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⊲ For 0 < α < 1 Besov spa
es Bα

p,p(R
n) 
oin
ide with fra
tional Sobolev spa
es

W
α,p(Rn) =

{

f ∈ L
p(Rn) :

∫

Rn

∫

Rn

|f(x)− f(y)|p

|x− y|n+αp
dy dx < ∞

}
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⊲ Yu. Brudnyi - Pie
ewise polynomial approximation, embedding theorem and rational approximation,

Le
ture Notes in Math., 1976

In parti
ular, Bα
p,p(R

n) = Wα,p(Rn), 0 < α < 1, 1 < p < ∞.

6 / 24



Tra
es of smooth fun
tions de�ned on R
n

Fun
tion spa
es in R
n

Triebel-Lizorkin spa
es

Let 1 < p < ∞, 1 ≤ q ≤ ∞ and 1 ≤ u ≤ min(p, q),

α > 0, k be an integer: k > α (e.g. k = [α] + 1)

7 / 24



Tra
es of smooth fun
tions de�ned on R
n

Fun
tion spa
es in R
n

Triebel-Lizorkin spa
es

Let 1 < p < ∞, 1 ≤ q ≤ ∞ and 1 ≤ u ≤ min(p, q),

α > 0, k be an integer: k > α (e.g. k = [α] + 1)

Triebel-Lizorkin spa
es Fα
p,q(R

n) 
onsists of fun
tions f ∈ Lp(Rn) su
h that

g ∈ Lp(Rn), where

g(x) :=

(
∫ 1

0

(

Ek(f,Q(x, t))Lu(Rn)

tα

)q
dt

t

)1/q

, if q < ∞,

and g(x) := sup{t−αEk(f,Q(x, t))Lu(Rn) : 0 < t ≤ 1}, if q = ∞.

7 / 24



Tra
es of smooth fun
tions de�ned on R
n

Fun
tion spa
es in R
n

Triebel-Lizorkin spa
es

Let 1 < p < ∞, 1 ≤ q ≤ ∞ and 1 ≤ u ≤ min(p, q),

α > 0, k be an integer: k > α (e.g. k = [α] + 1)

Triebel-Lizorkin spa
es Fα
p,q(R

n) 
onsists of fun
tions f ∈ Lp(Rn) su
h that

g ∈ Lp(Rn), where

g(x) :=

(
∫ 1

0

(

Ek(f,Q(x, t))Lu(Rn)

tα

)q
dt

t

)1/q

, if q < ∞,

and g(x) := sup{t−αEk(f,Q(x, t))Lu(Rn) : 0 < t ≤ 1}, if q = ∞.

7 / 24



Tra
es of smooth fun
tions de�ned on R
n

Fun
tion spa
es in R
n

Triebel-Lizorkin spa
es

Let 1 < p < ∞, 1 ≤ q ≤ ∞ and 1 ≤ u ≤ min(p, q),

α > 0, k be an integer: k > α (e.g. k = [α] + 1)

Triebel-Lizorkin spa
es Fα
p,q(R

n) 
onsists of fun
tions f ∈ Lp(Rn) su
h that

g ∈ Lp(Rn), where

g(x) :=

(
∫ 1

0

(

Ek(f,Q(x, t))Lu(Rn)

tα

)q
dt

t

)1/q

, if q < ∞,

and g(x) := sup{t−αEk(f,Q(x, t))Lu(Rn) : 0 < t ≤ 1}, if q = ∞.

⊲ H. Triebel - Lo
al approximation spa
es, Z. Anal. Anwendungen, 1989

7 / 24



Tra
es of smooth fun
tions de�ned on R
n

Fun
tion spa
es in R
n

Triebel-Lizorkin spa
es

Let 1 < p < ∞, 1 ≤ q ≤ ∞ and 1 ≤ u ≤ min(p, q),

α > 0, k be an integer: k > α (e.g. k = [α] + 1)

Triebel-Lizorkin spa
es Fα
p,q(R

n) 
onsists of fun
tions f ∈ Lp(Rn) su
h that

g ∈ Lp(Rn), where

g(x) :=

(
∫ 1

0

(

Ek(f,Q(x, t))Lu(Rn)

tα

)q
dt

t

)1/q

, if q < ∞,

and g(x) := sup{t−αEk(f,Q(x, t))Lu(Rn) : 0 < t ≤ 1}, if q = ∞.

⊲ H. Triebel - Lo
al approximation spa
es, Z. Anal. Anwendungen, 1989

F k
p,2(R

n) = W k,p(Rn), k ∈ N, 1 < p < ∞

7 / 24



Tra
es of smooth fun
tions de�ned on R
n

Fun
tion spa
es in R
n

Triebel-Lizorkin spa
es

Let 1 < p < ∞, 1 ≤ q ≤ ∞ and 1 ≤ u ≤ min(p, q),

α > 0, k be an integer: k > α (e.g. k = [α] + 1)

Triebel-Lizorkin spa
es Fα
p,q(R

n) 
onsists of fun
tions f ∈ Lp(Rn) su
h that

g ∈ Lp(Rn), where

g(x) :=

(
∫ 1

0

(

Ek(f,Q(x, t))Lu(Rn)

tα

)q
dt

t

)1/q

, if q < ∞,

and g(x) := sup{t−αEk(f,Q(x, t))Lu(Rn) : 0 < t ≤ 1}, if q = ∞.

