (Borga-G., 2026+).

e Shortest directed path hit in order by contour exploration on
spanning-tree decorated map, v = v/2 (Borga-G.-Wang, 2026+).

o Shortest directed path hit in order by interface on critical
Fortuin-Kasteleyn decorated map, v € (v/2,2) (Borga-Feng-G.,
2026+).

o Maps decorated by Schnyder woods, v = 1 (Borga-Bonanno-G.-Harper,
2026+).
e Bipolar-oriented maps with other face degree distributions?
@ Longest increasing subsequence (LIS) in Baxter permutation = LDP
in general bipolar-oriented map.
@ Conjecture: the LIS for a uniform Baxter permutation of size n
grows like n3/4.
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Extensions and outlook

Full scaling limit

@ Can we get a full scaling limit result for directed distances on
bipolar-oriented triangulations, analogous to the convergence of
uniform planar maps to the Brownian map?
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@ Can we get a full scaling limit result for directed distances on
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uniform planar maps to the Brownian map?
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Extensions and outlook

Full scaling limit

@ Can we get a full scaling limit result for directed distances on
bipolar-oriented triangulations, analogous to the convergence of
uniform planar maps to the Brownian map?

@ Two random directed metrics on C, one for SDP and one for LDP.

@ Similar types of objects as the directed landscape, but with
“direction” defined using SLE1,.

@ Directed analogs of /4/3-LQG metric.

o Let Mj, « 4 Mo ~ be the time-n unexplored map in the KMSW
procedure. Let X" its Busemann function. Can we describe the joint
scaling limit of {X"},cz?

@ More generally, should be two-parameter family of directed LQG
metrics indexed by v € (0,2), 6 € (0, 2x].
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Extensions and outlook

Directed LQG metrics
~ Brownian
oA map ?
9 ‘_____________(_ié/_?,,_er) _ _ _ _ Undirected
4 LQG metric
. olvable
Spanning curve SDP metrics
tree should exist
(v2,7)/ FK (v, 7)
e Bipolar tri. Tttt
(v/4/3,7/2) BTOWHSH SDP and LDP
Weighted bipolar tri, SeParabie fmetrics should
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Directed LQG metrics

~ Brownian
oA map ?
Qﬂ‘_____________(_ig/_?”_Qf) _ _ _ _ Undirected
LQG metric
. olvable
tSpanmng T SDP  metrics
LEC should exist
(v2,7)/ FK (v, 7)
e Bipolar tri. Tttt
(V/4/3,7/2) Brownian {Spp and LDP
Weighted bipolar tri, {;ip;r(%bl:) metrics should
y2 ) ist
(1, £ L7/3)
hnyder
[ © y
(0,0) S

@ Is there an interesting limit as v — 0 (appropriately renormalized)?
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