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Data Computations

The quest for provably efficient ML algorithms
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Data size matters

X
<~
nxd

In many modern applications, space is the real constraint.

Think n, d large!
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Dimensionality reduction

M =_X _S
N
nxm nxddxM
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Dimensionality reduction

= X S
N~
nxd dxM

{r

Classic example (not efficient): PCA

R=OAVT ==V
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Dimensionality reduction

= X S
N~
nxd dxM

{r

Classic example (not efficient): PCA

% = GAVT

Other example (efficient): random sketches
Sij ~N(0,1).
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Nystrom projections

Xnm = XX,

Random subsampling’ (efficient)
XM :{il,...,f}\/l}C{Xl,...,Xn}:X.

!
UniGe Mogngi a
’ 5 "It's data dependent sketching NOT throwing data away!!



Nystrom projections

Xnm = XX,

Random subsampling’ (efficient) R
Xm :{il,...,f}\/l}C{Xl,...,Xn}:X.

Computing X is efficient!

[Williams, Seeger, Smola, Scholkopf, Bach, Muscos, Clarkson, Mahoney, Woodruff, Avron, Drineas, Tropp, ...

Q
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Nystrom projections illustrated: least squares

From . N
min || Xw — |2, XeR™d
weRd
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Nystrom projections illustrated: least squares

From . N
min || Xw — |2, XeR™d
weRd
to R N
min ||XMC—1j||2, Xm € ]RH'M
ceRM
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Nystrom projections illustrated: least squares

From

min [[Xw—g|>, XeR™
weRd
to R R
min ||XMC—13||2, Xm € RH’M
ceRM

The latter problem is equivalent to

min HXW—sz,
\'\’—Y’»w ¢, ceERM

that is least squares projected on a random subspace.

[Engl, Hanke, Neubauer '96]
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Nystrom least squares: computations

(think n huge d ginormous)
From R R
w=X"c, c=(XX" ) ljeRr"
<~

KeRrnm

Q
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Nystrom least squares: computations

(think n huge d ginormous)

From R R
w=X"c, c=(XX" ) ljeRr"
~—
Kernmn
to o~ o~ A
c = (X}, X,y e RM
(Xm \E/l/ ) MY

. Q\ ¥
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Nystrom least squares: computations

(think n huge d ginormous)

From R R
w=X"c, c=(XX" ) ljeRr"
~—
KeRrnm
to A~ A~ s
c=(Xy, “IXuy e RM
(Xm M, ) MY

lan G]Rn'M

From O(n?d +n3) time/O(nd + n?) space to O(nM? + M?3) time/O(nM + M?) space.
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This matters for kernel methods

x'x" = k(x,x'), e.g. k(x,x')=e Iy
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This matters for kernel methods

x'x" = k(x,x'), e.g. k(x,x')=e Iy

xTw=x"X"¢c s f(x) = Z k(x,xi)cq
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This matters for kernel methods

x'x" = k(x,x'), e.g. k(x,x')=e Iy
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This matters for kernel methods

x'x" = k(x,x'), e.g.

(z1,91)

k(xv X/) — e—”X—X’H2‘y




Nystrom projections with kernels, aka column subsampling

Xw=XX"c=7

=)
(@)
Il
<)
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Nystrom projections with kernels, aka column subsampling

iw:)?f(%:@ )A(Mc:g
+ +
n — n —
fx) =) kix,xi)ei |Ke=§ fx) =) k(x,x)ei  |Kame=3
i=1 i=1

=)
(@)

I
<)
5)
=
[
<)

From O(n3) time/O(n?) space to O(nM? + M?) time/O(nM) space.
UniGe ’ ILGa - .
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Why Nystrom?

Nystrom approximation for integral equations

For all x
M
Jk(x,x’)c(x')dx' =yx) =) kxF)e(®) =yx).
j=1
From operators to matrices
Foralli=1,...,n
n M
Zk Xi,Xj)Cj = Y;j — Zk(xivij)cizyi-
j=1 j=1

[Kress "89]
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Nystrom approximation and subsampling

Foralli=1,..., n
n M
kal,x] Cj = VYj — kal,x] Ci =VYj.
j=1 j=1

[Williams, Seeger '00]

The above formulation highlights the connection to columns sampling,

Ke=7 — Knme =71.
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So far

Nystrom projections and connection to
> Sketching
> Projected least squares
» Column subsampling
> Nystrom approximation

X = XXy

‘ Dimensionality reduction improves efficiency, but what about learning accuracy?
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Let (x,y) ~ p,

