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(courtesy G.H. Campell, [Ratz, Voigt '06]
Lawrence Livermore Nat. Lab.)

aim: identification of grain boundary contours,
orientations, and macroscopic deformation fields
— a generalized Mumford Shah approach
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Given g : 2 — R find an set S C 2 and a piecewise smooth
u:Q\ S — R such that

Elu, S| :/Q(u—g)de—i—u/Q\S]Vu|2d:r+l/7-{d_1(5’)

is minimized.

[Mumford, Shah '86]
Shape optimization perspective

Suppose €2 is partitioned into domains O; (i = 1,...,m) with
Q=U",0;, 0;n0; =0 and consider

S=|J00:i, wi=ul0]=u

=1

O;°

Then we ask for a minimizing partition (O;)i=1,...m of
B(Oh)i=1,....m] = BEl(u[04], Os)i=1,....m]
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B Mumford Shah model and shape optimization

m General structure of the Mumford Shah functional

IB)(@s, @) = Z (Eralui, O] + Epioruti, Oi) + Eior,0[0i])

7

where  (O;); is a domain partition
o a parameter (function) on O;

“region competition”: different local descriptors u;
compete for terrain [Zhu, Yuille '96]

in our generalized Mumford Shah approach:

B a macroscopic orientation parameter describes
the microscopic lattice anisotropy

m a macroscopic deformation influences the lattice pattern
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T atom position

x4+ M(a)g neighbour locations
(i=1,--,m)
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1 u(z) >0
X[u>0](l’)-—{ 0 else
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description of the lattice:

T atom position

z+ M(a)g; neighbour locations
(Z = 1a e 7m)

local lattice classification function:

d? -
flol(z) = 2 X[u>0) (z) Z;(l — Xpuso) (& + M(2)a)),
where d distance between atom dots,
m number of neighbouring dots,

r dot radius.



Identification of grain boundary at atomic scale
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= An energy based on local pattern classification (cont.) universitétﬂr‘

macroscopic lattice orientation function:

a = Z X o,

j:]-:"' )T

Mumford Shah type functional Egpin acting on
lattice orientations «; and grain domains O; :

Eganl(@, O)jmtml = 3 /O flag)() da + 2H1(205) )

j:l’
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Identification of grain boundary at atomic scale

An energy based on local pattern classification (cont.)

direct consequences of the variational approach:

m relation between interface curvature
on O; N O, and fidelity term:

vk = —(flay] = flow])

2 2
0< fl) <% = [k <L
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Identification of grain boundary at atomic scale 8
An energy based on local pattern classification (cont.) universitétbonnl
direct consequences of the variational approach:

m relation between interface curvature
on O; N O, and fidelity term:

vk = —(flay] = flow])

2 2
0<fl) <L = x| <5

. -
- e LN
AL L L L L L L

m Young's law at triple points, i.e. three grains always meet at
equal angles of %7‘(‘.
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for the original Mumford Shah functional
— =g da:—i—qu\SWu] dz + vHIL(S)
in the piecewise constant case with S = 00; U 003, u|p, = const

we consider 01 = [¢p < 0] = [H(¢) = 0], Oy = [H(¢) = 1]
(H heavyside fct.) and approximate

Eslu1, ug, ¢] = /QH5(¢)(U2 —9)* + | Vus* +
(1 — Hs(¢))(ur — 9)* + plVur|* + v|VHs(¢)| da

where Hj(s) = § + L arctan(%).

cf. [Vese, Chan '99]
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regularized lattice classification function:

d2

fela](X) = He(u(z) =0) Y (1 - (He(u(z + M(a)q

€
mr2 ,
=1, m

— to be motivated later

in the two grain case we obtain the approximate functional:

Eyelon, 00,4] = /Q Hy(9) felos] + (1 — Hs(6)) felou]
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where two types of regularization are involved:
m regularization parameter 0 for the macroscopic interfaces

m regularization parameter € for the microscopic interfaces
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B numerical algorithm for grain boundary extraction

s Numerical relaxation with regularized gradient descent

the functional to be minimized:

universitétbonnl

By clon, a2, 6] = /Q Hy(9) felaal+-(1— Hy(8)) feloa] 0|V Hs (9)] da

Algorithm (in the two grain case):

k

m for fixed ®F € V}, update o}, of via a discrete version of

ol = a]f—T/QHJ(Qb)aalfe[a’ﬂ
a5 = af =7 [ (1= ()0 o

m for given a} , compute ®* € V), via a discrete time step of:

