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Workshop III: Source inference and parameter estimation in Gravitational Wave Astronomy 

•Overview: Gravitational-wave (GW) observations offer a unique opportunity to study 
astrophysical and cosmological sources that are difficult to access through 
electromagnetic observations. Inferring the sources’ properties from their GW signal is 
one of the key objectives of GW data analysis. The planned improvements in the 
sensitivity of the ground-based detectors and future space-based observatories, 
however, bring unique computational and mathematical challenges to the inference 
problem including long-duration signals, high signal-to-noise ratios, increased 
parameter dimensionality and overlapping signals. These challenges must be overcome 
to fully exploit the scientific potential of GW observations. The goal of this workshop is to 
connect statisticians, computer scientists and GW astrophysicists to discuss the current 
state-of-the-art approaches to parameter estimation in GW astrophysics, and to 
identify the open issues to enable fast and reliable inference for different GW sources, 
including modelled and un-modelled signals, for the current and planned GW 
observatories.
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Q u e s t i o n s  t o  k e e p  i n  t h e  b a c k  o f  y o u r  m i n d

•What’s the product of inference? 

• Samples from posterior  

• The posterior  itself 

• The likelihood  

• Confidence/credible intervals  

• Expectations of various quantities with respect to posterior  

• A component to a larger decision making / planning system  

•How is important is speed (amortized inference)? 

•Are we after population-level inference or inference on individual objects? 

•What is the role of summary statistics / inductive bias / expert domain knowledge?

θi ∼ p(θ ∣ x)

p(θ ∣ x)

p(x ∣ θ)

𝔼p(θ∣x)[ f(θ)]
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S c i e n c e  i s  r e p l e t e  w i t h  h i g h - f i d e l i t y  s i m u l a t o r s

•Simulators are causal, generative models of the data generating process
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Fig. 1. Examples of phenomena at various length scales described by a diverse set of simulators, each with an intractable likelihood. Contains image material from Refs. (5–9).

pretable by a domain scientist and ◊ has relatively few
components and a fixed dimensionality. Examples include
coe�cients found in the Hamiltonian of a physical sys-
tem, the virulence and incubation rate of a pathogen, or
fundamental constants of Nature.

• The latent variables z that appear in the data-generating
process may directly or indirectly correspond to a phys-
ically meaningful state of a system, but typically this
state is unobservable in practice. The structure of the
latent space varies substantially between simulators. The
latent variables may be continuous or discrete and the
dimensionality of the latent space may be fixed or may
vary depending on the control flow of the simulator. The
simulation can freely combine deterministic and stochas-
tic steps. The deterministic components of the simulator
may be di�erentiable or may involve discontinuous control
flow elements. In practice, some simulators may provide
convenient access to the latent variables, while others are
e�ectively black boxes. Any given simulator may combine
these di�erent aspects in almost any way.

• Finally, the output data x correspond to the observations.
They can range from a few unstructured numbers to high-
dimensional and highly structured data, such as images
or geospatial information.

Consider for instance the systems shown in Fig. 1. Parti-
cle physics processes often only depend on a small number
of parameters of interest such as particle masses or coupling
strengths. The latent process combines a high-energy inter-
action, rigorously described by a quantum field theory, with
the passage of the resulting particles through an incredibly
complex detector, most accurately modeled with stochastic
simulations with billions of latent variables; this second part
often does not depend on the parameters of interest. The
output data consist, in their raw form, of millions of sen-
sor read-outs, though there is an established pipeline that
compresses this raw data to tens to hundreds of observables.
Epidemiological simulations can be based on a network struc-
ture with geospatial properties, and the latent process consists
of many repeated structurally identical stochastic time steps.
In contrast, cosmological simulations of the evolution of the
Universe may consist of a highly structured stochastic initial
state followed by a smooth, deterministic time evolution.

These di�erences mean that there is no one-size-fits-all
inference method. In this review we aim to clarify the consid-
erations needed to choose the most appropriate approach for
a given problem.

B. Inference. Scientific inference tasks di�er by what is being
inferred: given observed data x, is the goal to infer the input
parameters ◊, or the latent variables z, or both? Sometimes

only a subset of the parameters (or latent variables) are of in-
terest, while the rest are nuisance parameters (i. e. parameters
that we are not directly interested in but must account for
because they influence the distributions of the data). We will
focus on the common problem of inferring ◊ in a parametric
setting, we will comment on methods that allow inference on
z, and we will not focus on non-parametric inverse problems.

Inference may be performed either in a frequentist or a
Bayesian approach and may be limited to point estimates
◊̂(x) or extended to include a probabilistic notion of uncer-
tainty. In the frequentist case, confidence sets are often formed
from inverting hypothesis tests, based on the likelihood ratio
test statistic. In Bayesian inference, the goal is typically to
calculate the posterior

p(◊|x) = p(x|◊) p(◊)s
d◊Õ p(x|◊Õ) p(◊Õ)

[1]

for observed data x and a given prior p(◊). In both cases the
likelihood function p(x|◊) is a key ingredient.