Solve

Supervised statistical Learning

xEXCRY, yeYCR

min L(f), L(f) = Exy(y — f(x))?

given (xi,yi)lt; ~ p™
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Kernel Ridge Regression (KRR)

aka Gaussian Process (GP) regression

falx) = ) kixi, x)ci,
i—1 K
(ﬁ +Anlc=7y
Theorem (Caponetto, De Vito '05)
Let H = span{k(x, ) | x € X}, if A = 1/,/n then
~ . 1
EL(fp) — min L(f) S Tn

UniGe ’ ﬂ!ﬁg@a
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Nystrom KRR

fam(x) = i K(xi,x)cq

i=1 K = il\

(KT vKnm + AnKyvm)e = K G

Theorem ( Rudi, Camoriano, R. '15)
Let (xi)M, C (xi)I-, picked uniformly at random, if A = 1/y/nand M > /1 then

i=1 =

EL(fa ) — min L() £

5=
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Iterative solvers and preconditoning

Consider an iterative solver, e.g. conjugate gradient (CG), on a preconditioned system

o~

P (K Knm + AKpn)PB = PRIT

...ideally

PPT = (KTTIM?“M + ?\TLKMM)il I?nM = /y\

. Q\ ¥
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FALKON

?A,M,t CG iteration with preconditioner

~ —~ —1
PPT = (%WMM + MnKnm )

Q
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FALKON

%\,M,t CG iteration with preconditioner o
- —~ —1 N ~
PPT = (%K%\AM + }\TIKMM> Knm =Y

Theorem (Rudi, Carratino, Rosasco '17)
Let (xi)M, C (xi), uniformly at random, then if A =1/\/n, M > y/nand t > log(n)

i=1 =

EL(fo M) — min L(f) <

5=

UniGe | lﬁg@a



FALKON

?A,M,t CG iteration with preconditioner o
. ~ -1 P ~
PPT = (1 Kiin + nRm ) K =y

Theorem (Rudi, Carratino, Rosasco '17)
Let (xi)M, C (xi), uniformly at random, then if A =1/\/n, M > y/nand t > log(n)

i=1 =

N _ 1
EL(fam,t) — min L(f) S —=

Jn
KRR: Space O(n?)/ Time O(n3) vs FALKON: Space O(n) / Time O(n/nlog(n))
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Some experiments

MillionSongs (n ~ 10°) YELP (n ~ 10°) TIMIT (n ~ 106)
MSE  Relative error Time(s) RMSE Time(m) c-err Time(h)
FALKON 80.30 451 x10°° 55 0.833 20 32.3% 15
Prec. KRR - 458 x 1073 289f - - - -
Hierarchical - 456 x 1073 293* - - - -
D&C 80.35 - 737* - - - -
Rand. Feat. 80.93 - 772* - - - -
Nystrom 80.38 - 876* - - - -
ADMM R. F. - 5.01 x 1073 958 - - - -
BCDR.F. - - - 0.949 42t 34.0% 1.7¢
BCD Nystrém - - - 0.861 60¢ 337% 1.7¢
KRR - 455 x 1073 - 0.854 500* 33.5% 8.3
EigenPro - - - - - 32.6% 3.9
Deep NN - - - = - 32.4% -
Sparse Kernels - - - - - 30.9% -
Ensemble - - - - - 33.5% -

Table: MillionSongs, YELP and TIMIT Datasets. Times obtained on: = cluster of 128 EC2 r3.2xlarge machines, 1 = cluster of 8
EC2 r3.8xlarge machines, : = single machine with two Intel Xeon E5-2620, one Nvidia GTX Titan X GPU and 128GB of RAM, x =
cluster with 512 GB of RAM and IBM POWERS 12-core processor, * = unknown platform.
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Some more experiments

SUSY (n ~ 109) HIGGS (n ~ 107)  IMAGENET (n ~ 10°)
c-err AUC Time(m) AUC Time(h) c-err Time(h)
FALKON 19.6% 0.877 4 0.833 3 20.7% 4
EigenPro 19.8% - 6! - - - -
Hierarchical 201% - 40t - - - -
Boosted Decision Tree - 0.863 - 0.810 - - -
Neural Network - 0.875 - 0.816 - - -
Deep Neural Network - 0.879  4680*  0.885 78t - -
Inception-V4 - - - - - 20.0% -

Table: Architectures: 1 = cluster with IBM POWERS8 12-core cpu, 512 GB RAM, ! = single machine
with two Intel Xeon E5-2620, one Nvidia GTX Titan X GPU, 128GB RAM, i = single machine.
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Given a set (of arms) A = {x;