0 (Hy(0) 016.0) = / vl 6+ (fulok]  flof)0de

|V¢>|

where g(&1,&) = [ &i(x)éa(z) + % Vﬁl( ) - V& (z)dz
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|

| |

| |

| |

[Berkels, Ratz, R., Voigt '06]
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Grain boundary extraction on TEM images (cont.)

energy decay plot:

Energy

05 L L L L L

0 5 10 15 20 25 30
iterations

The crosses mark refinements of the scale parameter o.
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numerical algorithm for grain boundary extraction 8
Multi—phase grain boundary extraction universitétbonnl

Segmentation with multiple grains using three level set functions

[Vese, Chan '02]
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B a first generalization: liquid—solid interfaces s
= Incorporating a liquid—solid interface (cont) universitétbonnl
local liquid classification function:

9(2) =1 = X450, (%) Xu<o,) (@) X vu) <] (%)

Mumford Shah type functional Eypase acting on liquid domain Or:

Eohase[O1] = / 1—g(z)dz + / g(x)dx + qu((’)L)
Or, N0y,

Application for a test case




B a first generalization: liquid—solid interfaces s
s Combined model universitétbonnl

E[@L,(aj,oj)j]—/g(x)dm+ / (1 - g(2))dz + vH (DOL)
o 0NO,

+n ) (/Ojf[aj](w) d$+;H1(30j)) :

]:17 1



B a first generalization: liquid—solid interfaces s
s Combined model universitétbonnl

. E[05,(0;,0,);] = / o(z) dz + / (1 - g(2))dz + vH (DOL)
U Or, Q\Oy,
+ nj:; i (/Oj Fley](z) de + 5Hl(aoj)) .

Result on PFC data

[Berkels, Ratz, R., Voigt '06]



generalization for elastically stresses lattices 8
Elastically stressed lattices universitétbonnl

description of a deformed lattice:

Y(x) atom position
P elastic deformation
Y(x+M(a)g;) neighbor position

lattice pattern

local lattice classification function: NN,
NN
d2 NN N NN N N N
A N
f[aaw](x) = mrgX[@e]W(l’)) N .

NN NN
m NN,
SN - V(x+ M(a)g)) LA

(1= X9
i=1

underlying deformation
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B generalization for elastically stresses lattices

s The single crystal case universitétbonnl

we have to deal with two types of deformations:
m the observer transformation induced by M («)
m the actual lattice deformation ¥(-)

We are interested in the elastic deformation up to rigid body
motions, hence we consider the following functional to be
minimized for a single crystal:

Esingle[a7 w] = /Q f[Oz, w] (37) dz + MEeIast [1/1] 9
) 1 2
with Egast[o, 1] = 3 / |Dp(z) + Dip(2)" — 21| dw
D
under the constraint for the angular momentum

Jo ¥2(z)z1 — Y1 (z)z2dz = 0.

[Berkels, Ratz, R., Voigt '07]
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B generalization for elastically stresses lattices 8
s Concentration of energy at the minimizer universitétgr‘
consider the Euler Lagrange equations:
For ¢ on [uo # 0]
. 0 -1
—2u(AY(z) + Vdivy(x)) = A 1 o )%
where X is a Lagrange multiplier reflecting the constraint.

For ¢ on [uot = O]'

d2 o
[(DTXJT +Dy)-v| = 2ZLU T2w Z (1 — (-+ M(a)g) —0)
= —H( v - M(a)g) - 6))
For the orientation «:
O—ZM’ [ Huot(- — M(a)g) — 0)DypTVuopdH?,
[uou 0]

where M'(a) = (‘1) *01>M(a).
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m Regularization and numerical relaxation universitétbonnl

regularized lattice classification function:

2 m
felon ] = = H(uop—6) S (1 — (He(u((- + M(a)g)) — 0)))

mr
=1l

regularized single grain energy:

B el ] = /ﬂ felo, 9)(2) Az + i Eaper[0]
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regularized lattice classification function:

2 m

felon ] = S Ho(uop—0) S (1 = (Ho(u((- + M(0)a:) — 0))

=1

regularized single grain energy:
szngle [aa w / fe d.’IZ + MEeIast [w]

and again a regularized descent now in the deformation :

gt — k) = _Twaw Smgle[ak, YF)(¢)  Vvariations ¢,
Pht PFH — S(- — 2q),

1 - - 1
where S = — / DY (DR Y Az, g = — / dz,
210 (DY) o Jo
ak+1 = ak_Tka smgle[ k7¢k+1]'

and g(¢1,G) = [p G(x) - G(z) + %DQ(OC) : Do (x) dz
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Application for the single grain functional universitétbonnl

test case (first row) and real data:

