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Registration of a pair of unimodal images

Given two C''-images R, T : Q — R?, find a deformation ¢ = I +u : Q — Q,
such that
T o ® ~ R in the sense of image intensities.

Analysis of medical “time-series”
of a single patient (intraindividual)

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg



Registration of a pair of unimodal images

Given two C''-images R, T : Q — R?, find a deformation ¢ = I +u : Q — Q,
such that
T o ® ~ R in the sense of image intensities.

Analysis of medical “time-series”
of a single patient (intraindividual)

Registration into a digital database
(interindividual)

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg



Registration of a pair of unimodal images

Given two C''-images R, T : Q — R?, find a deformation ¢ = I +u : Q — Q,
such that

T o ® ~ R in the sense of image intensities.

Analysis of medical “time-series”
of a single patient (intraindividual)

Registration into a digital database
(interindividual)

Subtraction of angiographic images
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Requirements of the deformation

Deformation maps on the background of the data:

Bijectivity & topology-preservation: — Homeomorphisms!!

Rich space of deformations, allowing local dilations and contraction to resolve
very fine anatomical details.

Desirable: preservation of geometric features — Diffeomorphisms.
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Relation to optical flow models

Here, consider a time-dependent sequence of images: [ : {) X R({ — R.
The brightness constancy assumption I(x(t),t) = const for moving points
described by x(%) leads to the optical flow equation:

(Vl(x,t),ﬁ(x,t)) + It(xat) — 07

where v describes the optical flow of the image.

This approach is differential and aims at determining of the movements in
images, which are very close together.

Due to underdetermination of the equation, various variational approaches are
considered (see Hinterberger, Scherzer, Schnorr, Weickert 01):

E[v] := /ng((VI(a:, t),v(x,t)) + L(z,t)) + Y(z, v, VU)dr — min!
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The Unimodal Registrationenergy

Images T.R: Q2 —>R, QCR*", n=2,3. FindpeV, V C {szd—ﬂRd} such

that the energy
1

Enl9] := 9

/ 1T o ¢ — R|*dx
Q
is minimal and ¢(Q2) = €. Gradient is given by

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg



The Unimodal Registrationenergy

Images T.R: Q2 —>R, QCR*", n=2,3. FindpeV, V C {QD:]Rd—JR%d} such

that the energy
1

::§/|To¢—R|2da:

Q
is minimal and ¢(Q2) = €. Gradient is given by

En @]

gradE,,[¢] = (T o ¢p — R)VT o ¢

Highly nonlinear problem since the image T’ is nonlinear.

Assymmetric definition of the energy.
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lll-posedness

Define ML :={z € Q|T(z) = ¢}
Consider deformation A, s. d. A(M.) = M., Ve € R.

Furthermore: Let T constant on Q C Q. & € T—1(Q).

A = Txo\{zy + 2xqa for z € Q) arbitrary.
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lll-posedness

Define ML :={z € Q|T(z) = ¢}
Consider deformation A, s. d. A(M,) = M, Ve € R.

Furthermore: Let T constant on Q C Q. & € T—1(Q).
A = Txo\{zy + 2xqa for z € Q) arbitrary.

In both cases the following holds:
Em[A < ¢] — Em[¢]
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Non-overlapping shapes

Consider even very simple input images

VT =0 .
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Non-overlapping shapes

Consider even very simple input images

Vi =0 . i =

VI =0orTo¢p=R= gradkl =0.

Gradient drives the deformation only at the transitions of flat regions, i. e. where
VT # 0. Here, this leads to a concentration of the level sets, i. e. without
regularization the gradient flow converges to a degenerate solution.
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Non-overlapping shapes

Consider even very simple input images

Vi =0 . i =

T R =

VI =0orTo¢p=R= gradkl =0.

Gradient drives the deformation only at the transitions of flat regions, i. e. where
VT # 0. Here, this leads to a concentration of the level sets, i. e. without
regularization the gradient flow converges to a degenerate solution.

Matching of hypersurfaces: Liao, Khuu, Bergschneider, Vese, Huang, Osher use
level sets combined with distance maps for converging globally.
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Regularization approaches

1. Additional Regularization Energy:

E|¢] := Em[¢] + Ereg|¢] — min!