The fundamental challenge for simulation-based inference
problems is that the likelihood function p(x|◊) implicitly de-
fined by the simulator is typically not tractable, as it corre-
sponds to an integral over all possible trajectories through the
latent space, i. e. all possible execution traces of the simulator.
That is,

p(x|◊) =
⁄

dz p(x, z|◊) , [2]

where p(x, z|◊) is the joint probability density of data x
and latent variables z. For a simple sequential data gen-
eration procedure, the joint likelihood can be written as
p(x, z|◊) = p(x|◊, z)

r
i
pi(zi|◊, z<i). For real-life simulators

with large latent spaces, it is clearly impossible to compute
this integral explicitly. Since the likelihood function is the
central ingredient to both frequentist and Bayesian inference,
this is a major challenge for inference in many fields. This
paper reviews simulation-based or likelihood-free inference
techniques that enable frequentist or Bayesian inference de-
spite this intractability. These methods can be seen as a
specialization of inverse Uncertainty Quantification (UQ) on
the model parameters in situations with accurate, stochastic
simulators.

There is a second, more widely appreciated source of in-
tractability. In the case of Bayesian inference, the evidence—
the denominator of Eq. (1)—involves an integral over the
parameters ◊. In problems with high-dimensional parameters
this becomes intractable, independently of the intractability of
the likelihood function. This challenge is commonly addressed
with Markov Chain Monte Carlo (MCMC) methods (10, 11)
or variational inference (VI) (12).
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RESEARCH ARTICLE SUMMARY
◥

MACHINE LEARNING

Boltzmann generators: Sampling
equilibrium states of many-body
systems with deep learning
Frank Noé*†, Simon Olsson*, Jonas Köhler*, Hao Wu

INTRODUCTION:Statistical mechanics aims
to compute the average behavior of physical
systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
To this end, we need to compute statistics

of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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Boltzmann generators overcome sampling
problems between long-lived states.The
Boltzmann generator works as follows: 1.We
sample from a simple (e.g., Gaussian)
distribution. 2. An invertible deep neural
network is trained to transform this simple
distribution to a distribution pXðxÞ that is
similar to the desired Boltzmann distribution
of the system of interest. 3.To compute
thermodynamics quantities, the samples are
reweighted to the Boltzmann distribution
using statistical mechanics methods.
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Fig. 1. Examples of phenomena at various length scales described by a diverse set of simulators, each with an intractable likelihood. Contains image material from Refs. (5–9).

pretable by a domain scientist and ◊ has relatively few
components and a fixed dimensionality. Examples include
coe�cients found in the Hamiltonian of a physical sys-
tem, the virulence and incubation rate of a pathogen, or
fundamental constants of Nature.

• The latent variables z that appear in the data-generating
process may directly or indirectly correspond to a phys-
ically meaningful state of a system, but typically this
state is unobservable in practice. The structure of the
latent space varies substantially between simulators. The
latent variables may be continuous or discrete and the
dimensionality of the latent space may be fixed or may
vary depending on the control flow of the simulator. The
simulation can freely combine deterministic and stochas-
tic steps. The deterministic components of the simulator
may be di�erentiable or may involve discontinuous control
flow elements. In practice, some simulators may provide
convenient access to the latent variables, while others are
e�ectively black boxes. Any given simulator may combine
these di�erent aspects in almost any way.

• Finally, the output data x correspond to the observations.
They can range from a few unstructured numbers to high-
dimensional and highly structured data, such as images
or geospatial information.

Consider for instance the systems shown in Fig. 1. Parti-
cle physics processes often only depend on a small number
of parameters of interest such as particle masses or coupling
strengths. The latent process combines a high-energy inter-
action, rigorously described by a quantum field theory, with
the passage of the resulting particles through an incredibly
complex detector, most accurately modeled with stochastic
simulations with billions of latent variables; this second part
often does not depend on the parameters of interest. The
output data consist, in their raw form, of millions of sen-
sor read-outs, though there is an established pipeline that
compresses this raw data to tens to hundreds of observables.
Epidemiological simulations can be based on a network struc-
ture with geospatial properties, and the latent process consists
of many repeated structurally identical stochastic time steps.
In contrast, cosmological simulations of the evolution of the
Universe may consist of a highly structured stochastic initial
state followed by a smooth, deterministic time evolution.

These di�erences mean that there is no one-size-fits-all
inference method. In this review we aim to clarify the consid-
erations needed to choose the most appropriate approach for
a given problem.

B. Inference. Scientific inference tasks di�er by what is being
inferred: given observed data x, is the goal to infer the input
parameters ◊, or the latent variables z, or both? Sometimes

only a subset of the parameters (or latent variables) are of in-
terest, while the rest are nuisance parameters (i. e. parameters
that we are not directly interested in but must account for
because they influence the distributions of the data). We will
focus on the common problem of inferring ◊ in a parametric
setting, we will comment on methods that allow inference on
z, and we will not focus on non-parametric inverse problems.

Inference may be performed either in a frequentist or a
Bayesian approach and may be limited to point estimates
◊̂(x) or extended to include a probabilistic notion of uncer-
tainty. In the frequentist case, confidence sets are often formed
from inverting hypothesis tests, based on the likelihood ratio
test statistic. In Bayesian inference, the goal is typically to
calculate the posterior

p(◊|x) = p(x|◊) p(◊)s
d◊Õ p(x|◊Õ) p(◊Õ)

[1]

for observed data x and a given prior p(◊). In both cases the
likelihood function p(x|◊) is a key ingredient.

