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0 Introduction

® Homeomor. to K :
by a harmonic map

® a “Riemannian structure”
inherited from R?

® (Kigami '08) GAUSSIAN bound for p.*(x, y)

® (K.) Varadhan’s asymp.: 4tlogp!*(z,y) = —pw(z,y)>

Q. Asymp. of Laplacian eigenvalues {\*}, cx?
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cf. Weyl’s Laplacian eigenvalue asymp. for U C R“
> {AS{}%N: the eigenvalues of —ABiriChlet
> Ny (M) :=#{n e N| A <A}

Zu(t) := > ,en e~ tAn — [ Y (z, x)dx

Thm (Weyl 1912). Ny () “ =™ cqVolg (U)AY/2.

Equivalently, Z () '~ (47)~%2Vol,(U)t—%/2.
()

p?(w, x) 0 (477)_d/2t_d/2 + “<" (some uniformity)

Q. For K4,, what appears in place of Vol;?



1 Measurable Riemannian structure on the S.G.

> (£, F): Standard Dirich. form on K (F C C(K))
“E(u,v) = [a(Vu, Vu)da”
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1 Measurable Riemannian structure on the S.G.

> (£, F): Standard Dirich. form on K (F C C(K))

Kigami '93: Harmonic embedding ¢ : K — Ky

P (hl, hz)

hi,h>: Vo-harmonic

Sierpinski gasket X'  Harmonic Sier. gasket Ky
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® .. L self-similar (Bernoulli) meas. (Hino-Nakahara '06)
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Energy measures L), u € F

/ Jdp iy = E(fu,u) — %g(f,uz), V.f c F.
K “‘dpL(u} = |Vu|2dzc"‘

>| L i= [(h,) T M(nsy) |: Kusuoka measure
(Energy of the “embedding” ®)

Thm (Kusuoka '89, Kigami '93).
7 K — R**?2 Borel, Z? = Z* = Z, rank Z = 1,

dugy = |Z2Vuldn, E@uw) = [ |ZVudn

for u = v o ®, v € C'(R?), where Vu := (Vo) o &.
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“Riemannian structure” on the S.G.
diviyy = |ZVul?dp,  E(u,u) = [ |ZVul|?dp.
> T, K :—= Im Z,:1-dim. tangent sp. with Riem. metric

® /L : “Riemannian volume measure”
® ZVu : “gradient vector field” of u € C"'(Kx)
® (£, F) :assocaited Dirichlet form (“H *-Sobolev sp.”)

> A,,: Laplacian for (K, W4, E,F), that is,
E(u,v) = — [ vA, udp

> p/*(x,y): fundamental solution for 9u — A, u

(heat kernel) ot
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pr(x,vy): Geodesic metric in Ky
(Kigami '08)

p’l-t(wv y)
= inf flp2(P o)

VY
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pr(x,vy): Geodesic metric in Ky
(Kigami '08)

pH(wv y)
:= min Lg2(P o )

YTy
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Gaussian heat kernel bound and Varadhan’s asymp.

Thm (Kigami '08). Fort > 0, =,y € K,

C1 pH(LB, y)z
plt(z,y) < eXP( >
n(B s (x, pr)) Cat

Thm (K. '12). For any =,y € K,
pr(z,y) = sup{u(z) —u(y)| v € F, py < p}.

'3

Cor (Thm 4+ Ramirez '01). For any =,y € K,

(Vrd)  lim4tlogp;*(z,y) = —pr(z,y)".
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2 Main Thm: Weyl’s Laplacian eigenvalue asymp.

>d = dimu (K, px) € (1.17,1.52)
Prop (K.). K, (B, (z,px)) <7 r € (0,1],z € K.

> { ., }nen:the eigenvalues of —Aﬂf]{}cmet

> Nu(A):=#{n e€N| X, <A} (U C K open)
Thm (K.). “ex > 0, "U C K open, H;_, (dU) = 0,

. Nu(A)
Iim
A—oco \4/2

— CN:}CT;H (U)

Proof. To follow Kigami-Lapidus’ method, we use
Kesten’s renewal thm for Markov chains [Ann. Prob. '74].
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2 Main Thm: Weyl’s Laplacian eigenvalue asymp.

>d = dimu (K, px) € (1.17,1.52)
Prop (K.). K, (B, (z,px)) <7 r € (0,1],z € K.