~+ Tikhonov-Regularization, (Grotsch, Scherzer, Weickert)

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg

10



Regularization approaches

1. Additional Regularization Energy:
El¢| := En|¢| + Eregld] — min!

~ Tikhonov-Regularization, (Griotsch, Scherzer, Weickert)

2. Gradient flows w.r.t. regularizing metric:

0y = —grad E[¢]

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg

10



Regularization approaches

1. Additional Regularization Energy:
El¢| := En|¢| + Eregld] — min!

~ Tikhonov-Regularization, (Griotsch, Scherzer, Weickert)

2. Gradient flows w.r.t. regularizing metric:

0y = —grad E[¢]

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg

10



3. lterative smoothing of data:

m

EZk|@] := /Q T o0 ¢ — R°%|dp k=1,2,... I° =smoothed version of/
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Regularization of gradient flows

Introduce a metric g on the space of deformations and consider the gradient of E
with respect to this metric, i. e.:

g(grad B,v) = (E'[¢],¢) VeV
The general gradient flows becomes:
Bu(t) = —grad, Byl (1)

which means g(9,¢(t), ¢) = —(Ep[6(1)],¢) VY €V

Every metric g inhibits a linear representation A : V — V', g(u,v) = (Au, v)yryy,
hence, we can also write

Orp(t) = —A tgrad 2 E,, [o(t)].
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12



13

Metrics

c V= [H>2(Q) g(u,v) = (u,0) gs2q)

UNIVERSITAT

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg DE us '55 EHH" -




Metrics

V= [H2Q, g(u,v) = (u,0) ez

Weighted H!? metric:

2
g(u,v) = (u,v) 2(q) + 5 (Vu, V) p2q) with o > 0
= g(u,v) = (Au,v) mit A =1+ ";A
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Metrics

V= [HS,Q(Q)]di g(u,v) — (uav)HS’Q(Q)
Weighted H!? metric:

g(u,v) = (u,v)r2(q) + %Q(Vu, V) 2y wWith o >0
= g(u,v) = (Au,v) mit A =1 + "72A

anisotropic, inhomogenous metrics
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Numerical Results

deformation (¢), result of registration T o ¢
noise: 20% Salt and Pepper noise
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Tikhonov Regularization: Linearization

Given ¢(F), find ¢*t1) | such that

Ep[p Y] < Ep[¢™)]

Linearization: E,, [0* V] & B, [¢%)] + (B! [¢PF)], pETH — (R))
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Tikhonov Regularization: Linearization

Given ¢(F), find ¢*t1) | such that

Ep[p Y] < Ep[¢™)]

Linearization: By [6F+D] a2 B, [6®)] + (B! [6®)], ok — 4Ry

Additional bilinearform g(p(¥+1) — ¢p(F) p(k+1) _ 4(K)) for regularization (Henn,
Witsch): find

arg min { (B}, [60)], p*+D) — ¢8)) 4 Zg(g+t) — gh), gkt _ g0 L
ot ey 2

ag(p®tt) — ¢® ) = —(E! [o™], ¥)
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Tikhonov Regularization: The non-linear case

Consider the following non-linear minimization problem

«

min { B[¢] + 5Q[0]}
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Tikhonov Regularization: The non-linear case

Consider the following non-linear minimization problem

min { B[¢] + Q4]

Inspect the behaviour for decreasing a:

075

o = argmin{E[¢] + —-g(6 — ¢, ¢ — ¢'V)}

~- iterative Tikhonov Regularization (Henn, Witsch).
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Important Regularization Methods for Registration

Horn-Schunk-model (1981):

Qiflo] Z / Vil dz

Curvature-model Modersitzki, Fischer 03

Qcurv]@] == %Z/Q(A@fdw Qcurv|Cx+B] =0 VC eR™™ beR"

Nagel-Enkelmann-model: (1987)