The fundamental challenge for simulation-based inference
problems is that the likelihood function p(x|◊) implicitly de-
fined by the simulator is typically not tractable, as it corre-
sponds to an integral over all possible trajectories through the
latent space, i. e. all possible execution traces of the simulator.
That is,

p(x|◊) =
⁄

dz p(x, z|◊) , [2]

where p(x, z|◊) is the joint probability density of data x
and latent variables z. For a simple sequential data gen-
eration procedure, the joint likelihood can be written as
p(x, z|◊) = p(x|◊, z)

r
i
pi(zi|◊, z<i). For real-life simulators

with large latent spaces, it is clearly impossible to compute
this integral explicitly. Since the likelihood function is the
central ingredient to both frequentist and Bayesian inference,
this is a major challenge for inference in many fields. This
paper reviews simulation-based or likelihood-free inference
techniques that enable frequentist or Bayesian inference de-
spite this intractability. These methods can be seen as a
specialization of inverse Uncertainty Quantification (UQ) on
the model parameters in situations with accurate, stochastic
simulators.

There is a second, more widely appreciated source of in-
tractability. In the case of Bayesian inference, the evidence—
the denominator of Eq. (1)—involves an integral over the
parameters ◊. In problems with high-dimensional parameters
this becomes intractable, independently of the intractability of
the likelihood function. This challenge is commonly addressed
with Markov Chain Monte Carlo (MCMC) methods (10, 11)
or variational inference (VI) (12).
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•The expressiveness of programming languages facilitates the development of 
complex, high-fidelity simulations, and the power of modern computing provides the 
ability to generate synthetic data from them. 
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pretable by a domain scientist and ◊ has relatively few
components and a fixed dimensionality. Examples include
coe�cients found in the Hamiltonian of a physical sys-
tem, the virulence and incubation rate of a pathogen, or
fundamental constants of Nature.

• The latent variables z that appear in the data-generating
process may directly or indirectly correspond to a phys-
ically meaningful state of a system, but typically this
state is unobservable in practice. The structure of the
latent space varies substantially between simulators. The
latent variables may be continuous or discrete and the
dimensionality of the latent space may be fixed or may
vary depending on the control flow of the simulator. The
simulation can freely combine deterministic and stochas-
tic steps. The deterministic components of the simulator
may be di�erentiable or may involve discontinuous control
flow elements. In practice, some simulators may provide
convenient access to the latent variables, while others are
e�ectively black boxes. Any given simulator may combine
these di�erent aspects in almost any way.

• Finally, the output data x correspond to the observations.
They can range from a few unstructured numbers to high-
dimensional and highly structured data, such as images
or geospatial information.

Consider for instance the systems shown in Fig. 1. Parti-
cle physics processes often only depend on a small number
of parameters of interest such as particle masses or coupling
strengths. The latent process combines a high-energy inter-
action, rigorously described by a quantum field theory, with
the passage of the resulting particles through an incredibly
complex detector, most accurately modeled with stochastic
simulations with billions of latent variables; this second part
often does not depend on the parameters of interest. The
output data consist, in their raw form, of millions of sen-
sor read-outs, though there is an established pipeline that
compresses this raw data to tens to hundreds of observables.
Epidemiological simulations can be based on a network struc-
ture with geospatial properties, and the latent process consists
of many repeated structurally identical stochastic time steps.
In contrast, cosmological simulations of the evolution of the
Universe may consist of a highly structured stochastic initial
state followed by a smooth, deterministic time evolution.

These di�erences mean that there is no one-size-fits-all
inference method. In this review we aim to clarify the consid-
erations needed to choose the most appropriate approach for
a given problem.

B. Inference. Scientific inference tasks di�er by what is being
inferred: given observed data x, is the goal to infer the input
parameters ◊, or the latent variables z, or both? Sometimes

only a subset of the parameters (or latent variables) are of in-
terest, while the rest are nuisance parameters (i. e. parameters
that we are not directly interested in but must account for
because they influence the distributions of the data). We will
focus on the common problem of inferring ◊ in a parametric
setting, we will comment on methods that allow inference on
z, and we will not focus on non-parametric inverse problems.

Inference may be performed either in a frequentist or a
Bayesian approach and may be limited to point estimates
◊̂(x) or extended to include a probabilistic notion of uncer-
tainty. In the frequentist case, confidence sets are often formed
from inverting hypothesis tests, based on the likelihood ratio
test statistic. In Bayesian inference, the goal is typically to
calculate the posterior

p(◊|x) = p(x|◊) p(◊)s
d◊Õ p(x|◊Õ) p(◊Õ)

[1]

for observed data x and a given prior p(◊). In both cases the
likelihood function p(x|◊) is a key ingredient.

The fundamental challenge for simulation-based inference
problems is that the likelihood function p(x|◊) implicitly de-
fined by the simulator is typically not tractable, as it corre-
sponds to an integral over all possible trajectories through the
latent space, i. e. all possible execution traces of the simulator.
That is,

p(x|◊) =
⁄

dz p(x, z|◊) , [2]

where p(x, z|◊) is the joint probability density of data x
and latent variables z. For a simple sequential data gen-
eration procedure, the joint likelihood can be written as
p(x, z|◊) = p(x|◊, z)

r
i
pi(zi|◊, z<i). For real-life simulators

with large latent spaces, it is clearly impossible to compute
this integral explicitly. Since the likelihood function is the
central ingredient to both frequentist and Bayesian inference,
this is a major challenge for inference in many fields. This
paper reviews simulation-based or likelihood-free inference
techniques that enable frequentist or Bayesian inference de-
spite this intractability. These methods can be seen as a
specialization of inverse Uncertainty Quantification (UQ) on
the model parameters in situations with accurate, stochastic
simulators.

