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o lfm<n, 1<p<ooandk>(n—m)/p, then

n—m

k—
Wk’p(Rn”R"‘ =Bpp " (R™)

> For 0 < a < 1 Besov spaces By ,(R™) coincide with fractional Sobolev spaces
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Local polynomial approximations
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and OSUP =N E(f, Q(- ) Lurn) || Lrrny < 00, if ¢ =00

> Yu. Brudnyi - Piecewise polynomial approximation, embedding theorem and rational approximation,
Lecture Notes in Math., 1976

@ In particular, By ,(R") = W*P(R"), 0 <a <1, 1<p<oo.
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- Besovspcesondsets
Ahlfors d-regular sets

Let H¢ denote d-dimensional Hausdorff measure on R™ and
Qz,r) ={y e R": |z —ylloo <7}
A subset S C R™ is called an Ahlfors d-regular (or d-set) if there are ¢q, co > 0:
cr? < HY(Q(x,r) N S) < cor?

foreveryx € Sand 0<r <R
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Let H¢ denote d-dimensional Hausdorff measure on R™ and
Qz,r) ={y e R": |z —ylloo <7}
A subset S C R™ is called an Ahlfors d-regular (or d-set) if there are ¢q, co > 0:
cr? < HY(Q(x,r) N S) < cor?

foreveryx € Sand 0<r <R

@ Examples
Cantor-type sets,

self-similar sets...
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@ The first approach to Besov spaces on d-sets, 0 < d < n, in terms of jet functions
A. Jonsson - The trace of potentials on general sets, Ark. Mat., 1979

> Yu. Brudnyi - Sobolev spaces and their relatives: local polynomial approximation approach, in:
Sobolev spaces in mathematics |1, 2009
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If Qis a W¥*P-extension domain, 1 < p < oo, k > 1, then Q is an n-set.
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. Tacespacesondsetsn—1<d<n
Trace of a function on a subset

Suppose that f € L] .(R™) and S C R™. At those points = € S where exists
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lim ————
=0+ Q(z,r) r—0+ |Q($,7")| Q(z,r)

define the restriction (trace) of f to S by

fls(z) = f(=).
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loc
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f(z) = lim fly)dy = lim ——— f(y) dy,
) =0+ Q(z,r) ) r—0+ |Q($,7")| Q(z,r)

define the restriction (trace) of f to S by
fls(z) = f(=).
@ By the Lebesgue differentiation theorem, f = f a.e in R".
o If fe By (R")or F¥ (R™), then for a d-set S with
d>n—ap

the trace f|s is well defined.
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Traces of Triebel-Lizorkin spaces

Theorem™(A. Vihikangas, L.1., 2011)

Let SCR” bead-setwithn—1<d<n. Letl<p<oo, 1<gq<o0,and
a> (n—d)/p. Then

a— n—d
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Let SCR” bead-setwithn—1<d<n. Letl<p<oo, 1<gq<o0,and
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Theorem™(A. Vihikangas, L.1., 2011)

Let SCR” bead-setwithn—1<d<n. Letl<p<oo, 1<gq<o0,and
a> (n—d)/p. Then

n—d

F2.(RM)|s =By, ” (S).

> G.A. Mamedov, Traces of functions in anisotropic Nikol'skii-Besov and Lizorkin-Triebel spaces on
subsets of the Euclidean space, 1993

> K. Saka, The trace theorem for Triebel-Lizorkin spaces and Besov spaces on certain fractal sets. I.
The restriction theorem, 1995

> K. Saka, The trace theorem for Triebel-Lizorkin spaces and Besov spaces on certain fractal sets. Il.
The extension theorem, 1996
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_ mmcmmcckmecisose Rl
Remez-type inequality

Let Sbeadset, n—1<d<n.
Suppose that Q = Q(xg,rq) and Q' = Q(xq/,rq ) are cubes in R™ such that

zqg €8, Q CQ,rq < Rrg andry < R for some R > 0.
Then, ¥V p € Py

1 1/r 1 . 1/u
— prdx> §C<7,/ p"d’z'-l) ,
(1, HHQNS) Joyrs

where 1 < u,r < oo and C depends on S, R, n, u, r, k.

