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Proposition 0.1. Let f € W'P(Q,Y), p > n, and g denote the
minimal upper gradient for f. Then for all cubes ¢ compactly
contained in 2, we have

1/p
diam f(Q) < C(n,p)(diam Q)" ="/ ( /Q g?) . (0.3
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Proposition 0.2. Let f € W'P(Q,Y), p > n, and g; denote the
minimal upper gradient for f. Then for all cubes ¢ compactly
contained in 2, we have

1/p
diam f(Q) < C(n,p)(diam Q)" ="/ ( /Q g?) . (0.3

By the Morrey—Sobolev embedding theorem, each supercritical
mapping f € WP (Q,Y), p > n, has a representative which is
locally (1 — n/p)-Hoélder continuous.

In particular, iIf £ C , dim £ =t then

tp

dim f(F) < p—
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Theorem 0.3 (R. Kaufman 2000). £ c Q; H!(E) < oo, 0 < t < n.

measure. This statement is sharp.

f e Whr(Q,Y) for some p > n. Then f(E) has zero 1Pt/ (p—n+t)
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Main Result

Overview LetR" = VL@V and V, = a + V. Given a Sobolev map

Introduction and

Notations f:R" =Y, how frequently can the intermediate values
[ Morrey-Sobolev

P m<a < L — be exceeded by dim f(V;)?

[l Kaufaman'’s theorem
-
—— Theorem 0.9 (-.R. Monti, J. Tyson).

[ Sobolev mappings
between metric spaces

m
[ Prevalence of bad Let 6 = B(p, CY) = (n — m) — (]. — —) D.
functions (8

[ Idea of Proof

[ Regular foliations f(va N Q) has zero HY measure for HB‘aImOSt every a ¢ VJ_.

[ Frequency of distortion
for metric foliations

[ Heisenberg foliation In particu Iar:
[ Two types of foliations
[l Heisenberg Theorem

[ Sharpness in H dlm{a - V_L . dlm f(Va) Z Ck} S 6

pm

Note: o — m = ﬁ—>n—manda—>m

= B —0
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Theorem 0.10 (-.R. Monti, J. Tyson). Let a satisfy m < a@ < —E2—

and g = ((p, «) as above. There exists a £ C R"~™ s.th.
HP(E) > 0 and for any integer N > «, there exists a map
f e Whp(R™ RY) with the property that dim f({a} x R™) > «, for

HB-almost every a € E.

p—n—+m
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Theorem 0.12 (-.R. Monti, J. Tyson). Let a satisfy m < a@ < —E2—

—n—+m
and g = ((p, «) as above. There exists a £ C R"~™ s.th. ’
HP(E) > 0 and for any integer N > «, there exists a map
f e Whp(R™ RY) with the property that dim f({a} x R™) > «, for
HB-almost every a € E.

Theorem 0.13 (S. Hencl, P. Honzik 2013). Letm < a < p < n and
B(p,a):=(n—m)— (1-2=)p.and f € WHP(R",R¥) be p—
quasicontinuous. Then dim{a € V+ : dim f(V,) > o} < 8.
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Theorem 0.14 (-.R. Monti, J. Tyson). Let a satisfy m < a < —E2—

—n—+m
and g = ((p, «) as above. There exists a £ C R"~™ s.th. ’
HP(E) > 0 and for any integer N > «, there exists a map
f e Whp(R™ RY) with the property that dim f({a} x R™) > «, for
HB-almost every a € E.

Theorem 0.15 (S. Hencl, P. Honzik 2013). Letm < a < p < n and
B(p,a):=(n—m)— (1-2=)p.and f € WHP(R",R¥) be p—
quasicontinuous. Then dim{a € V+ : dim f(V,) > o} < 8.

Note: « — p = (B — n — p The above theorem is also sharp.
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Theorem 0.16 (-.R. Monti, J. Tyson). Let a satisfy m < a@ < —E=—

—n—+m
and g = ((p, «) as above. There exists a £ C R"~™ s.th. ’
HP(E) > 0 and for any integer N > «, there exists a map
f e Whp(R™ RY) with the property that dim f({a} x R™) > «, for
HB-almost every a € E.

