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The Setting



The Problem

Setting

Input-Output Map: Ψ† : X 7→ Y.
Regression: X = Rq,Y = Rr .

Classification: X = Rq,Y = {1, . . . ,K}.

Parametric Approximation Of Ψ†

Data: {xn, yn}Nn=1, yn = Ψ†(xn).

Parameter Space: Θ ⊆ Rp.

Approximation Class: Ψ : X ×Θ 7→ Y.

Goal: θ∗ ∈ Θ : Ψ(· ; θ∗) ≈ Ψ†.

[1] Y LeCun, Y Bengio, G Hinton. (deep learning and applications)



Training

µ a probability measure on X ; ` : Y × Y 7→ R+ a distance.

Perfect Setting

Objective Function: J(θ) = Ex∼µ`
(

Ψ(x ; θ),Ψ†(x)
)
.

Minimizer: θ? = argminθ∈ΘJ(θ).

Let xn
i .i .d .∼ µ. and yn = Ψ†(xn).

Data-Driven Setting

Objective Function: JN(θ) =
1

N

N∑
n=1

`
(

Ψ(xn; θ), yn
)
,

Minimizer: θ?,N = argminθ∈ΘJN(θ).



Testing

Perfect Setting

Error Measure: eN = Ex∼µ`
(

Ψ(x ; θ?,N),Ψ†(x)
)
.

Let x ′m
i .i .d .∼ µ′. and y ′m = Ψ†(x ′m). {x ′m}Mm=1 ⊥⊥ {xn}Nn=1.

Data-Driven Setting

Error Measure: eN,M =
1

M

M∑
m=1

`
(

Ψ(x ′m; θ?,N), y ′m

)
.

This talk: µ′ = µ; but µ 6= µ′ also relevant.



Neural Networks

Deep And/Or Wide

v0 = Ax + a,

vk+1 = σ(Wkvk + ωk), k = 0, 1, · · · ,K − 1,

Ψ(x ; θ) = BvK + b.

Notation

σ(z) = max(0, z) (Nemytskii),

θ = (A, a,B, b)
K⋃

k=1

{Wk , ωk},

[2] I Goodfellow, Y Bengio, A Courville. (deep learning text book)



The Talk In A Couple Of Slides
Previous work at PDE/neural networks interface:

[3] M Raissi, P Perdikaris, GE Karniadakis;

[4] Weinan E and B Yu.

Example What Goes Wrong If You Discretize And Then Apply Standard Neural Network Algorithms

[5a] Y Zhu and N Zabaras; see also [5b] Y Khoo, J Lu and L Ying



The Problem (Revisited)

Key Idea

Design Architecture On Banach Space Then Discretize

Setting

Input-Output Map: Ψ† : X 7→ Y, Separable Banach Spaces

Data: {xn, yn}Nn=1, yn = Ψ†(xn), xn
i.i.d.∼ µ.

Goal

Parameter Space Θ ⊆ Rp

Operator Class: Ψ : X ×Θ 7→ Y

Operator Approximation: Ψ(·; θ?) ≈ Ψ†



Model Reduction Approach

K Bhattacharya, B Hosseini, NB Kovachki and AMS
Model Reduction And Neural Networks For Parametric PDEs

arXiv:2005.03180



The Idea

In A Picture

In Equations

GX ◦ FX ≈ IX ,

GY ◦ FY ≈ IY ,

GY ◦ ϕ ◦ FX ≈ Ψ†.



Principal Components Analysis

Required Information

Hilbert Space H
Probility Measure: π

Mean: m = Eh∼πh

Covariance: C = Eh∼π(h −m)⊗ (h −m)

Projection

EVP: Cψj = λjψj

F:H 7→ Rd Fh = {vj := 〈h, ψj〉}dj=1

G:Rd 7→ H Gv =
d∑

j=1

vjψj .



The Approximations

PCA (X ,Y Hilbert spaces)

ϕ := FY ◦Ψ† ◦ GX ,
ΨPCA := GY ◦ ϕ ◦ FX .

Neural Networks

ψ ≈ ϕ,
ΨNN := GY ◦ ψ ◦ FX .



Main Theorem

Theorem

For any ε > 0, there are dimensions (dX , dY)(ε), a requisite
amount of data N = N(dX , dY), and a zero-extended neural
network ψ depending on ε, dX , dY such that

E{xj}∼µEx∼µ‖ΨNN(x)−Ψ†(x)‖2
Y < ε.

[6] L Zwald, O Bousquet, G Blanchard (used in proof)

[7] D Yarotsky (used in proof)

Related work:

[8] G Kutyniok, P Petersen M Raslan and R Schneider ; (finite dimensional nn approximation)

[9] C Schwab, J Zech; (finite dimensional nn approximation)

[10] A Chkifa, A Cohen, R DeVore and C Schwab; (parametric pde approximation)

[11] RA DeVore. (parametric pde approximation)



Example
Elliptic PDE

−∇ ·
(
a∇u) = f , z ∈ D

u = g , z ∈ ∂D.

Operators Of Interest

Linear (Boundary) Ψ† : g ∈ H
1
2 (∂D) 7→ u ∈ H1(D);

Linear (Forcing) Ψ† : f ∈ L2(D) 7→ u ∈ H1(D);

Nonlinear Ψ† : a ∈ L∞(D) 7→ u ∈ H1(D).

