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If m < n, 1 < p < ∞ and k > (n−m)/p, then

W k,p(Rn)|Rm = B
k−n−m

p
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⊲ For 0 < α < 1 Besov spaes Bα

p,p(R
n) oinide with frational Sobolev spaes

W
α,p(Rn) =

{

f ∈ L
p(Rn) :

∫

Rn

∫

Rn

|f(x)− f(y)|p

|x− y|n+αp
dy dx < ∞

}
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⊲ Yu. Brudnyi - Pieewise polynomial approximation, embedding theorem and rational approximation,

Leture Notes in Math., 1976
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Besov spaes on d-sets

Ahlfors d-regular sets

Let Hd
denote d-dimensional Hausdor� measure on R

n
and

Q(x, r) = {y ∈ R
n : ‖x− y‖∞ ≤ r}.

A subset S ⊂ R
n
is alled an Ahlfors d-regular (or d-set) if there are c1, c2 > 0:

c1r
d ≤ Hd(Q(x, r) ∩ S) ≤ c2r

d

for every x ∈ S and 0 < r ≤ R
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c1r
d ≤ Hd(Q(x, r) ∩ S) ≤ c2r

d

for every x ∈ S and 0 < r ≤ R

Examples

Cantor-type sets,

self-similar sets...
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Trae spaes on n-sets

Let S ⊂ R
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Trae spaes on d-sets, n − 1 < d < n

Trae of a funtion on a subset

Suppose that f ∈ L1
loc(R

n) and S ⊂ R
n
. At those points x ∈ S where exists

f̄(x) = lim
r→0+

∫

Q(x,r)

f(y) dy = lim
r→0+

1

|Q(x, r)|

∫

Q(x,r)

f(y) dy,

de�ne the restrition (trae) of f to S by

f |S(x) := f̄(x).
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p,q(R

n) or Fα
p,q(R

n), then for a d-set S with

d > n− αp

the trae f |S is well de�ned.
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Trae spaes on d-sets, n − 1 < d < n Besov spaes

Theorem

∗
(A. V�ah�akangas, L.I., 2011)

Let S be an d-set, n− 1 < d < n, 1 ≤ p, q < ∞ and α > (n− d)/p. Then

Bα
p,q(R

n)|S = B
α− n−d

p
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Trae spaes on d-sets, n − 1 < d < n Triebel-Lizorkin spaes

Traes of Triebel-Lizorkin spaes
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∗
(A. V�ah�akangas, L.I., 2011)
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Trae spaes on d-sets, n − 1 < d < n Basi tools

Remez-type inequality

Let S be a d-set, n− 1 < d ≤ n.

Suppose that Q = Q(xQ, rQ) and Q′ = Q(xQ′ , rQ′ ) are ubes in R
n
suh that

xQ′ ∈ S, Q′ ⊂ Q, rQ ≤ RrQ′
and r′Q ≤ R for some R > 0.

Then, ∀ p ∈ Pk

(

1

|Q|

∫

Q

|p|r dx

)1/r

≤ C

(

1

Hd(Q′ ∩ S)

∫

Q′∩S

|p|u dHd

)1/u

,

where 1 ≤ u, r ≤ ∞ and C depends on S, R, n, u, r, k.

⊲ A. Brudnyi and Yu. Brudnyi - Remez type inequalities and Morrey-Campanato spaes on Ahlfors

regular sets, Contemp. Math., 2007
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Trae spaes on d-sets, n − 1 < d < n Basi tools

The onstrution of the extension operator is based on a modi�ation of the

Whitney extension method

Let WS denote a Whitney deomposition of R
n \ S and

Φ := {ϕQ : Q ∈ WS} be a smooth partition of unity

To every ube Q = Q(xQ, rQ) ∈ WS assign the ube a(Q) := Q(aQ, rQ/2),
where aQ ∈ S is suh that ‖xQ − aQ‖∞ = dist(xQ, S)
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(
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≈ Ek(f, a(Q))Lu(S).
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Funtion spaes on a metri measure spae

Metri measure spae

Let (X, d, µ) be a metri measure spae, where (X, d) is a separable metri spae

and µ is a Borel regular measure suh that 0 < µ(B) < ∞ for every ball B ⊂ X .

