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Linear cocycles over hyperbolic systems

f: M — M an Anosov diffeomorphism or a hyperbolic system:
locally maximal hyperbolic set, subshift of finite type, Anosov flow.
Also, some accessible partially hyperbolic diffeomorphisms.

P: & — M s a Holder continuous finite dim’l vector bundle;

F:&— & isaHolder continuous linear cocycle over f, i.e.
F

Pi - Pi and Fy : & — Ep is a linear isomorphism
f which depends Holder continuously on x.
M - M

Derivative cocycle: F = Df is a cocycle on £ = TM,
more generally: Df|e/, where £ is a Df-invariant sub-bundle.

Trivial bundle: £ =M xRY, & =R9, F: M — GL(d,R).
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Cohomology and classification of cocycles

Let F, F: & — & be linear cocycles over f.

Definition

F and F are cohomologous if there exists Cy € GL(E) such that
Fo = Ca F G

Problems: Classification. Reduction to a smaller group.

Oseledets Multiplicative Ergodic Theorem: There exist
numbers \; < --- < \;, an f-invariant set X with pu(X) =1,
and an F-invariant decomposition of £ for x € X

Ex = E)\l(X) S D EA/(X)

such that for any nonzero v € Ej (x), Iirjrg n~Ylog ||Flv| = A;.
n——1 oo
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Zimmer's Amenable Reduction

f — an ergodic transformation of a measure space (X, ),
F: X — GL(d,R) — a measurable cocycle.

Then F is measurably cohomologous to a cocycle with values
in an amenable subgroup of GL(d,R).

There are 2971 “standard” amenable subgroups of GL(d,R):

Al x L.. x%

0 A .o A; = ¢; - (d; x d; orthogonal matrix)
U and di +---+ dx =d.

0 0 A
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For a periodic point p = f"p in M, consider the return map
Fg: an—1p0-'-OFprFpi gp—)gp

Question: What can be said about F based on its
periodic data {F]} 7

Question: What assumptions on the periodic data
ensure that is F conformal (isometric)?
In particular, suppose that whenever f"p = p,

e Fj is an isometry with respect to an inner product on &p;

e F; is conformal with respect to an inner product on &p;

@ The eigenvalues of Fj are of the same modulus,
equivalently, FJ has only one Lyapunov exponent.
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Conformal and isometric cocycles

Let F be a Holder continuous linear cocycle over Anosov f.

Theorem (B.K., V. Sadovskaya.)

Let d = 2. If whenever p = f"p, F is conformal (isometric)
with respect to an inner product on &,

then F is conformal (isometric)
with respect to a Holder continuous Riemannian metric on E.

If £ = M xR?, F is Holder cohomologous to a cocycle with values
in the conformal (orthogonal) subgroup of GL(d,R).

For d > 3 the Theorem holds if the conformal structures on &,
are uniformly bounded.

Conformal structure on R? is a class of proportional inner products.
Conformal structures = real symmetric positive definite d x d
matrices with determinant 1 ~ SL(d,R)/SO(d,R).
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Isometric at periodic points, but not conformal, in dim 3

Example (dim &, > 3)

There exists F : £ — & such that whenever f"p = p
F; is isometric with respect to an inner product on &, but
F is not conformal with respect to any continuous metric on &.

cosa(x) —sina(x) €
Let £ = M x R3, Fy=| sina(x) cosa(x) 0
0 0 1

Let S be a closed f-invariant set in M without periodic points;
a:M—=R, ax)=0forxeS and 0<a(x)<eforx¢$S

1 0 ne .
F is not conformal w.r. to an
ForxeS, Ff=|0 1 0 ! ) / e
00 1 continuous Riemannian metric.

At p=1f"p, Fj is diagonalizable with eigenvalues of modulus 1.
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Outline of the proof - general case

Quasiconformal distortion (V) |: ve&s, |v]|=1}
) o v) |- ve&y, |lvi=1
Kr(x,m) = |IF2] - [(FD) ) =

(W veéu [Ivi=1}

max { ||
min { ||

Fn
Fr

If there is Cper such that (x) Kg(p, n) < Cper whenever f"p = p,

then F is conformal with respect to a Hélder continuous
Riemannian metric on £.