QnNEeld] = gne(P, d) where
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9(d, ) = /tr{WR|21+ oy (VBT ® (VR)™ + M) Vg w} da

iImage based weight: preserve corners and edges, related to anisotropic diffusion
( Weickert)

linear elastic models

Qelastl?] = /Q 2pe(9) - €(¢)+%(div¢)2dx

nonlinear elastic models

QNLE[Qﬂ :/QW*(DQS, Congb,dethb)

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg
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Relation between reg. gradient flows < iterative Tikhonov

1. linearized:

ag(p*th — o™ ) = —(E[¢",v) VeV
= gb(kﬂ) = gb(k) — égradgEm[gb(k)] g Metrik

Interpretation: explicit time step of the regularized gradient flow.
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Relation between reg. gradient flows < iterative Tikhonov

1. linearized:

ag(p™th — o™ y) = —(E[6",9) VpeV
= okt = k) _ égradgEm[gb(l‘“)] g Metrik

Interpretation: explicit time step of the regularized gradient flow.

2. non-linear: Sequence of minimization problems for a — 0.

Bnlgl + o0 —6® ¢ —o®)

Euler-Lagrange oarg(d— ¢* ) = —(E. [¢],¢)
s+ = g® _ Loy B ek
(07 g—m

Interpretation: implicit time step of length Ozlzl.
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Application of non-homogenous metric
Nagel- Enkelmann-model

Metric g p(¢, ) = tr(D(VR)Vé - Vo).

With eigenvalues Ay > Ay > 0.
Eigenvector v; in direction of VR*. \; large.
Eigenvector v, in direction of VR. Ay small.

Corresponds to a stronger regularization in the set
of deformations which are invariant under the
registration energy.
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Application of non-homogenous metric
Nagel- Enkelmann-model

input Images
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Application of non-homogenous metric
Nagel- Enkelmann-model

input Images

homogeneous metric

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg

23



Application of non-homogenous metric
Nagel- Enkelmann-model

input Images

homogeneous metric heterogenous metric
intensity corresponds to |¢p — 1| = |u]
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Multimodal Registration

Detailed multimodal n vivo image
information is routinely collected, very
commonly MRI and CT, providing
significant enhancements for
functional study of anatomy and
surgerical planning.
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Multimodal Registration

Detailed multimodal in vivo image "
information is routinely collected, very ¥
commonly MRI and CT, providing
significant enhancements for
functional study of anatomy and
surgerical planning.

Identification (Segmentation) of
tumours in MRI, while stereotactical
technology is based on CT.

changes of image intensities due to

histological changes (tumours),
injections of substances
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Multimodal Registration

Detailed multimodal in vivo image /
information is routinely collected, very ' L
commonly MRI and CT, providing g
significant enhancements for % ound) |
functional study of anatomy and ! \ ,f.'\
surgerical planning. i\ |
Identification (Segmentation) of
tumours in MRI, while stereotactical
technology is based on CT.

L ) | ;-II "
v ) .
| . il
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% pos14.0 J 05-8_

changes of image intensities due to
histological changes (tumours),
injections of substances

variations in illuminations for the study of image sequences (cf. optical flow)
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Overview of Multimodal similarity measures

Global Mutual information ( Viola, Wells ’96, Collignon, et al. ’95)

MIX,Y)= HX)+HY) + H(X,Y)

\ 4

entropy of X resp. ¥ joint entrop}Tof X and Y

H(z) = — / p(@)np(@)de  H(z,y) = — / p(z,y) Inp(z, y)de dy

Local Cross-Covariance

2

>
chywz—/ Xy

Vx .y local correlation of X and Y Vx local variance of X
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Morphological Methods in Image Processing

Contrast invariant description of images:
Def. Morphology M[I] :== {Ml|c e R}
Upper topographic map UTM|I] :={[I > c||c € R} (Caselles, Coll, Morel).

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg
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Morphological filter F:
CCoF=FoCC

where CC is a contrast-change of the image, i. e. CC(I) = g(I) for a
nondecreasing function g.

~» morphological filters do only depend on M|I| resp. UT' M [I].

Motivation:

Nonlinear response of sensors

Different display devices in general have different contrast.

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg
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Example: Level-Set-Methods with evolution speed only depending on the shape
of the level sets of a function ¢ : {2 — R.