Theorem 0.17 (S. Hencl, P. Honzik 2013). Letm < a < p <n and
B(p,a):=(n—m)— (1-2=)p.and f € WHP(R",R¥) be p—
quasicontinuous. Then dim{a € V+ : dim f(V,) > o} < 8.

Note: « — p = (B — n — p The above theorem is also sharp.

Example: [P. Hajlasz, J. Tyson] Then there exists a continuous map
f e Wtm(R" ¢2) s.th. dim f({a} x [0,1]™) = oo for all
a € [0,1]"™.
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Meéetric case

Overview Theorem 0.18 (-J. T., K. W. ). X: proper, loc. @-homogeneous,
e local Q-Poincaré inequality. If f: X — Y is a continuous mapping

Notations
that has an upper gradient in L7 (X), p > @, then

. pdime
E) < .
dimy f( )_p—Q+dimXE (0.3)

for any subset £ C X.
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- Meétric case

Overview Theorem 0.20 (-J. T., K. W.)). X: proper, loc. Q-homogeneous,
Introduction and

Notations local Q-Poincaré inequality. If f: X — Y is a continuous mapping
that has an upper gradientin LV (X), p > Q, then

loc

dimy E
dimy f(E) < — 22X

T p—Q+dimx E (k)

for any subset £ C X.

Theorem 0.21 (-J. T., K. W.). Let (X, d, ), Ahlfors Q-regular. For
0<s<Qandp>Q,seta= #. Let £ be a compact subset
of X such that H*(FE) > 0. Then for all N > «, there exists a
continuous f : X — RY such that f has an upper gradient in L?(X)

and dim f(F) > a.
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- Prevalence

Overview Theorem 0.22 (-J. T., K. W.). The set of functions

Introduction and
Notations

Sy = {f e NV?(X:RY) : dim f(F) > o}

is a prevalent set in the Newtonian—Sobolev space N7 (X; RY).
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is a prevalent set in the Newtonian—Sobolev space N7 (X; RY).

Prevalence is an important notion in dynamics. Was introduced and
developed by J. Yorke, V. Kaloshin, B. Hunt, W. Ott, T. Sauer
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Prevalence

Overview Theorem 0.24 (-J. T., K. W.). The set of functions

Introduction and
Notations

Sy = {f e NV?(X:RY) : dim f(F) > o}
is a prevalent set in the Newtonian—Sobolev space N7 (X; RY).

Prevalence is an important notion in dynamics. Was introduced and
developed by J. Yorke, V. Kaloshin, B. Hunt, W. Ott, T. Sauer

There exists a compactly supported Borel probability measure \ on
N2 (X;RY) such that

AN'P(X;RY) N (So +9)) =0, Vg € NYP(X;RY).
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- Idea of Proof

Querviow ldea: let ;. be a Frostman measure on £ and find first
Notatons h e NY2(X;RN) with I, (hsp) < oo i.e.

1
/E/E () — hg)a S @)dpy) < oo
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| dea of Proof

Querviow ldea: let ;. be a Frostman measure on £ and find first
Notatons h e NY2(X;RN) with I, (hsp) < oo i.e.

| | i de@dnt) < .

Let M ={M € M(N x N,R),||M|| <1} and v to be the
normalized N2-dimensional Lebesgue measure on M .
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| dea of Proof

Cvervew ldea: let 1 be a Frostman measure on £ and find first
fwoducion an he NY2(X;RN) with I (hyp) < oo i.e.

| | e () dpu(y) < oo,

Let M ={M € M(N x N,R),||M|| <1} and v to be the
normalized N2-dimensional Lebesgue measure on M . Consider

®: M — NYP(X;RY), ®(M) := Moh,

and define: \ := ®;v. Letge NYP(X;RY)and fyy = M oh+g.
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| dea of Proof

Cvervew ldea: let 1 be a Frostman measure on £ and find first
fwoducion an he NY2(X;RN) with I (hyp) < oo i.e.

| | e () dpu(y) < oo,

Let M ={M € M(N x N,R),||M|| <1} and v to be the
normalized N2-dimensional Lebesgue measure on M . Consider

®: M — NYP(X;RY), ®(M) := Moh,

and define: \ := ®;v. Letge NYP(X;RY)and fyy = M oh+g.
Have to prove:

/M /E/E Far (2) ij(y)|adu(w)du(y)dV(M) < 00.
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Regular foliations

Overview Definition[G. David, S. Semmes] A surjection 7: X — W is called
Introduction and

Notations s-regular if for any compact K C X

0 7| k IS Lipschitz

0 = —Y(B)N K can be covered by at most Cr—* balls in X of
radius C'r.
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Regular foliations

Overview Definition[G. David, S. Semmes] A surjection 7: X — W is called

Introduction and

Notations s-regular if for any compact K C X

0 7| k IS Lipschitz

0 = —Y(B)N K can be covered by at most Cr—* balls in X of
radius C'r.