⊲ H. Triebel - Lo
al approximation spa
es, Z. Anal. Anwendungen, 1989

F k
p,2(R

n) = W k,p(Rn), k ∈ N, 1 < p < ∞

Fα
p,2(R

n) = Lα,p(Rn), 1 < p < ∞ (Bessel potential spa
es)

7 / 24



Tra
es of smooth fun
tions de�ned on R
n

Fun
tion spa
es in R
n

Triebel-Lizorkin spa
es

Let 1 < p < ∞, 1 ≤ q ≤ ∞ and 1 ≤ u ≤ min(p, q),

α > 0, k be an integer: k > α (e.g. k = [α] + 1)

Triebel-Lizorkin spa
es Fα
p,q(R

n) 
onsists of fun
tions f ∈ Lp(Rn) su
h that

g ∈ Lp(Rn), where

g(x) :=

(
∫ 1

0

(

Ek(f,Q(x, t))Lu(Rn)

tα

)q
dt

t

)1/q

, if q < ∞,

and g(x) := sup{t−αEk(f,Q(x, t))Lu(Rn) : 0 < t ≤ 1}, if q = ∞.

⊲ H. Triebel - Lo
al approximation spa
es, Z. Anal. Anwendungen, 1989

F k
p,2(R

n) = W k,p(Rn), k ∈ N, 1 < p < ∞

Fα
p,2(R

n) = Lα,p(Rn), 1 < p < ∞ (Bessel potential spa
es)

Fα
p,p(R

n) = Bα
p,p(R

n)

7 / 24



Besov spa
es on d-sets

Ahlfors d-regular sets

Let Hd
denote d-dimensional Hausdor� measure on R

n
and

Q(x, r) = {y ∈ R
n : ‖x− y‖∞ ≤ r}.

A subset S ⊂ R
n
is 
alled an Ahlfors d-regular (or d-set) if there are c1, c2 > 0:

c1r
d ≤ Hd(Q(x, r) ∩ S) ≤ c2r

d

for every x ∈ S and 0 < r ≤ R
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Examples

Cantor-type sets,

self-similar sets...
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be a d-set with n− 1 < d ≤ n

If f ∈ Lu
loc(S), 1 ≤ u ≤ ∞, and Q is a 
ube 
entered at S ⊂ R

n
. Then

the normalized lo
al best approximation of f on Q in Lu(S) norm is

Ek(f,Q)Lu(S) := inf
P∈Pk−1

(

1

Hd(Q ∩ S)

∫

Q∩S

|f − P |u dHd

)1/u

.
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where 1 ≤ u ≤ p and k is an integer su
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The �rst approa
h to Besov spa
es on d-sets, 0 < d ≤ n, in terms of jet fun
tions

A. Jonsson - The tra
e of potentials on general sets, Ark. Mat., 1979
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f ∈ Lp(S) for whi
h the norm ‖f‖Bα
p,q(S) is �nite.

‖f‖Bα
p,q(S) := ‖f‖Lp(S) +

(
∫ 1

0

(

‖Ek(f,Q(·, τ))Lu(S)‖Lp(S)

τα

)q
dτ

τ

)
1

q

,

where 1 ≤ u ≤ p and k is an integer su
h that α < k.

The �rst approa
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es on d-sets, 0 < d ≤ n, in terms of jet fun
tions

A. Jonsson - The tra
e of potentials on general sets, Ark. Mat., 1979

⊲ Yu. Brudnyi - Sobolev spa
es and their relatives: lo
al polynomial approximation approa
h, in:

Sobolev spa
es in mathemati
s II, 2009
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Tra
e spa
es on d-sets, n − 1 < d < n

Tra
e of a fun
tion on a subset

Suppose that f ∈ L1
loc(R

n) and S ⊂ R
n
. At those points x ∈ S where exists

f̄(x) = lim
r→0+

∫

Q(x,r)

f(y) dy = lim
r→0+

1

|Q(x, r)|

∫

Q(x,r)

f(y) dy,

de�ne the restri
tion (tra
e) of f to S by

f |S(x) := f̄(x).
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tion (tra
e) of f to S by

f |S(x) := f̄(x).

By the Lebesgue di�erentiation theorem, f = f̄ a.e in R
n
.

If f ∈ Bα
p,q(R

n) or Fα
p,q(R

n), then for a d-set S with

d > n− αp

the tra
e f |S is well de�ned.
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e spa
es on d-sets, n − 1 < d < n Besov spa
es

Theorem

∗
(A. V�ah�akangas, L.I., 2011)

Let S be an d-set, n− 1 < d < n, 1 ≤ p, q < ∞ and α > (n− d)/p. Then

Bα
p,q(R
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Tra
e spa
es on d-sets, n − 1 < d < n Basi
 tools

Remez-type inequality

Let S be a d-set, n− 1 < d ≤ n.