O+ F(S)[[Vol| =0 in (0,T)xQ  ¢(0,-)=1

1 Vo

IVl Vel
corresponding to the Weingarten-Map DX~ o DN on the tangent space T, M_.¢.

Shape operatorS := DN = —— (I = N ® N)D?*p N =

Mean-Curvature-Flow Fj cp(S) = —trS = —div (||v¢||)

OOI+—\

Affine morphological scale space (Alvarez, et al.) Fapgs(S) = —(trS)3.

. c V
Anisotropic curvature flow (Preusser, Rumpf) Fipiso(S) = —div (a ||V¢||)

©-
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Multimodal Registration based on Image Morphology

Aim: Construct a geometric similarity measure as registration energy.

Find ¢ : 2 — () such that
MIT o ¢| = M[R]

Vi(x)

: . : d—1
Consider Gauss map: N;: Q) — S, x +— NI

Alignment of tangent spaces ~~ matching of Gauss maps

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg
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Find: ¢ : Q@ — Q such that Npo || NG

where Ng is the transformed normal from R onto T¢(w)qb(./\/lg(x)) which is given
by

Cof DoN
Dou x Dpv = Cof Do(u x v) = leg — |sz DzN;

where Cof A = det A - A~ for invertible A.
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General Framework for a Multimodal Registrationenergy

Define function ¢ : S 1 x §9-1 x R%4 measuring the deviation of the normals.
g g

Enl) = [ 09T 0 6.VR,Cof V) dy
Q
0 : v=0o0rw=0
go(v,w, 4) = { gl ) else
A Aw
e. g. glv,w,A) = g((]l—v@v)‘AM) :

where g convex.

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg
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General Framework for a Multimodal Registrationenergy

Define function ¢ : S 1 x §9-1 x R%4 measuring the deviation of the normals.
g g

Enl) = [ 09T 0 6.VR,Cof V) dy
Q
0 : v=0o0rw=20
go(v,w, 4) = { gl ) else
A Aw
e. g. glv,w,A) = g((]l—v@v)‘AM) .

where g convex. We need convexity in A.
g(u,v,A) = ||[(I-v®v)- Aw|” 1<~

/H _ (Nro @) ® (Np o)) - Cof DeNz|”
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4 Microstructures
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NTEel NREBQ

del@) = L+ ey (2) e
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Microstructures

NTEel NREBQ

del@) = L+ ey (2) e
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Microstructures

AA

NTEel NREBQ

del@) = L+ ey (2) e
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pe — 1 in H?
but

B[] = |2lgo(er, €3, ) > 0 = lim inf E[]

Thus, we don’t have existence without regularization of the matching
energy.
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E[]I] = ‘ngo(el,ez, ]I) >0 = hméﬂl_fE[Qbe]

Thus, we don’t have existence without regularization of the matching
energy.

and

The simpler the images, the higher the degree of ill-posedness.
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Hyperelastic polyconvex Regularization

E[@] := Eu[¢] + Eregl$] — min!

Consider an elastic polyconvex regularizationenergy, i.e.,

Brolé) = [ W(D6) = [ W*(Ds,Cof Do, det Do)

and W™* convex.
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Hyperelastic polyconvex Regularization

B[] := Eu[¢] + Evegl$] — min!

Consider an elastic polyconvex regularizationenergy, i.e.,

Brofé) = [ W(D6) = [ W(Do. Cot Do, det Do)

and W* convex.

E. g.: Mooney-Riwlin-Energy for elastic compressible materials.
Eunlél = | allDo|* + 5 Cof D|P + T(det D)z
Q

with I'(s) — oo for s — 0, 00, corresponding to the « priori information, that
deformation must be a homeomorphism.

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg
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Space of Images

Set of degenerate points Dy := {z € Q| VI = 0}

We suppose that for the Lebesgue measure
e—0
u(Be(Dr)) — 0
and the corresponding space of images

Q) = {I:QeR‘IeCl(Q),HDICQs. t. VI#0onQ\ Dy,

u(B(Dr) =20} .