There is a second, more widely appreciated source of in-
tractability. In the case of Bayesian inference, the evidence—
the denominator of Eq. (1)—involves an integral over the
parameters ◊. In problems with high-dimensional parameters
this becomes intractable, independently of the intractability of
the likelihood function. This challenge is commonly addressed
with Markov Chain Monte Carlo (MCMC) methods (10, 11)
or variational inference (VI) (12).

2 Cranmer et al.
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Boltzmann generators: Sampling
equilibrium states of many-body
systems with deep learning
Frank Noé*†, Simon Olsson*, Jonas Köhler*, Hao Wu

INTRODUCTION:Statistical mechanics aims
to compute the average behavior of physical
systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
To this end, we need to compute statistics

of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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Boltzmann generators overcome sampling
problems between long-lived states.The
Boltzmann generator works as follows: 1.We
sample from a simple (e.g., Gaussian)
distribution. 2. An invertible deep neural
network is trained to transform this simple
distribution to a distribution pXðxÞ that is
similar to the desired Boltzmann distribution
of the system of interest. 3.To compute
thermodynamics quantities, the samples are
reweighted to the Boltzmann distribution
using statistical mechanics methods.
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•Unfortunately, these simulators are  poorly suited for statistical inference.

[Cranmer, Brehmer, Louppe PNAS (2020), arXiv:1911.01429 ]
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P R E D I C T I O N

I N F E R E N C E

x 
observed data 
simulated data

θ 
parameters of interest

forward modeling 
generation 
simulation

inverse problem 
measurement 

parameter estimation

p( x, z | θ )

z 
latent variables



M o d e l  m i s s p e c i f i c a t i o n

•Inference is always done within the context of a model 

• If the model is mis-specified it will affect inference 

• Here the model is the simulator 

• the simulator may not be perfect, but   

• simulators usually include more effects than traditional prescribed models 

•To account for mis-modeling, simulators are often expanded to model residuals 

• The simulator now also depends on nuisance parameters ν

7
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P R E D I C T I O N

I N F E R E N C E

x 
observed data 
simulated data

θ 
parameters of interest

forward modeling 
generation 
simulation

inverse problem 
measurement 

parameter estimation

p( x, z | θ, ν )

ν 
nuisance parameters

z 
latent variables



P r o p e r t i e s  o f  s i m u l a t o r s

•Two broad classes: 

• Deterministic evolution of initial state  

• (eg. differential equations, fluid 
dynamics, N-body simulations, etc.) 

• Stochastic evolution  

• (eg. Markov processes, molecular 
dynamics, Gibbs / Boltzmann 
distribution in statistical mechanics, 
stochastic differential equations, etc.) 

•

9

A N I M AT I O N  B Y  AT I L I M  G Ü N EŞ  B AY D I N  
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•Integral over latent variables is typically intractable p(x|✓) =
Z

p(x, z | ✓)dz
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A  r o s e  b y  a n y  o t h e r  n a m e

•This motivates a class of inference methods for a stochastic simulator where 

• evaluating the likelihood is intractable, but  

• it is possible to sample synthetic data  

•This setting is often referred to as likelihood-free inference, but I prefer the term 
simulation-based inference because usually one approximates the likelihood  
(or likelihood ratio) and then use established inference techniques 

• applies to both Bayesian or Frequentist inference 

x ∼ p(x ∣ θ)

10
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<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>

Z
dzd

Z
dzs

Z
dzp

<latexit sha1_base64="3QqUXkjI/9W5HgMcIsL03s1lYzU="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="FpObNG65Uc+0rDaOyXieyCj+f20="></latexit>

p(x|✓) =
<latexit sha1_base64="AcNV+p6EfcfqicL9caw7jS+EafQ="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="jApDs7na6jNuX+U748CZyoN/x9g="></latexit>
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It’s infeasible to calculate the 
integral over this enormous space! 



1 0 ⁸  s e n s o r s   →  s u m m a r y  s t a t i s t i c

•Most measurements and searches for new particles at the LHC are based on the distribution of a single 
summary statistic 

• choosing a good summary statistic  (feature engineering) is a task for a skilled physicist and tailored 
to the goal of measurement or new particle search 

• likelihood  approximated using histograms or kernel density estimation

s(x)

p(s |θ)

14

[Similar to Diggle & Gratton (1984)] 
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• choosing a good summary statistic  (feature engineering) is a task for a skilled physicist and tailored 
to the goal of measurement or new particle search 

• likelihood  approximated using histograms or kernel density estimation

s(x)

p(s |θ)

14

This doesn’t scale if summary is high dimensional!

[Similar to Diggle & Gratton (1984)] 
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Many stochastic simulation approaches for generating observa-
tions from a posterior distribution depend on knowing a likelihood
function. However, for many complex probability models, such
likelihoods are either impossible or computationally prohibitive to
obtain. Here we present a Markov chain Monte Carlo method for
generating observations from a posterior distribution without the
use of likelihoods. It can also be used in frequentist applications, in
particular for maximum-likelihood estimation. The approach is
illustrated by an example of ancestral inference in population
genetics. A number of open problems are highlighted in the
discussion.