Suppose that Q = Q(xQ, rQ) and Q′ = Q(xQ′ , rQ′ ) are 
ubes in R
n
su
h that

xQ′ ∈ S, Q′ ⊂ Q, rQ ≤ RrQ′
and r′Q ≤ R for some R > 0.

Then, ∀ p ∈ Pk

(

1

|Q|

∫

Q

|p|r dx

)1/r

≤ C

(

1

Hd(Q′ ∩ S)

∫

Q′∩S

|p|u dHd

)1/u

,

where 1 ≤ u, r ≤ ∞ and C depends on S, R, n, u, r, k.

⊲ A. Brudnyi and Yu. Brudnyi - Remez type inequalities and Morrey-Campanato spa
es on Ahlfors

regular sets, Contemp. Math., 2007
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Tra
e spa
es on d-sets, n − 1 < d < n Basi
 tools

The 
onstru
tion of the extension operator is based on a modi�
ation of the

Whitney extension method

Let WS denote a Whitney de
omposition of R
n \ S and

Φ := {ϕQ : Q ∈ WS} be a smooth partition of unity

To every 
ube Q = Q(xQ, rQ) ∈ WS assign the 
ube a(Q) := Q(aQ, rQ/2),
where aQ ∈ S is su
h that ‖xQ − aQ‖∞ = dist(xQ, S)
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{

f(x), if x ∈ S;
∑
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ϕQ(x)Pk−1,Qf(x), if x ∈ R

n \ S,

where the proje
tion Pk,Q : L1(a(Q) ∩ S) → Pk are su
h that

(
∫

a(Q)∩S

|f − Pk−1,Qf |
u dHd

)1/u

≈ Ek(f, a(Q))Lu(S).
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Fun
tion spa
es on a metri
 measure spa
e

Metri
 measure spa
e

Let (X, d, µ) be a metri
 measure spa
e, where (X, d) is a separable metri
 spa
e

and µ is a Borel regular measure su
h that 0 < µ(B) < ∞ for every ball B ⊂ X .

A measure µ on X is 
alled doubling if there is a positive 
onstant Cµ su
h that

µ(B(x, 2r)) ≤ Cµ µ(B(x, r)),

for ea
h x ∈ X and r > 0.
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onstant Cµ su
h that

µ(B(x, 2r)) ≤ Cµ µ(B(x, r)),

for ea
h x ∈ X and r > 0.

Haj lasz-Sobolev spa
es

Let S ⊂ X . For a measurable fun
tion u, denote by D(u) the 
lass of all

measurable fun
tions g : S → [0,∞) su
h that:

|u(x) − u(y)| ≤ d(x, y)(g(x) + g(y)) µ a.e.

Let 1 ≤ p < ∞, The spa
e M1,p(S) 
onsists of all u ∈ Lp(S) su
h that

D(u) ∩ Lp(S) 6= ∅. For u ∈ M1,p(S), the norm is de�ned as follows:

‖u‖M1,p(S) := ‖u‖Lp(S) + inf
g∈D(u)

‖g‖Lp(S)
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Fun
tion spa
es on a metri
 measure spa
e

Measure density 
ondition

A measurable set S ⊂ X is said to be regular if there are 
onstants θS ≥ 1 and

δS > 0 su
h that for every x ∈ S and 0 < r ≤ δS

µ(B(x, r)) ≤ θSµ(B(x, r) ∩ S). (1)
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If S ⊂ X is a 
losed set su
h that (1) holds, then there is a bounded linear

extension operator of M1,p(S) into M1,p(X) for all 1 ≤ p < ∞.
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Let S ⊂ X , 0 < α < 1 and u be a measurable fun
tion on S.

A sequen
e of nonnegative measurable fun
tions ~g = {gk}k∈Z on S is a fra
tional

α-Haj lasz gradient of u if there exists E ⊂ S with µ(E) = 0:
for all k ∈ Z and x, y ∈ S \ E satisfying 2−k−1 ≤ d(x, y) < 2−k

,

|u(x)− u(y)| ≤ d(x, y)α(gk(x) + gk(y)).

Denote by D
α(u) the 
olle
tion of all fra
tional α-Haj lasz gradients of u.
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Besov-type spa
es

The Haj lasz-Besov spa
e Nα
p,q(S) = Nα

p,q(S, d, µ) is the spa
e of all fun
tions

u ∈ Lp(S) for whi
h there exists ~g ∈ D
α(u) satisfying

‖~g‖lq(S,Lp) :=

(

∑

k∈Z

‖gk‖
q
Lp(S)

)1/q

< ∞.

The norm in Nα
p,q(S) is de�ned as

‖u‖Nα
p,q(S) := ‖u‖Lp(S) + inf

~g∈Dα
‖~g‖lq(S,Lp).
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Extension Theorem (Heikkinen, I., Tuominen)

Suppose that S is a 
losed regular subset of X , 0 < α < 1, 1 ≤ p, q < ∞. Then

there is a bounded linear extension operator of Nα
p,q(S) into Nα

p,q(X) for all
0 < α < 1, 1 ≤ p, q < ∞.
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Thank you!
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