Note that H5 (7~ 1(a) N K) < C, in particular, for the leaves 7! (a)
it follows
dim7~*(a) < s,

and this inequality can be sometimes strict. The triple (X, W, x) will
be called an s-foliation of X.

Zoltan M. Balogh Non-smooth Workshop// May 2013 IMPAN UCLA — 13 /17




Dimension distortion for metric foliations

Qverview Theorem 0.25. Let (X, dx, ) be a proper, loc. Q-homogeneous,
Introduction and . . s o - 0 . - . -
Notations with local @Q-Poincaré inequality, and is equipped with an s-foliation

(X, W, ). If f: X — Y is acontinuous mapping with upper
gradientin LV (X), p > @, then

loc

S

dim{a € W : dim(f(r '(a))) > a} < (Q —5) — (1 — 2)

0%

ps
fors < a< 0T
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Dimension distortion for metric foliations

Overview Theorem 0.26. Let (X, dx, ) be a proper, loc. Q-homogeneous,
Notaiions. with local Q-Poincaré inequality, and is equipped with an s-foliation
(X, W, ). If f: X — Y is acontinuous mapping with upper
gradientin LV (X), p > @, then

loc

S

dim{a € W : dim(f(r '(a))) > a} < (Q —5) — (1 — 2)

0%

ps
fors < a< 0T

If s = dim 7 !(a) then this is a good theorem to apply. Examples:
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- Dimension distortion for metric foliations

Overview

Theorem 0.27. Let (X, dx, ) be a proper, loc. Q-homogeneous,
Notaiions. with local Q-Poincaré inequality, and is equipped with an s-foliation
(X, W, ). If f: X — Y is acontinuous mapping with upper
gradientin LV (X), p > @, then

loc

S

dim{a € W : dim(f(r '(a))) > a} < (Q — 5) — (1 — a)

ps
fors < a< 0T

If s = dim 7 !(a) then this is a good theorem to apply. Examples:

1. X = R", W = R™ "™ with the orthogonal projection 7= : R* — W
defines a regular s = m-foliation.

Zoltan M. Balogh
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Dimension distortion for metric foliations

Overview Theorem 0.28. Let (X, dx, ;) be a proper, loc. Q-homogeneous,

Notaiions. with local Q-Poincaré inequality, and is equipped with an s-foliation
(X, W, ). If f: X — Y is acontinuous mapping with upper

gradientin LV (X), p > @, then

loc

S

dim{a € W : dim(f(r '(a))) > a} < (Q — 5) — (1 — a)

ps
fors < a< 0T

If s = dim 7 !(a) then this is a good theorem to apply. Examples:

1. X = R", W = R™ "™ with the orthogonal projection 7= : R* — W
defines a regular s = m-foliation.

2. X = H" = V+ x V, V-horizontal subgroup of H".
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- Hesenberg foliations

Overview n ~ P2n+1 _ —

_ H"™ ~ R + Bp_(xlaylw”axnaynat)_(z7t)’
Introduction and
Notations

pxp =(z+2,t+t +2w(z,2))
w(z,2") = D2 (e — wiga),

d~ (p, p') = |Ip™" * P llw=, |lpller = (211" + [¢*)'/*.
6p = (rz,r*t), Q = 2n + 2. Ahlfors, Poincare OK
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Heisenber g foliations

Sieivicy H" ~ R?"+1 o p= (331,?;1, 00 < 7xnaynat) "N (Z,t),

Introduction and
Notations

pxp =(z+2,t+t +2w(z,2))
w(z,2") = D2 (e — wiga),

dygn (0, 7') = [lp~" * ' |lan |pllan = (I[21]* + [¢) /.

