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Sierpinski carpets

Figure: The standard Sierpiriski carpet Ss.

Sergiy Merenkov (UIUC)

[m]

&
Quasisymmetries of Sierpinski carpet Julia sets

April, 2013

2/ 22



Whyburn's characterization

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiriski carpet Julia sets April, 2013 3/22



Whyburn's characterization
Sierpinski carpet—

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiriski carpet Julia sets April, 2013 3/22



Whyburn's characterization
Sierpinski carpet—

planar continuum

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiriski carpet Julia sets April, 2013 3/22



Whyburn's characterization
Sierpinski carpet—
planar continuum

topdim=1

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpinski carpet Julia sets

April, 2013

3/ 22



Whyburn's characterization
Sierpinski carpet—

planar continuum

topdim=1

locally connected

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiniski carpet Julia sets

April, 2013

3/ 22



Whyburn's characterization
Sierpinski carpet—

planar continuum

topdim=1

locally connected

no local cut points

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpifiski carpet Julia sets April, 2013 3/22



Whyburn's characterization
Sierpinski carpet—

planar continuum

topdim=1

locally connected

no local cut points

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiriski carpet Julia sets

April, 2013

3/ 22



Whyburn's characterization

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiriski carpet Julia sets April, 2013 4 /22



Whyburn's characterization

Figure: http://www.knowledgesutra.com /forums/user/105975-bikerman/
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Figure: http://www.knowledgesutra.com /forums/user/105975-bikerman/

B;—disjoint topological discs
S = S?\ UB; has no interior
diam(B;) — 0
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Schottky sets

Figure: http://www.math.harvard.edu/ctm/gallery/
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Schottky sets

Figure: http://www.math.harvard.edu/ctm/gallery/

diam(B;) — 0—automatic
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Figure: S, p=>5.
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Standard Sierpinski p-carpet

Figure: S, p=>5.

S, homeomorphic to S3
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Quasisymmetric deformations
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Standard Sierpinski carpets

Theorem (M. Bonk, S. M.)

Quasisymmetry group of S3 is its symmetry group.
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Standard Sierpinski carpets

Theorem (M. Bonk, S. M.)

Quasisymmetry group of S3 is its symmetry group.

Theorem (M. Bonk, S. M.)
The quasisymmetry group of Sy, is finite dihedral.
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Standard Sierpinski carpets
Theorem (M. Bonk, S. M.)
p# q = Sp and Sq are quasisymmetrically distinct.

Theorem (M. Bonk, J. Tyson)

log(p? — 1 | -1
og(p—1) _; , logla—1)

log p log g
= Sp and Sq are quasisymmetrically distinct.
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Theorem (M. Bonk, B. Kleiner, S. M.)
S, S —Schottky sets
f: S — S—quasisymmetry
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Julia sets

Figure: fi(z) =22+ 2%, A=—%.

Quasi-self-similarity:
1
3f:—(JNB(p.r)) =+ J  — Lbi-Lipschitz.
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Corollary
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Corollary

f—postcritically finite rational map
J (f)—Sierpiriski carpet
G—Kleinian group

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiniski carpet Julia sets

April, 2013

14 /22



Corollary

f—postcritically finite rational map
J (f)—Sierpiriski carpet

= QS(J(f))—finite

Corollary

f—postcritically finite rational map
J (f)—Sierpiriski carpet
G—Kleinian group

= J(f) » N(G)
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Outline of the proof
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D—Jordan domain

oD c J(f), disjoint from the closures of Fatou components
hn, = h—homeomorphism

Theorem (M. Bonk)

f —postcritically finite, J(f)—carpet
= 3 . J(f) — S—quasisymmetry,
S—Schottky set.
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Conformality

Theorem (S. M.)

