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0 Introduction

KH

Harmonic Sierpiński gasket KH

• a“Riemannian structure”
inherited from R2

• (Kigami ’08) GAUSSIAN bound for pH
t (x, y)

• (K.) Varadhan’s asymp.: 4t log p
H
t (x, y)

t↓0→ −ρH(x, y)
2

Q. Asymp. of Laplacian eigenvalues {λH
n }n∈N?
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cf.Weyl’s Laplacian eigenvalue asymp. for U ⊂ Rd

B {λU
n }n∈N : the eigenvalues of −∆Dirichlet

U

B NU(λ) := #{n ∈ N | λU
n ≤ λ},

ZU(t) :=
∑

n∈N e−tλU
n =

∫
U

pU
t (x, x)dx

Thm (Weyl 1912). NU(λ) λ→∞∼ cdVold(U)λd/2.

Equivalently, ZU(t)
t↓0∼ (4π)−d/2Vold(U)t−d/2.

pU
t (x, x)

t↓0∼ (4π)−d/2t−d/2

⇑
+“≤” (some uniformity)

Q. For KH, what appears in place of Vold?
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1 Measurable Riemannian structure on the S.G.

B (E, F): Standard Dirich. form on K (F ⊂ C(K))

“E(u, v) =
R

Rd〈∇u, ∇v〉dx”
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1 Measurable Riemannian structure on the S.G.

B (E, F): Standard Dirich. form on K (F ⊂ C(K))

Kigami ’93: Harmonic embedding Φ : K → KH

Sierpinski gasket K Harmonic Sier. gasket KH

-
Φ := (h1, h2)

h1, h2 :V0-harmonic
E(hi, hj) = δij

t t
t

V0
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Energy measures µ〈u〉, u ∈ F∫
K

fdµ〈u〉 = E(fu, u) − 1
2
E(f, u2), ∀f ∈ F .

“dµ〈u〉 = |∇u|2dx”

B µ := µ〈h1〉+ µ〈h2〉 : Kusuoka measure
(Energy of the “embedding”Φ)

Thm (Kusuoka ’89, Kigami ’93).
∃Z : K → R2×2 Borel, Z2 = Z∗ = Z, rank Z = 1,

dµ〈u〉 = |Z∇u|2dµ, E(u, u) =
∫

K

|Z∇u|2dµ
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for u = v ◦ Φ, v ∈ C1(R2), where ∇u := (∇v) ◦ Φ.
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“Riemannian structure” on the S.G.

dµ〈u〉 = |Z∇u|2dµ, E(u, u) =
∫

K
|Z∇u|2dµ.

B TxK := Im Zx: 1-dim. tangent sp. with Riem. metric

•µ : “Riemannian volume measure”

• Z∇u : “gradient vector field” of u ∈ C1(KH)

• (E , F) : assocaited Dirichlet form (“H1-Sobolev sp.”)

B ∆µ: Laplacian for (K,µ, E, F), that is,

E(u, v) = −
∫

K
v∆µudµ

B pH
t (x, y): fundamental solution

(heat kernel)
for ∂u

∂t
= ∆µu
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ρH(x, y) : Geodesic metric in KH
(Kigami ’08)

x
u

yu
γ

ρH(x, y)

:= inf
γ:x 

K
y
`R2(Φ ◦ γ)
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ρH(x, y) : Geodesic metric in KH
(Kigami ’08)

x
u

yu
γ

ρH(x, y)

:= min
γ:x 

K
y
`R2(Φ ◦ γ)
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Gaussian heat kernel bound and Varadhan’s asymp.

Thm (Kigami ’08). For t > 0, x, y ∈ K,

pH
t (x, y) �

c1

µ
(
B√

t(x, ρH)
) exp

(
−

ρH(x, y)2

c2t

)
.

Thm (K. ’12). For any x, y ∈ K,

ρH(x, y)= sup{u(x) − u(y) | u ∈ F , µ〈u〉 ≤ µ}.

Cor (Thm

6
+ Raḿırez ’01). For any x, y ∈ K,

(Vrd) lim
t↓0

4t log pH
t (x, y) = −ρH(x, y)2.



7/14

Gaussian heat kernel bound and Varadhan’s asymp.

Thm (Kigami ’08). For t > 0, x, y ∈ K,

pH
t (x, y) �

c1

µ
(
B√

t(x, ρH)
) exp

(
−

ρH(x, y)2

c2t

)
.

Thm (K. ’12). For any x, y ∈ K,

ρH(x, y)= sup{u(x) − u(y) | u ∈ F , µ〈u〉 ≤ µ}.

Cor (Thm

6
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2 Main Thm: Weyl’s Laplacian eigenvalue asymp.

B d := dimH(K, ρH) ∈ (1.17, 1.52)

Prop (K.). H
d
ρH

`

Br(x, ρH)
´

� rd , r ∈ (0, 1], x ∈ K .