Q
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Bandit Optimization

xa} C R4, let f: A — R unknown, (), random, and

X, = argmax f(x)
xEA

23



Given a set (of arms) A = {x;

Fort=1,...,T:

Bandit Optimization

.....

xa} C R4, let f: A — R unknown, (), random, and

X, = argmax f(x)
xEA

(1) Estimate i, (ideally U, ~ f)
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Given a set (of arms) A = {x;

Fort=1,...,T:

Bandit Optimization

.....

xa} C R4, let f: A — R unknown, (), random, and

X, = argmax f(x)
xEA

(1) Estimate i, (ideally U, ~ f)

(2) Select x1
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Bandit Optimization

Given a set (of arms) A ={x4, ..., xa} C RY, let f: A — R unknown, (n¢)¢ random, and

X, = argmax f(x)
xEA

Fort=1,...,T:

(1) Estimate i, (ideally U, ~ f)
(2) Select x1
(3) Receive noisy feedback yi11 = f(xi41) + Mt

s
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Bandit Optimization

Given a set (of arms) A ={x4, ..., xa} C RY, let f: A — R unknown, (n¢)¢ random, and

X, = argmax f(x)
xEA

Fort=1,...,T:

(1) Estimate i, (ideally U, ~ f)
(2) Select x1
(3) Receive noisy feedback yi11 = f(xi41) + Mt

Goal: minimize cumulative regret

Rr =3 { f(xa) — f(xo)

s
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Et € Rttst. (E)i,j

kie(x) = (k(x1,%), ..

fe(x) = ke () T(Ke +AD G N

2 _ T T (R -1 =
o7(x) =k(xx) — ke(x) T (Ke + AT "1k (x)
~——

variance

UniGe ’ l@;@a

Gaussian processes

aka kernel ridge regression

:k(xlvx))li’lj: l"'lt {J\t:(ylv-"vyt)
S k(xe,x)) €RY

24



GP-UCB

f: A — R unknown

0.0 0.2 0.4 0.6 0.8 1.0

(Srinivas, Krause, Kakade, Seeger '10)
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GP-UCB

Arms A = {x;}{

fix)

0.0 0.2 0.4 0.6 0.8 1.0

(Srinivas, Krause, Kakade, Seeger '10)

. b
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GP-UCB

At time t, collected (xi,yi);_;

¢ R fort={1,...,. T—1}do

6 end

0.0 0.2 0.4 0.6 0.8 1.0

(Srinivas, Krause, Kakade, Seeger '10)
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GP-UCB

At time t, collected (xi,yi){_;

¢ K fort={1,..., T—1}do

f(x)

" end

0.0 0.2 0.4 0.6 0.8 1.0

~

fe(x) = Et(x)—l—(ﬁt + M)ilﬁt

(Srinivas, Krause, Kakade, Seeger '10)

Q
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GP-UCB

At time t, collected (xi,yi){_;

fort={1,..., T—1}do

0.0 0.2 0.4 0.6 0.8 1.0

) =ke )T (Ke +AD 7y 02(x) = k(x, %) — ke () T (K¢ + A ke (x)

(Srinivas, Krause, Kakade, Seeger '10)
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GP-UCB

At time t, collected (xi,yi){_;

f(x)

0.0 0.2 0.4 0.6 0.8 1.0

we(x) = fe(x) + Broe(x)

(Srinivas, Krause, Kakade, Seeger '10)
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GP-UCB

At time t, collected (xi,yi){_;

6 fort={1,..., T—1}do
) — (] fori={1,..., Al do
wlxi) = Fulxe) + Bro2(x,);
5 end
- end

0.0 0.2 0.4 0.6 0.8 1.0

we(x) = fe(x) + Broe(x)

(Srinivas, Krause, Kakade, Seeger '10)

Q
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At time t, collected (xi,yi){_;

f(x)

0.0 0.2 0.4 0.6 0.8

GP-UCB

———

S xees

w(x) = fe(x) + Biox) =

(Srinivas, Krause, Kakade, Seeger '10)

Q
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end
Select xy 1 + argmax, ¢4 Wi (xi);

end

X1 = argmax U (x)
x€A

25



GP-UCB: Regret

S ho

I
S xee1

Computations: Time O(AT?)