One of the basic problems in Bayesian statistics is the
computation of posterior distributions. We imagine data D

generated from a model M determined by parameters !, the
prior density of which is denoted by "(!). We assume unless
otherwise stated that the data are discrete. The posterior
distribution of interest is f(!!D), which is given by

f!!!D" # !!D!!""!!""!!D", [1]

where !(D) # $ !(D!!)"(!)d! is the normalizing constant.
In most scientific contexts, explicit formulae for such posterior

densities are few and far between, and we usually resort to
stochastic simulation to generate observations from f. Perhaps
the simplest approach for this is the rejection method:

A1. Generate ! from "(!).
A2. Accept ! with probability h # !(D!!); return to A1.

of & therefore reflects a tension between computability and
accuracy. The method is still honest in that, for a given $ and &,
we are generating independent and identically distributed ob-
servations from f(!!$(D, D%) % &).

When D is high-dimensional or continuous, this approach can
be impractical as well, and then the comparison of D% with D can
be made by using lower-dimensional summaries of the data. The
motivation for this approach is that if the set of statistics S # (S1,
. . . , Sp) is sufficient for !, in that !(D!S, !) is independent of
!, then f(!!D) # f(!!S). The normalizing constant !(S) is
typically larger than !(D), resulting in more acceptances. In
practice it will be hard, if not impossible, to identity a suitable
set of sufficient statistics, and we then might resort to a more
heuristic approach. Thus we seek to use knowledge of the
particular problem at hand to suggest summary statistics that
capture information about !. With these statistics in hand, we
have the following approximate Bayesian computation scheme
for data D summarized by S:

D1. Generate ! from "(!).
D2. Simulate D% from stochastic model M with parameter !, and

compute the corresponding statistics S%.
D3. Calculate the distance $(S, S%) between S and S%.
D4. Accept ! if $ % &, and return to D1.

There are several advantages to these rejection methods,
among them the fact that they are usually easy to code, they
generate independent observations (and thus can use embar-
rassingly parallel computation), and they readily provide
estimates of Bayes factors that can be used for model com-
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One of the basic problems in Bayesian statistics is the
computation of posterior distributions. We imagine data D

generated from a model M determined by parameters !, the
prior density of which is denoted by "(!). We assume unless
otherwise stated that the data are discrete. The posterior
distribution of interest is f(!!D), which is given by

f!!!D" # !!D!!""!!""!!D", [1]

where !(D) # $ !(D!!)"(!)d! is the normalizing constant.
In most scientific contexts, explicit formulae for such posterior

densities are few and far between, and we usually resort to
stochastic simulation to generate observations from f. Perhaps
the simplest approach for this is the rejection method:

A1. Generate ! from "(!).
A2. Accept ! with probability h # !(D!!); return to A1.

Accepted observations have distribution f(!!D) (cf. ref. 1). The
computations can often be accelerated if an upper bound c for
!(D!!) is known; h then is replaced by h"c. If !̂ denotes the
maximum-likelihood estimator of !, we could take c # !(D!!̂).

There are many variations on this theme. Of particular
relevance here is the case in which the likelihood !(D!!) cannot
be computed explicitly. One obvious approach then is:

B1. Generate ! from "(!).
B2. Simulate D% from the model M with parameter !.
B3. Accept ! if D% # D; return to B1.

The success of this approach depends on the fact that the
underlying stochastic model M is easy to simulate. This approach
can be useful when computation of the likelihood is possible but
time-consuming.

The practicality of algorithms such as these depends crucially
on the size of !(D), because the probability of accepting an
observation is proportional to !(D). In cases where the accep-
tance rate is too small, one might resort to approximate methods
such as:

C1. Generate ! from "(!).
C2. Simulate D% from the model M with parameter !.
C3. Calculate the distance $(D, D%) between D% and D.
C4. Accept ! if $ % &; return to C1.

This approach requires selection of a suitable metric $ as well as
a choice of &. As &3 & it generates observations from the prior.
If & # 0, an observation D% is accepted only if D% # D, and then
accepted observations come from the density f(!!D). The choice

of & therefore reflects a tension between computability and
accuracy. The method is still honest in that, for a given $ and &,
we are generating independent and identically distributed ob-
servations from f(!!$(D, D%) % &).

When D is high-dimensional or continuous, this approach can
be impractical as well, and then the comparison of D% with D can
be made by using lower-dimensional summaries of the data. The
motivation for this approach is that if the set of statistics S # (S1,
. . . , Sp) is sufficient for !, in that !(D!S, !) is independent of
!, then f(!!D) # f(!!S). The normalizing constant !(S) is
typically larger than !(D), resulting in more acceptances. In
practice it will be hard, if not impossible, to identity a suitable
set of sufficient statistics, and we then might resort to a more
heuristic approach. Thus we seek to use knowledge of the
particular problem at hand to suggest summary statistics that
capture information about !. With these statistics in hand, we
have the following approximate Bayesian computation scheme
for data D summarized by S:

D1. Generate ! from "(!).
D2. Simulate D% from stochastic model M with parameter !, and

compute the corresponding statistics S%.
D3. Calculate the distance $(S, S%) between S and S%.
D4. Accept ! if $ % &, and return to D1.

There are several advantages to these rejection methods,
among them the fact that they are usually easy to code, they
generate independent observations (and thus can use embar-
rassingly parallel computation), and they readily provide
estimates of Bayes factors that can be used for model com-
parison. On the other hand, sampling from the prior in
complex probability models is unlikely to be sensible when the
posterior is a long way from the prior. Later we discuss Markov
chain Monte Carlo (MCMC) algorithms and provide an
alternative MCMC approach that does not require the eval-
uation of likelihoods.