Thm (K.). ∃cN > 0, ∀U ⊂ K open, H
d
ρH(∂U ) = 0,

lim
λ→∞

NU(λ)

λd/2
= cNHd

ρH
(U).
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= cNHd

ρH
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Proof. To follow Kigami-Lapidus’ method, we use
Kesten’s renewal thm for Markov chains [Ann. Prob. ’74].
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= cNHd

ρH
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Q. How are µ=µ〈h1〉+µ〈h2〉 and Hd
ρH

related?
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2 Main Thm: Weyl’s Laplacian eigenvalue asymp.

B d := dimH(K, ρH) ∈ (1.17, 1.52)

Prop (K.). H
d
ρH

`

Br(x, ρH)
´

� rd , r ∈ (0, 1], x ∈ K .

B {λU
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µ,U
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Thm (K.). ∃cN > 0, ∀U ⊂ K open, H
d
ρH(∂U ) = 0,

lim
λ→∞

NU(λ)

λd/2
= cNHd

ρH
(U).

Thm (K.). µ⊥ Hd
ρH

.
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Singularity of measure Hd
ρH

appearing in the limit

Prop (K. ’12). 1 < ∃dloc ≤ d, for µ-a.e. x ∈ K,

lim
t↓0

2 log pH
t (x, x)

− log t
= lim

r↓0

log µ
`

Br(x, ρH)
´

log r
= dloc.

Thm (K.). dloc<< d.

Cor (K.). µ ⊥ Hd
ρH

.
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lim
t↓0

2 log pH
t (x, x)

− log t
= lim

r↓0

log µ
`

Br(x, ρH)
´

log r
= dloc.

Thm (K.). dloc<< d.

Cor (K.). µ ⊥ Hd
ρH

.

∵ dimH,ρH

“n

x ∈ K
˛

˛

˛

lim
r↓0

log µ(Br(x,ρH))

log r
= dloc

o”

= dloc.

µ-full by Prop., Hd
ρH-zero by dloc <d

6
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3 Connections to theories on metric meas. spaces

Characterization of shortest paths in KH (K. ’13)

u
u

γ

u

u
Φ◦γ

A
A

•Such paths are the ONLY
locally shortest paths in KH
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3 Connections to theories on metric meas. spaces

Characterization of shortest paths in KH (K. ’13)

u
u

γ
•Such paths are the ONLY

locally shortest paths in KH

Cor (K.). For (K, ρH, µ), k ∈ R, N ∈ [1, ∞],
•CD(k, N) (Sturm 06’, Lott-Villani ’07, ’09) fails.

•MCP(k, N) (Sturm 06’, Ohta ’07) fails, N < ∞.

B CD(k, N ),MCP(k, N ): metric-measure paraphrase of

Ricg ≥ kg and dim M ≤ N .
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Rademacher’s thm for “Riemannian structure”

Thm (Koskela-Zhou ’12, cf. Hino ’10). Let u ∈ F .

Then for µ-a.e. x ∈ K, ∃1∇̃u(x) ∈ TxK s.t.

lim
y→x

u(y) − u(x) −
˙

e∇u(x), Φ(y) − Φ(x)
¸

ρH(y, x)
= 0.

Moreover dµ〈u〉 = | e∇u|2dµ, E(u, u) =

Z

K

| e∇u|2dµ.

Thm (Koskela-Zhou ’12). For u ∈ F , for µ-a.e. x ∈ K ,

| e∇u(x)| = (LipρH
u)(x) := lim sup

y→x

|u(y) − u(x)|
ρH(x, y)

,

and E(u, u) = ChρH,µ
2 (u). Also F = H1,2(K, ρH , µ).
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Difficulties also for Weyl’s asymp.

Prop. lim
r↓0

µ
(
B2r(x, ρH)

)
µ

(
Br(x, ρH)

) = ∞ for µ-a.e. x ∈ K.

Cor (Bate-Speight ’13, cf.Bate ’12, Gong ’12).

There is NO m’ble diff. str. in Cheeger’s sense!

Thm (Hino ’10). Let u ∈ F . For µ-a.e. x ∈ K,
∃1∇̃u(x) ∈ TxK s.t.

lim
r↓0

sup
y∈Br(x,ρH)

˛

˛u(y)−u(x)−
˙

e∇u(x),Φ(y)−Φ(x)
¸

˛

˛

r
= 0.
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(Hopefully) possible extensions to other fractals

• should be fine but not small difficulties

(note that dim TxK = 1 (Kusuoka ’89))

• Gaussian HK bound NOT valid,

Difficulties also for Weyl’s asymp.

• Weyl’s asymp. should be possible by
special reasons (ongoing work)
(hi|Kw can be constant!)

• Would love to do but absolutely NO idea!