> { ., }nen:the eigenvalues of —Aﬂff}cmet

> Nu(A):=#{n e€N| X, <A} (U C K open)
Thm (K.). “ex > 0, "U C K open, H;_, (dU) = 0,
Nu(A)

: _ d
}\ILII;O NS enHo (U).

Q. How are [t = fL(p, )+ [ (h,) and }Czﬂ related?
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2 Main Thm: Weyl’s Laplacian eigenvalue asymp.

>d = dimu (K, px) € (1.17,1.52)
Prop (K.). K, (B, (z,px)) <7 r € (0,1],z € K.

> { ., }nen:the eigenvalues of —Aﬂff}cmet

> Nu(A):=#{n e€N| X, <A} (U C K open)
Thm (K.). “ex > 0, "U C K open, H;_, (dU) = 0,
. NU()‘) d
AILH;O \d/2 ~ CNG{PH(U)'

Thm (K.). p L 3¢ .
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Singularity of measure }Cgﬂ appearing in the limit

Prop (K. '12). 1 < 7d'°° < d, for pu-a.e. ¢ € K,

2 logp (x,x) . IOgN(Br (z, pH)) loc
lim = lim =d .
tl0 — log t r10 log r

Thm (K.). d°°< d.

Cor (K.). b L 3¢ .
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Singularity of measure }CZH appearing in the limit

Prop (K. '12). 1 < 7d'°° < d, for pu-a.e. ¢ € K,

lim — lim — d'°c.
tlo — logt r]0 log r

Thm (K.). d°°< d.

Cor (K.). b L 3¢ .

dimH,pH({cc c K

lim loglvl'(lB'r’(mapH)) — leC}) — dloc.
’T’lO ognr

p-full by Prop., 3(5_-zero by d'°° < d
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3 Connections to theories on metric meas. spaces

Characterization of shortest paths in K4 (K. '13)

e Such paths are the ONLY
locally shortest paths in K4

Cor(K) For (K, pr,1t), Kk € R, N € [1, 00],
® CD(k, N) (Sturm 06’, Lott-Villani '07,°09) fails.
® MCP(k, N) (Sturm 06’, Ohta '07) fails, N < oc.

> CD(k, N ), MCP(k, N ): metric-measure paraphrase of
Ric, > kg and dim M < N.
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Rademacher’s thm for “Riemannian structure”

Thm (Koskela-Zhou '12, cf. Hino '10). Let u € F.
Then for p-a.e. ¢ € K, *Vu(z) € T, K s.t.

o u(y) — u(z) — (Vu(z), (y) — ®(z)) _
y—a pr (Y, x)

0.
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Rademacher’s thm for “Riemannian structure”

Thm (Koskela-Zhou '12, cf. Hino '10). Let u € F.
Then for p-a.e. ¢ € K, *Vu(z) € T, K s.t.

oouly) —u@) - (Vu(z), ®(y) — ®(z))
y—e PH (va)
Moreover dfi(,) = Vul?du, E(u,u) =/ IVu|?dp.
K

0.

Thm (Koskela-Zhou ’'12). For u € F, for p-a.e. x € K,

u(@)| = (Lip,,, u)(@) = lim sup 1220 —12)
gy PH (LE, y)

and &£(u,u) = Ch47" (u). Also F = H"?*(K, p, ).
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Gaussian HK bound NOT valid,

Difficulties also for Weyl's asymp.

S— By (x PH
Prop. lim ( (@, )) — oo for p-a.e. x € K.

"0 N(Br(mv P’)—t))

Cor (Bate-Speight '13, cf. Bate '12, Gong '12).
There is NO m’ble diff. str. in Cheeger’s sense!

Thm (Hino '10). Let w € F. For p-a.e. x € K,
NVu(z) € TLK s.t.

. u(y) —u(z) —(Vu(z), (y) —2(x))]|
lim sup —

rl0 yEBr(CB,PH) r

0.
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(Hopefully) possible extensions to other fractals

% should be fine but not small difficulties
=~ (note that dim 7T, K = 1 (Kusuoka '89))

Gaussian HK bound NOT valid,
Difficulties also for Weyl’'s asymp.

~ Weyl’s asymp. should be possible by
special reasons (ongoing work)
(h:|x, can be constant!)

® = Would love to do but absolutely NO idea!