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg

36



Theorem 1. [Existence in three dimensions] , T R € Z(f2), admissible defor-
mations

A = {¢:Q—Q|¢ec HP(Q),Cof D¢ € L),
det Doy € L"(Q2),det Dp > 0 a.e. in Q,¢ =1 on 00}

2
V|//7here p,q>3andr > 1. W be polyconvex, 3! 3,s € R, 3 >0, and s > q_—q3 such
that

W(A,C,D) > B(|A|5+ |IC||E+ D"+ D~*%) VA,CeR* DeRt (1)
2 2

go(v,w, A) = g(ﬁ—P f;’—w A) be continuous in %,

w7 Tl CONVEX in A and form < q

g(v,w, A) — g(u,w, A) < Cy [lv—ul| (1+[A]5).

holds. | = 3 homeomorphism ¢ € A.
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Boundary conditions

Dirichlet cond. ¢ = 1I on 0f) is not always approriate.
We have to allow ¢(2) ¢ €2, but integrand is
only defined on ¢~ 1(Im(¢) N Q).

= define energy on Q% := {x € Q| ¢(z) € Q} and consider

the energy E,,[¢] := / go(VT o ¢, VR, Cof Do) dp.
Qo

But then )
En[¢] =0 for all ¢ s.t. ¢(2) NQ = (.

To avoid the problem, minimize
E, + Ereg + / d(¢(-), Fr) —d(-, Fr)|* du,
Q

where Fr, Fr are corresponding selected features of 7" and R.
d(z,A) := dodist(x, A).
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Spine Registration CT-MR

Top Left: reference R, C'T, Top Right: template T, MR. Bottom Left: after feature based
registration I' o ¢ . Bottom Right: final deformed template T o ¢.
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Spine Registration CT-MR
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Comparison of superimposed template and reference before (left) and after (right) registration

and deformation after the preregistration (feature-based) against final deformation.
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Validation

Generation of pair of test images.

original T’ deformed T' o ¢* contrast change go 1" o ¢*

Use R := g o1 o ¢* for computation and compare solution ¢ to ¢*
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Comparison of deformation
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Comparison to unimodal Registration

reference Intensity morpho-
based logical

In regions of low contrast but high geometric variability, the morphological
registration can be superior to the unimodal registration, even if only one modality
is considered.

Numerical Mathematics and Scientific Computing, University of Duisburg—Essen, Duisburg



Outline

Unimodal Registration

Gradient flow perspective

Relations to Tikhonov-Regularization
Multimodal Registration

Hyperelastic polyconvex Regularization

Practical issues for solving the minimization problem
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Multiscale minimization approach

Energy F,, in general possesses many local minima for given images 1" and R.

Strategy: Consider a continuous scale of images 17, R°, generated by a

scale-space-operator S(o), where 0 > 0 denotes the scale-parameter.
2

I°=S(0)] e g So)= HESG(%),S(J) = MCM(0)

1
E° 9] = §/|Tao¢—R"|2d,u resp. /go(VT",VRU,CofDqﬁ) du
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Multiscale minimization approach

Energy E,,, in general possesses many local minima for given images 1" and R.

Strategy: Consider a continuous scale of images 17, R°, generated by a

scale-space-operator S(o), where 0 > 0 denotes the scale-parameter.
2

I°=S(0)] e g So)= HESG(%),S(J) = MCM(0)

E° 9] = %/ T o ¢ — R%|*dp resp. /go(VT", VR?,Cof D¢) du
g(8t§b07 w) — _<Egz/[¢a]a ¢>
gba(o) — qu,a
o = (127" B1,02 >0

¢0k (O) — ¢0k_1(Tk)
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Energylandscapes
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Energylandscapes
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Energylandscapes
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Energylandscapes

&Eq
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scale 1 scale 2 scale 3
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Coupling Scale and Resolution

Multiscale onf images: T9% = S(oy)T, R°* = S(og)R given by the scale-operator
S(oy) and o) — 0 for k — oo.

Solve the problem on a multilevel hierarchy (M, ,V}, ) of grids, with
Mp, C...CMp,, CMp CMp_, C "'Mhzo and corresponding discrete

functionspaces V..