> A. Brudnyi and Yu. Brudnyi - Remez type inequalities and Morrey-Campanato spaces on Ahlfors
regular sets, Contemp. Math., 2007
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The construction of the extension operator is based on a modification of the
Whitney extension method

Let Wg denote a Whitney decomposition of R™ \ S and
@ := {pg : Q@ € Ws} be a smooth partition of unity

To every cube Q = Q(zq,rg) € Wy assign the cube a(Q) := Q(ag,7q/2),
where ag € S is such that ||zg — aglle = dist(zg, S)
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Whitney extension method

Let Wg denote a Whitney decomposition of R™ \ S and
@ := {pg : Q@ € Ws} be a smooth partition of unity

To every cube Q = Q(zq,rg) € Wy assign the cube a(Q) := Q(ag,7q/2),
where ag € S is such that ||zg — aglle = dist(zg, S)

If fe LL (S) and k € N, then

loc

f(z), if x €5;

Bt ()= {ZQEWS ¢Q(@) P10 f(x),  ifxeR"\S,

where the projection Py ¢ : L' (a(Q) NS) — Py, are such that

1/u
(][(Q)mSU_Pk—l,Qﬂu de> zgk(fva(Q))Lu(S).
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Metric measure space

Let (X,d, i) be a metric measure space, where (X, d) is a separable metric space
and 4 is a Borel regular measure such that 0 < p(B) < oo for every ball B C X.

A measure ;1 on X is called doubling if there is a positive constant C), such that

w(B(z,2r)) < Cpu(B(z, 1)),

for each z € X and r > 0. )
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Metric measure space

Let (X,d, i) be a metric measure space, where (X, d) is a separable metric space
and 4 is a Borel regular measure such that 0 < p(B) < oo for every ball B C X.

A measure ;1 on X is called doubling if there is a positive constant C), such that

w(B(z,2r)) < Cpu(B(z, 1)),

for each z € X and r > 0.

Hajtasz-Sobolev spaces

Let S C X. For a measurable function u, denote by D(u) the class of all
measurable functions ¢ : S — [0, c0) such that:

lu(@) —u(y)| < d(z,y)(9(z) +9(y)) nrae.

< 00, The space MP(S) consists of all u € LP(S) such that
(s

Let 1 <p
D(u) N LP(S) 75 (). For u € M'P(S), the norm is defined as follows:

llullarir sy = llullLe(s) +gelnf 9l Lr(s)
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Measure density condition

A measurable set S C X is said to be regular if there are constants g > 1 and
ds > 0 such that for every z € S and 0 < r < g

u(B(z,r)) < Osp(B(x,r) N S). (1)
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Measure density condition

A measurable set S C X is said to be regular if there are constants g > 1 and
ds > 0 such that for every z € S and 0 < r < g

w(B(z,1) < 9sp(B(z,7) N S). (1)

v

Th. Hajtasz, Koskela and Tuominen (2008)

@ If S C X is a closed set such that (1) holds, then there is a bounded linear
extension operator of M1?(S) into M>P(X) for all 1 < p < oco.

o Let X be a @)-regular, geodesic metric measure space. A domain Q C X is
an M'P-extension domain, 1 < p < oo, if and only if (1) holds.

> P. Hajtasz, P. Koskela, H. Tuominen: Measure density and extendability of Sobolev functions. Rev.
Mat. Iberoam. (2008)
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an M'P-extension domain, 1 < p < oo, if and only if (1) holds.

> P. Hajtasz, P. Koskela, H. Tuominen: Measure density and extendability of Sobolev functions. Rev.
Mat. Iberoam. (2008)

> P. Shvartsman: On extensions of Sobolev functions defined on regular subsets of metric measure
spaces. J. Approx. Theory (2007)
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@ The traces of functions from Newton-Sobolev spaces on X to an Ahlfors
d-regular subset S of X result to the Besov functions on S.
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Besov spaces

Let 0 <a < 1land 1 <p,q<oo. The Besov space By (X) is the space of all
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@ The traces of functions from Newton-Sobolev spaces on X to an Ahlfors
d-regular subset S of X result to the Besov functions on S.