Examples from Evolutionary Biology
Examples of these algorithms have appeared in the evolutionary
genetics literature. For example, inference problems in molec-
ular population genetics can be described as follows. We sample
the molecular variation present at several loci in a population,
obtaining a discrete variation data set D (DNA sequence data,
for example). Inference and estimation for population parame-
ters of interest such as mutation rates, recombination rates,
migration rates, and demographic parameters are then based on
a stochastic model M for D.

The coalescent (2) provides a commonly used modeling
framework in this setting. The coalescent is a stochastic model
for the ancestral relationships between the sampled sequences.
In the absence of recombination, these ancestral relationships
form a binary branching tree. Because the tree is not observed,
inference for parameters of interest can be thought of as a

Abbreviations: MCMC, Markov chain Monte Carlo; MRCA, most recent common ancestor.
‡To whom correspondence should be addressed at: Program in Molecular and Computa-
tional Biology, Department of Biological Sciences, SHS 172, University of Southern Cali-
fornia, 835 West 37th Street, Los Angeles, CA 90089-1340. E-mail: stavare@usc.edu.
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B1. Generate ! from "(!).
B2. Simulate D% from the model M with parameter !.
B3. Accept ! if D% # D; return to B1.

The success of this approach depends on the fact that the
underlying stochastic model M is easy to simulate. This approach
can be useful when computation of the likelihood is possible but
time-consuming.

The practicality of algorithms such as these depends crucially
on the size of !(D), because the probability of accepting an
observation is proportional to !(D). In cases where the accep-
tance rate is too small, one might resort to approximate methods
such as:

C1. Generate ! from "(!).
C2. Simulate D% from the model M with parameter !.
C3. Calculate the distance $(D, D%) between D% and D.
C4. Accept ! if $ % &; return to C1.

This approach requires selection of a suitable metric $ as well as
a choice of &. As &3 & it generates observations from the prior.
If & # 0, an observation D% is accepted only if D% # D, and then
accepted observations come from the density f(!!D). The choice

of & therefore reflects a tension between computability and
accuracy. The method is still honest in that, for a given $ and &,
we are generating independent and identically distributed ob-
servations from f(!!$(D, D%) % &).

When D is high-dimensional or continuous, this approach can
be impractical as well, and then the comparison of D% with D can
be made by using lower-dimensional summaries of the data. The
motivation for this approach is that if the set of statistics S # (S1,
. . . , Sp) is sufficient for !, in that !(D!S, !) is independent of
!, then f(!!D) # f(!!S). The normalizing constant !(S) is
typically larger than !(D), resulting in more acceptances. In
practice it will be hard, if not impossible, to identity a suitable
set of sufficient statistics, and we then might resort to a more
heuristic approach. Thus we seek to use knowledge of the
particular problem at hand to suggest summary statistics that
capture information about !. With these statistics in hand, we
have the following approximate Bayesian computation scheme
for data D summarized by S:

D1. Generate ! from "(!).
D2. Simulate D% from stochastic model M with parameter !, and

compute the corresponding statistics S%.
D3. Calculate the distance $(S, S%) between S and S%.
D4. Accept ! if $ % &, and return to D1.

There are several advantages to these rejection methods,
among them the fact that they are usually easy to code, they
generate independent observations (and thus can use embar-
rassingly parallel computation), and they readily provide
estimates of Bayes factors that can be used for model com-
parison. On the other hand, sampling from the prior in
complex probability models is unlikely to be sensible when the
posterior is a long way from the prior. Later we discuss Markov
chain Monte Carlo (MCMC) algorithms and provide an
alternative MCMC approach that does not require the eval-
uation of likelihoods.

Examples from Evolutionary Biology
Examples of these algorithms have appeared in the evolutionary
genetics literature. For example, inference problems in molec-
ular population genetics can be described as follows. We sample
the molecular variation present at several loci in a population,
obtaining a discrete variation data set D (DNA sequence data,
for example). Inference and estimation for population parame-
ters of interest such as mutation rates, recombination rates,
migration rates, and demographic parameters are then based on
a stochastic model M for D.

The coalescent (2) provides a commonly used modeling
framework in this setting. The coalescent is a stochastic model
for the ancestral relationships between the sampled sequences.
In the absence of recombination, these ancestral relationships
form a binary branching tree. Because the tree is not observed,
inference for parameters of interest can be thought of as a

Abbreviations: MCMC, Markov chain Monte Carlo; MRCA, most recent common ancestor.
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Many domains of science have developed complex simulations to

describe phenomena of interest. While these simulations provide

high-fidelity models, they are poorly suited for inference and lead to

challenging inverse problems. We review the rapidly developing field

of simulation-based inference and identify the forces giving new mo-

mentum to the field. Finally, we describe how the frontier is expand-

ing so that a broad audience can appreciate the profound change

these developments may have on science.