Theorem (Srinivas, Krause, Kakade, Seeger '10)
For the proper 3

UniGe ’ l@g@a

Rr < VT
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Nystrom projection again
aka Sparse GP
Equivalent formulation:
Given S = (%)M, C (xi)iy — kix,x/) = ks (x) TKLks(x),

with Ks € RMM sit. (Ks); = k(%:,%;) and ks (x) = (k(x1, x)

fx) = ke ()T (K +AD) 71 s
50x) = 3 (k0 = K0T (R +AD M, ) -

UniGe | lﬁg@a
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Nystrom projection again
aka Sparse GP
Equivalent formulation:
Given S = (%)M, C (xi)iy — kix,x/) = ks (x) TKLks(x),

with Ks € RMM sit. (Ks); = k(%:,%;) and ks (x) = (k(x1, x)

fx) = ke ()T (K +AD) 71 s
50x) = 3 (k0 = K0T (R +AD M, ) -

-10.0

Computations: Time O(AM?T)
..but...
UniGe | %" NO guarantees on regret (overconfident when S is "bad”)
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BKB: Regret

> (xi)!_; changes with time — S; must change with t

Q\
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BKB: Regret

( 1) _, changes with time — S; must change with t
o2(-) captures informative arms — include x; in S; when o?(x;) is large

Q
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BKB: Regret

> (xi)!_; changes with time — S; must change with t
» o2(-) captures informative arms — include x; in Sy when o2(x;) is large

fori=1{1,..., A} do
~ ~ - . | Te(xi) = F(xi) + Beo2(xi)
fo(x) =ke(x) T (Ke + A1) 1Y end
Select xt+1 < argmax, ¢4 Ue(xi);
G3(x) = %(k(x,x)—kt(x)T(KtJr?\I)*lkt(x)) Set pri1 o [62(x1), ..., 62(xe41)];
Sample S¢41 ~ Pit1;

end

Q
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BKB: Regret

( 1) _, changes with time — Sy must change with t
o2(-) captures informative arms — include x; in S; when o?(x;) is large

fori=1{1,..., f\} do
- ~ ~ T (xi) = fe(xi) + BeOT(x4)
fe(x) =ke(x) T (K +AD 7Y oha ™ ' o
1 Select xt+1 < argmax, ¢4 Ue(xi);
S0 = 5 (k(x, x) — ke(x) T (Kg + M)*lkt(x)) Set pii1 o [62(x1), .-, 52 (xi41);
Sample S¢41 ~ Pit1;
end
Computations: Time O(Ad%;T)

Theorem (Calandriello, Carratino, Lazaric, Valko, R. '19)
For the proper (and cheap to compute!) By, with [S1| < deg with dog < T

UniGe | ‘ﬂ;ﬁf" Rr < VT



In practice

Cumulative regret Ry Times
400
b GP-UCB == GP-UCB
et BKB 3504 BKB
4000 4
3001
3000 A 2501
- g 200
2000 A 0
150 4
100 4
1000 A
50
0 0
0 200 400 600 800 1000 0 200 400 600 800 1000
t t

Sublinear regret in a fraction of the time

Recent improvement using batching [calandriello, Carratino, Lazaric, Valko, R. '20].

UniGe | l@@a
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Nystrom projection for unsupervised learning?

> Kernel K-means

» Kernel PCA

Q
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Partition n points into k clusters.

Only linear separations

UniGe ’ lﬁ@a

K-means
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Partition n points into k clusters.

n

= 1 .
Ck= min = E min_|[xi — ¢;
[cr,nesIM ) j=1,....K

I

Only linear separations

UniGe ’ Mﬁg@a

K-means
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From K-means to kernel K-means

Partition n points into K clusters.

note that: ||x —x|? =x"x+x'x —2x'x

. il
UniGe | Mal;&a
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From K-means to kernel K-means

w 0% - t0a”
s Y FESEREL I
o . . . e.° o -” o ° . -
Partition n points into K clusters. & Sasshe, & Sadshe,
. ] F] () R -‘ F] -.
n a 8\. B v ___» 3 ;b B .-
~ . 2 o . . o O L ‘
Ck = min = Z min_||xi — 4| L RN T S e P d
[Cl ..... ]] _1]—1 ..... Y o ¥o'e A LY o Vo'e s,
- Mea g LA
e ogd * % o
note that: ||x — |2 =x"x +X'x —2x'X - -
R
-. >
.l ..o - L]
§ JneiWa, L

Kernel to rescue! Ot .

. & ;
_ _ L gL ot b
x'X —  k(x,X) . gy et .’