Besov spaces

Let 0 <a < 1land 1 <p,q<oo. The Besov space By (X) is the space of all
functions u € L?(X) for which

s, = ([ ([ £ R du(y)du(if))q/pwf%)l/q <.

> A. Gogatishvili, P. Koskela, N. Shanmugalingam: Interpolation properties of Besov spaces defined
on metric spaces (2008)

v
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Let S C X, 0 < a <1 and u be a measurable function on S.

A sequence of nonnegative measurable functions ¢ = {gx }.c2 on S is a fractional
a-Hajtasz gradient of u if there exists E C S with u(E) = 0:
forall k € Z and z,y € S\ E satisfying 275~ < d(z,y) < 27F,

u(z) —u(y)| < d(z, y)* (9x(x) + g ().

Denote by D*(u) the collection of all fractional a-Hajtasz gradients of w.
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Besov-type spaces

The Hajtasz-Besov space N, (S) = N;' (S, d, u) is the space of all functions
u € LP(S) for which there exists § € D(u) satisfying

1/q
G119 (s,20) := (Z ||gk||%p(s)> < 00
keZ

The norm in N () is defined as

lull e ) = llullzes) + gieﬂmfa G114 (s, L)
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Besov-type spaces

The Hajtasz-Besov space N, (S) = Ny, (S, d, i1) is the space of all functions
u € LP(S) for which there exists § € D(u) satisfying

1/q
G119 (s,20) := (Z IngII"LP(S)> < 00
keZ

The norm in N () is defined as

lull e ) = llullzes) + gieﬂ]ga G114 (s, L)

o If o >0and 0 <p,q S o0, N;gjq(X) = Bg,q(X>

> P. Koskela, D. Yang, Y. Zhou: Pointwise characterizations of Besov and Triebel-Lizorkin spaces and
quasiconformal mappings, 2011
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Extension Theorem (Heikkinen, I., Tuominen)

Suppose that S is a closed regular subset of X, 0 < a < 1,1 <p,q<oo. Then
there is a bounded linear extension operator of N (S) into N, (X) for all
O<a<l 1<p,qg<oo.
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Spaces of Triebel-Lizorkin type

let0O<a<l l1<p<ooand1l<gqg<co.
The Hajtasz-Triebel-Lizorkin space M (S) = My
functions u € LP(S) for which there eX|sts geDb®

4(S,d, 1) is the space of all
(u) satisfying

- 1/
9l Lr(s,10) = (Z |gx|®) " < 00.
keZ Lr(S)
The norm in Mg (S) is defined as
lullag sy = llullzecs) + inf 191l Lo (5,19 -

v

> P. Koskela, D. Yang, Y. Zhou: Pointwise characterizations of Besov and Triebel-Lizorkin spaces and
quasiconformal mappings, 2011
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Spaces of Triebel-Lizorkin type

let0O<a<l l1<p<ooand1l<gqg<co.

The Hajtasz-Triebel-Lizorkin space M}, (S) = M}, (S, d, i1) is the space of all
functions u € L?(S) for which there exists § € D(u) satisfying

— 1/
9l Lr(s,10) = (Z |gx|®) " < 00.
keZ Lr(S)
The norm in Mg (S) is defined as
lullarg sy = llullzes) + gierga 191 L (5,10)-

> P. Koskela, D. Yang, Y. Zhou: Pointwise characterizations of Besov and Triebel-Lizorkin spaces and
quasiconformal mappings, 2011

> A. Gogatishvili, P. Koskela, Y.Zhou: Characterizations of Besov and Triebel-Lizorkin Spaces on
Metric Measure Spaces, 2011
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Th. (Heikkinen, I., Tuominen)
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Th. (Heikkinen, I., Tuominen)

@ If S C X is a closed set that satisfies the measure density condition, then

there is a bounded linear extension operator of M (S) into M, (X) for all

1 <p,q<oo0.
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Th. (Heikkinen, I., Tuominen)
@ If S C X is a closed set that satisfies the measure density condition, then
there is a bounded linear extension operator of M (S) into M, (X) for all
1 <p,q<oo0.
@ Let X be a Q-regular, geodesic metric measure space. A domain Q2 C X is
an Mg -extension domain, 1 < p,q < oo, if and only if (1) holds.
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Thank YOu!

Hae
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