During step k with assigned scaleparameter oy, find minimal [(k) € N, such that

hik) < aog
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Coupling Scale and Resolution

Multiscale onf images: T9% = S(oy)T, R°* = S(og)R given by the scale-operator
S(oy) and o) — 0 for k — oo.

Solve the problem on a multilevel hierarchy (M, ,V}, ) of grids, with
Mp, C...CMp,, CMp CMp_, C "'Mhzo and corresponding discrete

functionspaces V..

During step k with assigned scaleparameter oy, find minimal [(k) € N, such that

hik) < aog

change the scale £k — k£ + 1, if

loptt — o7l < you
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Multigrid for regularized metric and scales

Consider HESG (heat equation semi-group)

2
g(u,v) = (u,v)p2+ (Y, Vo)
o2 1
—>3t¢ — —(H—?A) E;n[¢]
o2 1
Furthermore [° = (H_EA) I

Solve (1I — —°2A 1 b muItigrd V—cycle. Smoothing properties — robustness of
2 y
gradient flow.
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Step size control

. o . El¢"]]
Gradient flow perspective with metric g
allows to apply well-known step-control criteria.

E. g. Armijo’s Rule: o € (0,1) x
r

—or(E[p%), AT E g )
— o7l A E )2

E[¢* 1] — E[¢™)]

I
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Step size control

. o . El¢"]]
Gradient flow perspective with metric g
allows to apply well-known step-control criteria.

E. g. Armijo’s Rule: o € (0,1) ‘
r

—or(E[p")], AT B (5]
— ot A W

E[¢* 1] — E[¢™)]

I

Given 3 € (0,1) (typically 3 = 3), find minimal k € Z, such that
Elg") — *ATE 9] - B[p™] < o5t AT B 9]

Other linesearch criteria easily incorporated in the regularized gradient flow
framework.
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Morphological Registration: MRT T1 «— FLAIR
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Issues & QOutlook

Registration may stop, when edges are only parallel

(i. e. tangent spaces coincide) but not correctly aligned.
Classical approaches using gradient magnitudes may not be
used without leaving the morphological framework. Registras
tion may aim at additionally align discontinuitiy sets.

uw € SBV(Q) = Du= D%u+ D’u = Vuu + (vt —u)v,H" LS (u)
Let integrand gg vanish where Du = 0 and use normals v; of essential boundary
0*{I < t} as Ny to generalize the theorem.
Application of I'-convergence for a PDE-based approach to compute the jump

set S(u).

In practice, multimodal pairs of images are obviously not morphologically equi-
valent.
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Implementation in DX9 Graphics Hardware
by R. Strzodka, caesar, Germany

Discrete scheme of the gradient descent is well suited for parallel computing.

Many identical computations ~~ good for SIMD (Single Instruction Multi-
ple Data).

Requires only local data ~~ good for distributed memory.
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Implementation in DX9 Graphics Hardware
by R. Strzodka, caesar, Germany

Discrete scheme of the gradient descent is well suited for parallel computing.

Many identical computations ~~ good for SIMD (Single Instruction Multi-
ple Data).

Requires only local data ~~ good for distributed memory.

Why use graphics hardware?

Outstanding price-performance ratio
Readily available in any modern PC
Performance doubles in less than 9 months ~» Moore's Law squared
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Implementation in DX9 Graphics Hardware
by R. Strzodka, caesar, Germany

Constraints

Process data in large streams, i.e. avoid frequent changes in the graphics pipeline
Minimize data transfer between main memory and graphics card
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513 x 769 images registered in 5.9 seconds ~~ ca. saving of factor 10
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End

MD, M. Rumpf, A Variational Approach to non-rigid morphological registra-
tion, SIAM Appl. Math., to appear.

U. Clarenz, MD, M. Rumpf, Towards fast non-rigid registration, AMS Procee-
dings Inverse Problems, 2002

U. Clarenz, S. Henn, M. Rumpf, K. Witsch, Relations between optimization and
gradient flow methods with applications to image registraion, GAMM 2002

M. Rumpf, On the matching of images with edge discontinuities, in prep.

MD, R. Strzodka, M. Rumpf, Image registration by a reqularized gradient
flow, A streaming Implementation in DX9 Graphics Hardware, Computing,
submitted.
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