UniGe ’ l@@a
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From K-means to kernel K-means

Partition n points into K clusters.

note that: ||x —x|? =x"x+x'x —2x'x

Kernel to rescue!

x'x = k(xX)

UniGe | l%g!@a
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From K-means to Nystrom K-means

Partition n points into K clusters.

note that: ||x —X|? =x"x+x'x —2x'x

. il
UniGe | Mal;&a
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Partition n points into K clusters.

note that: ||x —X|? =x"x+x'x —2x'x

Nystrom to rescue!

K(,x) = k(xx) =km(x) KL km(x)

UniGe | Mﬁg@a
)

From K-means to Nystrom K-means

Ky
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Guarantees for Nystrom K-means
Assume (x{)1*, ~ p™, Cx the Nystrom K-means solution and 2

L(Cx) =Ex [j:nlwinKHX - 1.

Theorem (Calandriello, R. '19)
Assume ||x|| < 1, and the Nystrém centers chosen uniformly at random, then

so that if M = \/n then

The above bound matches that of exact kernel k-means.

Q
UniGe | MaLGa
OB 2Naturally extend to kernels x — k(x, -).
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MNIST-60k: expected loss vs projection size M

0.33

0.32

0.30

0.29

0.28

0.27

0.26
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Nystrom projections for unsupervised learning?

» Kernel K-means

» Kernel PCA

Q
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x = (xTvy, ..o, x ve)

Project only on linear subspacess

UniGe ’ l@g@a

PCA
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x = (xTvy, ..o, x ve)

Project only on linear subspacess

UniGe ’ l%&g@a

PCA
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Vi = —=
TL7\1

R=1RX7
n

XTul = x!

Q
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Kernel PCA

= UA%U

V1 7EXX1U1

nlll
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Kernel PCA

R = 1sxm — A
n

1 .
v = TXTul = x! V= — E x xi(U1)i
TL7\1 Tl. 14i—1

x'X —  Kk(x,X)

Project on non linear subspaces

UniGe ’ %ﬂ
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Kernel PCA

~ 1A~ PG
K ==XXT = UA%U
n
1 o T 1 « Ty (5
vi=—X U = X V=— X xi(tg)i
nA; nA i

x'X —  Kk(xX)

Project on non linear subspaces

UniGe ’ l@@a
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Nystrom PCA

vy =argmaxw ' Iw = ;= argmax w'Zw

lwll=1 w=Xpc : [[w]=1

Q
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Nystrom PCA

vy =argmaxw ' Iw = ;= argmax

lwll=1 w=Xpc : [[w]=1

M
- _s1/2,~
xTvy & x ¥ = E xTxiKM/ (1)
i=1

with

Rl 2R R Ky = UAZTT.

Q
UniGe | MoLGa

w!Iw

Karar

=)

nM




Guarantees for Nystrom PCA

Assume (x{)1*; ~ p™, P, the Nystrom PCA projection and 3

L(Pe) = Ey[[|x — Pex||].

Theorem (Sterge, Sriperumbudur, R., Rudi '20)
Assume ||x|| < 1, and Nystrém centers chosen uniformly at random. Let & = E, [xx ] with

AD)~j% a>1

Thenfor¢=n=,0 <1land M < n®logn

[

E[L(C)] <n 00—,

The above bound matches that of exact KPCA.
UniGe | Mo;‘g?ia

3Naturally extend to kernels x — k(x, -).
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Wrapping up

Contribution
> Nystrom projections allow computational savings with no accuracy loss.
» Further results: adaptive sampling,
— leverage scores [Calandriello, Rudi, Carratino, R. 18],
— DPP sampling [Dereziiiski Calandriello, Valko "19]
> Related results: random features [Rudi, R. "16].

We are thinking about:
» More Nystrom kernel [add your favoritel.
» Interpolation regimes n < 24.
» Combine Nystrom and multiscale approaches [Chen, Avron, Sindawhani 16].

Q
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Relevant stuff

Less is More: Nystrom Computational Regularization
A. Rudi, R. Camoriano and L. Rosasco - NIPS15

FALKON: An Optimal Large Scale Kernel Method
A. Rudi, L. Carratino and L. Rosasco - NIPS17

Gaussian Process Optimization with Adaptive Sketching: Scalable and No Regret
D. Calandriello, L. Carratino, A. Lazaric, M. Valko and L. Rosasco - COLT19

Statistical and computational trade-offs in kernel k-means
D. Calandriello, L. Rosasco - NeurlPS18

Gain with no Pain: Efficient Kernel-PCA by Nystrom Sampling
N. Sterge, B. Sriperumbur, L. Rosasco, A. Rudi - AISTATS20

FALKON
G. Meanti,L. Carratino, L. Rosasco and A. Rudi - http://1lcsl.mit.edu

BKB
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