Distance

`(v , u) = ‖v − u‖L2(D)/‖u‖L2(D).



Example

Input-Output

Input: a ∈ L∞(D) (Left),

Output: u ∈ H1(D). (Right),



Example



Conclusions and References



Conclusions

1. Neural networks: empirical success in function approximation.

2. Typically:
I regression:Rm 7→ Rn;
I classification:Rm 7→ {1, . . . ,K}.

3. We consider: X 7→ Y, X ,Y function spaces.

4. Bad: Discretize then apply 2.

5. Good: Conceive of architecture then discretize.

6. Purely data-driven (“equation-free”).

7. Applications: PDEs

8. Applications: Other?
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Random Features Approach
NH Nelsen and AMS

The Random Feature Model For Input-Output Maps Between Banach Spaces
arXiv:2005.10224



The Architecture

Random Feature Mapping

Probability Space: (Γ,F , ν)

Random Feature: ψ(· ; γ) : X → Y, γ ∼ ν

Random Feature Model

Parameter Space : Θ ⊆ Rm

Architecture : Ψm(x ; θ) :=
1

m

m∑
j=1

θjψ(x ; γj) , γj ∼ ν i. i. d.

[12] A Rahimi and B Recht. (random features and approximation theory)



Example (Finite Dimensions For Initial Illustration)

Using ResNet As Random Features

Input Space: X = R2,A ∈ R1×2

Output Space: Y = R, a ∈ R

Weights: W ∈ C([0, 1];R2×2), ω ∈ C([0, 1];R2),

Random Evolution: v̇(t) = σ
(
W (t)v(t) + ω(t)

)
, v(0) = x ,

Random Features: ψ(x ; γ) = Av(1) + a, γ = (W , ω,A, a).



Reproducing Kernel Hilbert Space (RKHS)

Kernel From Features

Kernel: k : X × X → L(Y,Y),

Features: k(x , z) := Eγ∼ν
(
ψ(x ; γ)⊗ ψ(z ; γ)

)
,

RKHS: Hk ⊂ L2
µ(X ;Y),

Integral Representation

f (z) =

∫
θ(γ)ψ(z ; γ)ν(dγ),

θ(γ) = 〈f , ψ(·; γ)〉Hk



From Nonparametric to Parametric Regression

Gaussian Process Regression

Penalized LSQ: I(F ) :=
N∑

n=1

1

2
‖yn − F (xn)‖2

Y +
λ

2
‖F‖2

Hk
,

Regression: F ∗ = argminF∈Hk
I(F ), F ∗(x) :=

N∑
`=1

k(x , x`)β`.

Link To Random Features Model

Parametric: k(x , z) ≈ k (m)(x , z) =
1

m

m∑
j=1

ψ(x ; γj)⊗ ψ(z ; γj),

Objective: Jλ(θ) :=
N∑

n=1

1

2
‖yn −

1

m

m∑
`=1

θ`ψ(xn; γ`)‖2
Y +

λ

2m
‖θ‖2

2,

Regularized RFM: θ∗ := argminθ∈RmJλ(θ).



Example

Burgers Equation

∂tu + ∂s(u
2/2) = δ∂2

ssu, (s, t) ∈ T1 × (0, 1],

u|t=0 = u0, s ∈ T1.

Operator Of Interest

Nonlinear Ψ† : u0 ∈ L2(T1) 7→ u|t=1 ∈ H r (T1).



Example

Input-Output

Input: u0 ∈ L2(T1), (Left)

Output: u|t=1 ∈ H r (T1). (Right)

say



Example



Graph Kernel Approach
Z Li, NB Kovachki, K Azizzadenesheli,

B Liu, K Bhattacharya, AMS and A Anandkumar
Neural Operator: Graph Kernel Network for Partial Differential Equations

arXiv:2003.03485



Integral Kernel Neural Networks

Deep And/Or Wide

f (s) = (s, x(s), xε(s),∇sxε(s))T ,

v0(s) = Af (s) + a,

vk+1(s) = σ
(
Wvk(s) +

∫
k(s, r , x(s), x(r);ϑ)vk(r)λ(dr)

)
,

Ψ(x ; θ) = BvK (s) + b.

In Abstract Notation

k(·, ϑ) ∈ {ϕ : R2d+2 7→ Rp×p},
θ = (A, a,B, b,W , ϑ).



Example
Elliptic PDE

−∇ ·
(
a∇u) = f , z ∈ D

u = g , z ∈ ∂D.

Operators Of Interest

Linear (Boundary) Ψ† : g ∈ H
1
2 (∂D) 7→ u ∈ H1(D);

Linear (Forcing) Ψ† : f ∈ L2(D) 7→ u ∈ H1(D);

Nonlinear Ψ† : a ∈ L∞(D) 7→ u ∈ H1(D).

Distance

`(v , u) = ‖v − u‖L2(D)/‖u‖L2(D).



Example

Input-Output Nonlinear

Input: a ∈ L∞(D), (Left)

Output: u ∈ H1(D). (Right)



Example



Example

Input-Output Linear (Green’s Function D = [0, 1])

Input: f ∈ L2(D),

Output: u ∈ H1(D).
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