Statistical inference | Implicit models | Likelihood-free inference | Ap-
proximate Bayesian Computation | Neural density estimation

Mechanistic models can be used to predict how systems
will behave in a variety of circumstances. These run

the gamut of distance scales with notable examples including
particle physics, molecular dynamics, protein folding, popula-
tion genetics, neuroscience, epidemiology, economics, ecology,
climate science, astrophysics, and cosmology (see Fig. 1). The
expressiveness of programming languages facilitates the devel-
opment of complex, high-fidelity simulations and the power
of modern computing provides the ability to generate syn-
thetic data from them. Unfortunately, these simulators are
poorly suited for statistical inference. The source of the chal-
lenge is that the probability density (or likelihood) for a given
observation—an essential ingredient to both frequentist and
Bayesian inference methods—is typically intractable. Such
models are often referred to as implicit models and contrasted
against prescribed models where the likelihood for an obser-
vation can be explicitly calculated (1). The problem setting
of statistical inference under intractable likelihoods has been
dubbed likelihood-free inference—though it is a bit of a mis-
nomer as typically one attempts to estimate the intractable
likelihood, so we feel the term simulation-based inference is
more apt.

The intractability of the likelihood is an obstruction for
scientific progress as statistical inference is a key component
of the scientific method. In areas where this obstruction has
appeared, scientists have developed various ad-hoc or field-
specific methods to overcome it. In particular, two common
traditional approaches rely on scientists to use their insight
into the system to construct powerful summary statistics and
then compare the observed data to the simulated data. In the
first, density estimation methods are used to approximate the
distribution of the summary statistics from samples generated
by the simulator (1). This approach was used for the discovery
of the Higgs boson in a frequentist paradigm and is illustrated
in Fig. 3e). Alternatively, a technique known as Approximate
Bayesian Computation (ABC) (2, 3) compares the observed
and simulated data based on some distance measure involving
the summary statistics. ABC is widely used in population
biology, computational neuroscience, and cosmology and is
depicted in Fig. 3a). Both techniques have served a large and
diverse segment of the scientific community.

Recently, the toolbox of simulation-based inference has

experienced an accelerated expansion. Broadly speaking, three
forces are giving new momentum to the field. First, there has
been a significant cross-pollination between those studying
simulation-based inference and those studying probabilistic
models in machine learning (4), and the impressive growth of
machine learning capabilities enables new approaches. Second,
active learning—the idea of continuously using the acquired
knowledge to guide the simulator—is being recognized as a
key idea to improve the sample e�ciency of various inference
methods. A third direction of research has stopped treating
the simulator as a black box and focused on integrations that
allow the inference engine to tap into the internal details of
the simulator directly.

Amidst this ongoing technological revolution, the landscape
of simulation-based inference is changing rapidly. In this review
we aim to provide the reader with a high-level overview of
the basic ideas behind both old and new inference techniques.
Rather than discussing the algorithms in technical detail, we
focus on the current frontiers of research, and comment on
some ongoing developments that we deem particularly exciting.

We begin by describing simulation-based inference and the
traditional approaches in Sec. 1. In Sec. 2 we discuss three
main directions of technological progress. We then show how
they can be combined in di�erent workflows for simulation-
based inference in Sec. 3. We conclude with a discussion of
the future of simulation-based inference in Sec. 4.

1. Simulation-based inference

A. Simulators. Statistical inference is performed within the
context of a statistical model, and in simulation-based inference
the simulator itself defines the statistical model. For the
purpose of this paper, a simulator is a computer program that
takes as input a vector of parameters ◊, samples a series of
internal states or latent variables zi ≥ pi(zi|◊, z<i), and finally
produces a data vector x ≥ p(x|◊, z) as output. Programs that
involve random samplings and are interpreted as statistical
models are known as probabilistic programs, and simulators
are an example. Within this general formulation, real-life
simulators can vary substantially:

• The parameters ◊ describe the underlying mechanis-
tic model and thus a�ect the transition probabilities
pi(zi|◊, z<i). Typically the mechanistic model is inter-
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Use simulator  
(much more efficiently)

Learn simulator  
(with deep learning)

• Likelihood ratio trick (with classifiers) 

• Conditional density estimate  
(with normalizing flows) 

• Learned summary statistics

[image credit: A.P. Goucher]

• Approximate Bayesian Computation (ABC) 

• Probabilistic Programming 

• Adversarial Variational Optimization 

https://cp4space.wordpress.com/2016/02/06/deep-learning-with-the-analytical-engine/
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Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When

6 Cranmer et al.

[Cranmer, J. Brehmer, G. Louppe, PNAS (2020), arXiv:1911.01429 ]

https://arxiv.org/abs/1911.01429


F r o m  t h e  r e v i e w

29

prior

proposal

simulator

inference

posterior

data

Amortized likelihood

unsupervised
learning

approximate
likelihood

op
tio

na
l a

ct
iv

e 
le

ar
ni

ng

x

xθ

θ

prior

proposal

simulator

inference data

Amortized likelihood ratio

supervised
learning

approximate 
likelihood 

ratio

op
tio

na
l a

ct
iv

e 
le

ar
ni

ng

xθ

x

θ

Probabilistic Programming 
with Monte Carlo sampling

prior

proposal

augmented
simulator

compare

posterior

data

θ, z

x

x’

θ, z

prior

proposal

simulator

compare

posterior

data

Approximate Bayesian Computation
with Monte Carlo sampling

θ

x

x’

θ

prior proposal

simulator

evaluate

posterior

data

Amortized posterior

unsupervised
learning

approximate
posterior 

op
tio

na
l a

ct
iv

e 
le

ar
ni

ng

x

x

θ

θ

Probabilistic Programming 
with Inference Compilation

a) b) c)

e) f) g)