A measure µ on X is alled doubling if there is a positive onstant Cµ suh that

µ(B(x, 2r)) ≤ Cµ µ(B(x, r)),

for eah x ∈ X and r > 0.
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A measure µ on X is alled doubling if there is a positive onstant Cµ suh that

µ(B(x, 2r)) ≤ Cµ µ(B(x, r)),

for eah x ∈ X and r > 0.

Haj lasz-Sobolev spaes

Let S ⊂ X . For a measurable funtion u, denote by D(u) the lass of all

measurable funtions g : S → [0,∞) suh that:

|u(x) − u(y)| ≤ d(x, y)(g(x) + g(y)) µ a.e.

Let 1 ≤ p < ∞, The spae M1,p(S) onsists of all u ∈ Lp(S) suh that

D(u) ∩ Lp(S) 6= ∅. For u ∈ M1,p(S), the norm is de�ned as follows:

‖u‖M1,p(S) := ‖u‖Lp(S) + inf
g∈D(u)

‖g‖Lp(S)
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Funtion spaes on a metri measure spae

Measure density ondition

A measurable set S ⊂ X is said to be regular if there are onstants θS ≥ 1 and

δS > 0 suh that for every x ∈ S and 0 < r ≤ δS

µ(B(x, r)) ≤ θSµ(B(x, r) ∩ S). (1)
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If S ⊂ X is a losed set suh that (1) holds, then there is a bounded linear

extension operator of M1,p(S) into M1,p(X) for all 1 ≤ p < ∞.

Let X be a Q-regular, geodesi metri measure spae. A domain Ω ⊂ X is

an M1,p
-extension domain, 1 ≤ p < ∞, if and only if (1) holds.

⊲ P. Haj lasz, P. Koskela, H. Tuominen: Measure density and extendability of Sobolev funtions. Rev.

Mat. Iberoam. (2008)

⊲ P. Shvartsman: On extensions of Sobolev funtions de�ned on regular subsets of metri measure

spaes. J. Approx. Theory (2007)
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Besov spaes

Let 0 < α < 1 and 1 ≤ p, q < ∞. The Besov spae Bα
p,q(X) is the spae of all

funtions u ∈ Lp(X) for whih

‖f‖Bα
p,q

:=

(
∫ ∞

0

(
∫

X

∫

B(x,t)

|f(x) − f(y)|p dµ(y)dµ(x)

)q/p
dt
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)1/q
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⊲ A. Gogatishvili, P. Koskela, N. Shanmugalingam: Interpolation properties of Besov spaes de�ned

on metri spaes (2008)
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Let S ⊂ X , 0 < α < 1 and u be a measurable funtion on S.

A sequene of nonnegative measurable funtions ~g = {gk}k∈Z on S is a frational

α-Haj lasz gradient of u if there exists E ⊂ S with µ(E) = 0:
for all k ∈ Z and x, y ∈ S \ E satisfying 2−k−1 ≤ d(x, y) < 2−k

,

|u(x)− u(y)| ≤ d(x, y)α(gk(x) + gk(y)).

Denote by D
α(u) the olletion of all frational α-Haj lasz gradients of u.
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Besov-type spaes

The Haj lasz-Besov spae Nα
p,q(S) = Nα

p,q(S, d, µ) is the spae of all funtions

u ∈ Lp(S) for whih there exists ~g ∈ D
α(u) satisfying

‖~g‖lq(S,Lp) :=

(

∑

k∈Z

‖gk‖
q
Lp(S)

)1/q

< ∞.

The norm in Nα
p,q(S) is de�ned as

‖u‖Nα
p,q(S) := ‖u‖Lp(S) + inf

~g∈Dα
‖~g‖lq(S,Lp).
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⊲ P. Koskela, D. Yang, Y. Zhou: Pointwise haraterizations of Besov and Triebel-Lizorkin spaes and

quasionformal mappings, 2011
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Extension Theorem (Heikkinen, I., Tuominen)

Suppose that S is a losed regular subset of X , 0 < α < 1, 1 ≤ p, q < ∞. Then

there is a bounded linear extension operator of Nα
p,q(S) into Nα

p,q(X) for all
0 < α < 1, 1 ≤ p, q < ∞.
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Let 0 < α < 1, 1 ≤ p < ∞ and 1 ≤ q ≤ ∞.
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Metri Measure Spaes, 2011
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If S ⊂ X is a losed set that satis�es the measure density ondition, then

there is a bounded linear extension operator of Mα
p,q(S) into Mα

p,q(X) for all
1 ≤ p, q < ∞.
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Thank you!
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