A 77~
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courtesy: N. Schryvers (Antwerpen University)
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s Combined model for elastically deformed grains

joint functional for (o, Oj)j=1,... , and 2:

universitétbonnl

Il @, W it oo o0 @ 5= Z (Eq,[aj,¥] + nPer(;))

j=1,.n
+u Eelast[w]

regularized functional in the two grain case:

Bliulor 02,00 = [ Ho(6)fdon. ] + (1= Ho(6) flon,

+v|VHs(¢)| dx

+’2‘/D\Dw(:c)+pw(x)T—2ﬂ|2 dz .
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Applications for a test case and for real data:
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Combined model for elastically deformed grains (cont.)

Applications for a test case and for real data:

A

PN A A A
[ A A A g

courtesy: N. Schryvers (Antwerpen University)
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= Improving the model:

m considering the proper anisotropic elastic regularization:

Cim(a) = Y CrefM(0)igM () jo M (a)rs M ()i,
B:v,6.m

where the ije,fl’s are priori known material parameters.

m evaluation of realistic macroscopic stresses

Vi + (V)T

Cijri(cx) 5

m studying the dynamics of grain boundaries

m joining image aquisition and image processing
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Anisotropic Cartoon Extraction

A related two scale problem

Given: image ug dominated by right angle structures
we ask for a cartoon w and an anisotropic classification a.

—— Joint extraction and orientation classification

universitétbonnl
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Minimizing
A 2
Eu] == [ (up—u)*dz+ [ |Vu|, dz
2 Ja 0

gives a cartoon of ug. Here |z|, = \/2% + 23.
[Rudin, Osher, Fatemi '92]

Example

Original Reconstruction
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B Anisotropic Cartoon Extraction

s The anisotropic ROF model

Given an anisotropy 7y, minimizing

Example

18 )| o= %/Q(“O —u)?dz + /Q’Y(VU) dz

[Clarenz, Dziuk, R. '02], [Esedoglu, Osher '03]

®
-

Y= ||1

\ 4
.

v =||; rot. by &
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B Anisotropic Cartoon Extraction 8
s The anisotropic ROF model universitétbonnl

Given an anisotropy 7y, minimizing
A
Eyu] := 5 / (uo — u)? da + / v(Vu) dz
Q

Q
[Clarenz, Dziuk, R. '02], [Esedoglu, Osher '03]

¢ ¢
HE ®

= v =||; rot. by &

Example

—— let v depend on a coarse scale orientation o
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Byfu,a]i= 5 [ Juo(o) —u@)do + [ [M(a@)Vu(o), de,

cosa  sinw
—sina cosa

where M(a) := < ) (rotation by —a)



B Anisotropic Cartoon Extraction

s Defining the anisotropic energy

E,lu, 0] == /]uo —u(z)|*d

cosa  sinw
—sina cosa

where M () = (

Sample result of the final method

x+/|M

) (rotation by —a)

universitétbonnl

(z); dz,
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Recall: The method shall be able to reconstruct corners
— corners are co-dimension two objects
— Simple Dirichlet type regularization not sufficient.

1

B[] ;ZQ/Q(MWaFmeaP) o

Final model:

Elu,0] = [, %|u0 —ul? + |M(a)Vu|, dz + Ea[a].
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s Postprocessing by Bregman iteration

Reconstruction with zero to two Bregman iterations:
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From left to right: Original images, isotropic reconstruction,
anisotropic reconstruction with zero/two Bregman iterations
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Anisotropic Cartoon Extraction

Application on aerial images (cont.)

universitétbonnl




Anisotropic Cartoon Extraction

Generalization to orientation and shear

include a shearing transformation:

Ms(5)

Q

0s

sin 3
1

sin 3

S
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= Generalization to orientation and shear universitétbonnl

include a shearing transformation:

cpsﬁ 1
win - (% 1)

sin 3 0
M(a, 8) = M(a)Ms(5)

cosacqsﬁJrsma e
— sin 8
- cos a—sin a cos 3

sin 8 —sinf

generalized model:

Elu,a,0] = /Q%|uo —uf?* + |M (e, B)Vul, dz
+Eq[a] + Eg[d].



Anisotropic Cartoon Extraction

Generalization to orientation and shear (cont.)

first numerical results:

universitétbonnl
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