D, D c C—Jordan domains
S C D, S C D—relative Schottky sets

Assumptions:
» f: S — S—quasisymmetry

Conclusion:
f—conformal in S:

wpes, fp)= lim [A=fP)

Moreover: f—locally bi-Lipschitz in S;
f'—locally Lipschitz in S.
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f: SNU— S—local homeomorphism
Assumptions:

v

S—locally porous
S N U—-connected
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v

v

v

f'—continuous in SN U
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Rigidity

D ¢ C—domain
S C D—relative Schottky set
U C D—open
Theorem (S. M.)
f: SNU— S—local homeomorphism
Assumptions:
» S—ilocally porous
» SN U—connected
» f—conformal in SN U
» f'—continuous in SN U

f(p)=p and f'(p) =1

Conclusion: f = id.

v
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|dea of proof

Suppose 3 (pk), pk € SNU
Pk — P
f(pPk) # P

Define )\k = f(pk) — Pk 75 0, —0

snu—f=s

=Pk z—py
Ak Py

Se(U) =5,
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Define A\ = f(pk) — Pk 75 0,—0

snu—f=s

=Pk z—py
Ak Py

Se(U) =5,

Sk(U), Sk — Sso—-contains arbitrarily large peripheral circles

f + Aezp) —
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Pk — P
f(pPk) # P

Define A\ = f(pk) — Pk 75 0,—0

snu—f=s

=Pk z—py
Ak Py

Se(U) =5,

Sk(U), Sk — Sso—-contains arbitrarily large peripheral circles

p _ f(pk+ Mzi) —pi f(pr+ Awz) — f(px)
«(zi) = =
Ak AkZk

Zk—|—1
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Pointwise convergence

Lemma (S. M.)

Assumptions:

» S—locally porous at p
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Pointwise convergence

Lemma (S. M.)

Assumptions:

v

S—locally porous at p

v

3 f: SN U — S—Schottky map (conformal, continuous derivative)

> f(p) =p and f'(p) # 1
h: SNV — S—L-bi-Lipschitz, Schottky

\4
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Pointwise convergence

Lemma (S. M.)
Assumptions:
» S—Ilocally porous at p

» 3 f: SN U — S—Schottky map (conformal, continuous derivative)
> f(p) =p and f'(p) # 1
» h: SNV — S—L-bi-Lipschitz, Schottky

Conclusion:
Either h(p) = p
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Conclusion:
Either h(p) = p or |h(p) — p| > ¢

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpifiski carpet Julia sets April, 2013 20 / 22



Pointwise convergence

Lemma (S. M.)

Assumptions:

» S—Ilocally porous at p

» 3 f: SN U — S—Schottky map (conformal, continuous derivative)
> f(p) =p and f'(p) # 1

» h: SNV — S—L-bi-Lipschitz, Schottky

Conclusion:

Either h(p) = p or |h(p) — p| > ¢
36 =5(V,L) > 0.
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Theorem (S. M.)
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Stabilization

Theorem (S. M.)
Assumptions:

» S—IJocally porous

» SN U—connected

» f: SN U — S—Schottky

f(p) = p and f'(p) # 1
hg: SNU — S, k € N,—Schottky homeomorphisms

v

v
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Stabilization

Theorem (S. M.)

Assumptions:
» S—IJocally porous
» SN U—connected
» f: SN U — S—Schottky

f(p) = p and f'(p) # 1
hg: SNU — S, k € N,—Schottky homeomorphisms

v

v

v

hx = h—homeomorphism
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Stabilization

Theorem (S. M.)

Assumptions:

» S—IJocally porous

» SN U—connected

» f: SN U — S—Schottky

f(p) = p and f'(p) # 1

» he: SNU— S, k € N,—Schottky homeomorphisms

> h, = h—homeomorphism

v

Conclusion:
hy = h, Yk > N.
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Functional equation

Recall: hy =& 1ogMkolof

hi = hxy1 = g"o&=gMo&oflinan open set of J(f)
Rigidity = g" o & = g™ o € o f! globally

Passing to iterates, counting degree =

g"tlog=gMotof!, VimeN m>N
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Functional equation
Recall: hy =& togMofof

hi = hxy1 = g"o&=gMo&oflinan open set of J(f)
Rigidity = g" o & = g™ o € o f! globally
Passing to iterates, counting degree =

gt og=gMotof!, VI.meN, m>N

Bottcher coordinates = £é—extends conformally into every periodic Fatou
component

Functional equation = conformal extension of ¢ lifts into every Fatou
component

= ¢ has a quasiconformal extension, conformal a.e. = £—Mobius. Ol
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