6p = (rz,r*t), Q = 2n + 2. Ahlfors, Poincare OK

Isotropic subspace of V < R?": w(u,v) = 0V u,v € V = horizontal
homogenous subgroups of dimV = m < n.

Vertical complementary subspace: V- = V+ x R is a normal
subgroup generating the semidirect product.
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Heisenberg foliations

Sieivicy H" ~ R?"+1 o p= (331,y1, 00 < 7xnaynat) "N (Z7t)’

Introduction and
Notations

pxp =(z+2,t+t +2w(z,2))
w(z,2") = D2 (e — wiga),

dygn (0, 7') = [lp~" * ' |lan |pllan = (I[21]* + [¢) /.

6p = (rz,r*t), Q = 2n + 2. Ahlfors, Poincare OK

Isotropic subspace of V < R?": w(u,v) = 0V u,v € V = horizontal
homogenous subgroups of dimV = m < n.

Vertical complementary subspace: V- = V+ x R is a normal
subgroup generating the semidirect product.

H"” = V+ x V, p = pyL * py defines two types of folitations:

my: H" -V 7' (a) =Vt xaand 7y : H® — V4, W&j(a) =axV
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Two types of foliations

Overview

Introduction and
Notations
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Two types of foliations

Overview Good news:
ducti d
Nowtione (H",V, my)

IS a regular () — m)- foliation. Moreover:

dim(mry ' (a)) = dim(V* xa) = Q —m
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Two types of foliations

Overview Good news:

Introduction and

Notations (Hn , V, 7TV)

IS a regular () — m)- foliation. Moreover:
dim(mry ' (a)) = dim(V* xa) = Q —m

Bad news:
(Hn7 VL? TyL )

IS NOT a regular m- foliation.
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Two types of foliations

Overview Good news:
ducti d
Nowtione (H",V, my)

IS a regular () — m)- foliation. Moreover:
dim(mry ' (a)) = dim(V* xa) = Q —m
Bad news:
(Hn7 VL? WVL)

IS NOT a regular m- foliation.
Improvement: (H", (V+,dg), my. ) is a regular m + 1- foliation, but
s=m+1>m= dim(w&i (a)), which for

m<a< 2" _andg=(Q-s)-p(l- )

p—Q+m

does not imply sharp results at endpoints.
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- Hesenberg Foliation Distortion

Overview

Introduction and
Notations
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- Hesenberg Foliation Distortion

Overview Redefine 3 as:

Introduction and
Notations

(Q—l—m)—g(l—%) a € m,z%},

(Q—m)—p(1-2) a € 53719—(]22”%)}'

B(p,m,a) = {
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Heisenberg Foliation Distortion

Overview Redefine 3 as:
Introduction and
Notations
Q@-1-m)-5(1-2) ae|m 2]
6(p7 m, Of) — m pm D
(Q—m)—p( _E> SR p—2’p—(Q—m)}'

Theorem 0.31. Let f € Wll’p(H”; Y), p > Q. Given a horizontal

subgroup V of H" of dimension 1 < m < n, and
pm

p—(Q—m)’

m < a <

it holds that

dimg{a € V* : dim f(a * V) > a} < B(p, m, a).
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- Sharpnessin H

Overview

Introduction and
Notations
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Sharpnessin H

Overview Theorem 0.33. Let V, denote the horizontal subgroup defined by
Introduction and [
Notations the x-axis in H, and let p > 4. For each
p p
I<a< — < ——
“Sp—2"p-3

there is a compact set £, C V; and a continuous mapping
f € WHP(H;RR?) such that

0 < H5" (B, < oo

and dim f(a * V) > « for every a € E,,.
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Sharpnessin H

Overview Theorem 0.34. Let V, denote the horizontal subgroup defined by
Introduction and .-
Notations the x-axis in H, and let p > 4. For each
p p
I<a< — < ——
“Sp—2"p-3

there is a compact set £, C V; and a continuous mapping
f € WHP(H;RR?) such that

0 < H5" (B, < oo

and dim f(a * V) > « for every a € E,,.

Note: 2 — p(1 — 2) < 8 =2— 2(1—p(1 — %), however the example
IS asymptotically sharp

1 :
2—p(l——)—2,ifa—1.
Q
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