(*) = F has only one Lyapunov exponent at each p = f"p
— (xx) Ke(x,n) < Cel"l forall x e M and ne Z

(*), (*¥) = Kg(x, n) is uniformly bounded for all x and n,
i.e. F is uniformly quasiconformal

= F preserves a measurable bounded conformal structure on £

— F preserves a Holder continuous conformal structure on &
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Lyapunov exponents

The largest and smallest Lyapunov exponents of F w.r.t. u:

1

A (F ) = lim =log|F]|, for pa.e. x € M,
n—oo n
1

A_(F,p) = lim =log|[(FM)7Y|7* for pa.e x € M.
n—oo N

Theorem

Suppose that there exists v > 0 such that
A+ (F,p) — A_(F, p) <~ for every f-periodic point p. Then
A (F,p) — A_(F, ) <~ for any ergodic f-invariant measure .
Moreover, for any € > 0 there exists C. such that
Ke(x,n) < C.elrtalnl for all x € M and n € Z.
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Fiber bunched cocycles

f: M — M transitive Anosov: TM = E*® EY, where
[Df(vo)|| < v(x) <1 <~(x) < |Df(v)|l

Definition

A (-Holder cocycle F over f is fiber bunched if
I - IECH - v(x)P <1 and [IFl- 1T (1/4(x))7 < 1.

Fiber-bunching ensures convergence of (F)')~! F for y € W*(x),
which gives linear maps Hy , : Ex — &,.

Theorem (B.K., V. Sadovskaya)

If F be a fiber bunched and p is an ergodic measure with full
support and local product structure then any p-measurable
F-invariant conformal structure on £ is Holder continuous.

If A (F,u) = A_(F, ), then any u-measurable F-invariant
sub-bundle of £ is Holder continuous. )
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Continuous Amenable Reduction

Theorem (B.K., V. Sadovskaya)
Suppose that F is fiber bunched and M\ (F,u) = A_(F, p).

Then there exists a finite cover F:E5E&of F, NeN,
and a flag of continuous F"-invariant sub-bundles

oy =E%céElc.céclcel=¢
such that each factor-cocycle induced by FN on & /f"*l,

preserves a continuous conformal structure, i.e.
is conformal w.r.t. a continuous Riemannian metric on £'/E/~1.

For any finite cover p: /\N;l — M ’Ehe puUback of £ is
a vector bundle & over M. If f: M — M is a cover of f,
then F lifts uniquely to a linear cocycle F : £ — &£ over f.
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Amenable subgroups of GL(d,R) [ Moore, 1979]

There are 2971 “standard " amenable subgroups of GL(d,R)
corresponding to distinct compositions of d, d = d; + - -+ + dk.
Each subgroup consists of all matrices

A1 * *

where each A; is a scalar multiple
0 A of a d; x d; orthogonal matrix
Do T and di + -+ di = d.
0 ... 0 A

Any amenable subgroup of GL(d,R) has a finite index subgroup
contained in a conjugate of “standard” amenable subgroup.

Am amenable group which does not lie in any such conjugate:

The finite extension of the diagonal subgroup
that contains all permutations of the coordinate axes.
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Continuous Amenable Reduction — special case

Let f: M — M be a transitive Anosov diffeomorphism.

F: & — & is a Holder linear cocycle over f.

Theorem (B.K., V. Sadovskaya)

Suppose that for every f-periodic point the invariant measure fi,
on its orbit satisfies A\ (F,pp) = A_(F, up), and hence
M (F,v) = A_(F,v) for every ergodic f-invariant measure v.

Then there exist a flag of Holder F-invariant sub-bundles
{0}=€&%cé&lc..c&lce=¢

and Holder Riemannian metrics on the factor bundles Ei/c‘,'i_l,
so that for some positive Holder function ¢ : M — R
the factor-cocycles induced by ¢F on £'/E=1 are isometries.

If the flag is trivial, F is conformal on &.
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Corollary: Polynomial growth

Corollary

Let f be a transitive Anosov diffeomorphism.

Suppose that for every f-periodic point the invariant measure ji,
on its orbit satisfies A\ (F,pp) = A_(F, ip).

Then the quasiconformal distortion of F satisfies

Ke(x,n) € ([E7)| - [(FM)~1] < Cn®™ for all x € M and n € N.

Moreover, if A\ (F,pp) = A_(F,up) =0 for every pp,
then ||F%|| < Cn™ for all x € M and n € N.

m 1 is the number of non-trivial sub-bundles in the flag

J p—
d—

IN ||
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Example — no invariant sub-bundles and conf. structures

There exists an analytic cocycle F on & = T? x R? over an Anosov
automorphism f of T? so that F is fiber bunched and has only one
Lyapunov exponent with respect to the Haar measure i, but has
no invariant p-measurable sub-bundles and conformal structures.

T2 = R?2/(4Z x Z) is a 4-cover of T2,

Ax) — [ ax) 0 } | where a(x) = 1 + ecos(mxy),

0  b(x) b(x) =1 — ecos(mx1)
C(x) = R(%x1), the rotation by Zxi.

32 25
f and f — the induced automorphisms of T2 and T2.
f_:(X) = 6()_‘x) /Z\(x) (_f(x)’1

Fis 1-periodic in x; and x», hence projects to an analytic F on T2,

A hyperbolic matrix in SL(2,Z) =1d mod 4, e.g. { a 32 ],
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