θ θ

prior

proposal

augmented
simulator

inference data

Amortized surrogates
trained with augmented data

supervised
learning

surrogate

op
tio

na
l a

ct
iv

e 
le

ar
ni

ng

xθ

x, t(x,z), r(x,z)

θ

h)

θ

Approximate Bayesian Computation
with learned summary statistics

x

prior

proposal

simulator

compare

posterior

data

θ, z

x’

θ, z

summary
statistics

y’ y

d)

confidence 
sets posteriorconfidence 

sets posteriorconfidence 
sets

prior

proposal

augmented
simulator

compare

posterior

data

x’

x

θ, z

importance 
sampling

θ, z

x

Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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S t r u c t u r e d  l a t e n t  s p a c e

•One can frame simulators as: 

• first samples latent variables  and then run through 
some deterministic function  

• with implicit likelihood 

•But  

•  may be very weird… non-differentiable due to control flow 

• and the latent space often very structured

z ∼ p(z ∣ θ)
x = g(θ, z)

g(θ, z)
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On Contrastive Learning for Likelihood-free Inference

Conor Durkan
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Abstract

Likelihood-free methods perform parameter infer-
ence in stochastic simulator models where eval-
uating the likelihood is intractable but sampling
synthetic data is possible. One class of meth-
ods for this likelihood-free problem uses a clas-
sifier to distinguish between pairs of parameter-
observation samples generated using the simula-
tor and pairs sampled from some reference dis-
tribution, which implicitly learns a density ratio
proportional to the likelihood. Another popular
class of methods fits a conditional distribution to
the parameter posterior directly, and a particular
recent variant allows for the use of flexible neural
density estimators for this task. In this work, we
show that both of these approaches can be unified
under a general contrastive learning scheme, and
clarify how they should be run and compared.

1. Introduction

Modeling systems using parameterized stochastic simula-
tors is prevalent across many scientific and engineering
disciplines, including cosmology (Alsing et al., 2019), high-
energy physics (Brehmer et al., 2018a), and computational
neuroscience (Gonçalves et al., 2019). Specifying models
in this way is appealing since it is often easier to describe a
generative process implicitly rather than reasoning directly
about an emergent probability distribution. Traditional pa-
rameter inference algorithms such as variational methods
and Markov Chain Monte Carlo (MCMC) usually don’t
apply to these models, since explicit evaluation of the likeli-
hood function is often intractable.

In recent years, significant progress has been made toward
this challenge of likelihood-free inference (Sisson et al.,
2018). Most of the literature relies on sample-based meth-
ods that require very large numbers of simulations. Methods
based on neural networks have reduced the number of sim-
ulations needed to perform effective inference by orders

1School of Informatics, University of Edinburgh, United King-
dom 2DeepMind, London, United Kingdom. Correspondence to:
Conor Durkan <conor.durkan@ed.ac.uk>.

Pre-print. Work in progress.

of magnitude (Papamakarios, 2019; Cranmer et al., 2019).
Some of these can evaluate and sample from an approximate
posterior directly, bypassing the need for MCMC schemes
altogether. Ultimately, this line of work seeks to develop
a robust and practical toolkit which practitioners can rely
upon for whichever use case they desire.

In this paper, we consider two recently proposed approaches
to neural likelihood-free inference: the first uses classifica-
tion to approximate density ratios proportional to the like-
lihood (Hermans et al., 2019), whereas the second directly
casts the problem as a conditional density estimation task
(Greenberg et al., 2019). We demonstrate that these two
methods, traditionally viewed as distinct and compared as
such in the literature, are both instances of a more general
contrastive learning scheme, and can thus be unified under a
single framework. Using this perspective, we directly com-
pare the properties and behaviour of both algorithms, and
offer practical recommendations for those wishing to use
these methods.

2. Background

Given a vector of parameters ✓, a stochastic simulator gen-
erates latent random numbers z, and produces observed
data x = g(✓, z), where g is some nonlinear function. The
likelihood of the parameters ✓ given observed data x is then

p(x |✓) =
Z

�(x� g(✓, z)) p(z |✓) dz, (1)

where �(·) is the Dirac delta, and this integral is intractable
in general. In some cases it may be possible to evaluate the
joint likelihood p(x, z |✓), but (i) this requires performing
inference on the constrained manifold (g(✓, z), z), and (ii)
often this augmented space is sufficiently high-dimensional
to make standard inference approaches infeasible. In other
cases, the simulator may be provided to us as a black-box
whose internal workings are not accessible, and it is still
desirable to carry out inference in this scenario.

We are interested in computing the posterior p(✓ |x0) for a
specific observation x0, where we have prior beliefs p(✓)
about the parameters. This amounts to computing the den-
sity ratio p(x0 | ✓)

p(x0)
= p(✓ |x0)

p(✓) , and this quantity need only be
known up to a constant independent of ✓ if our approach
uses MCMC schemes. Throughout, we assume that the sim-
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•Hijack the random number generators and use NN’s to learn               and then perform a 
very smart type of importance sampling over structured latent space of stack traces.
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https://github.com/probprog/pyprob 

•Previously had to use a special purpose probabilistic programming language. 
With ppx protocol, we decouple inference engine & control existing simulator.

G. Baydin, et al SC19 arXiv:1907.03382  
G. Baydin, et al. NeurIPS 2019 arXiv:1807.07706

• Augment real-world physics simulator  
(C++, 1M lines of code)  

• 3DCNN-LSTM architecture for  
(Stack traces with Dim[ ] ranging from 100 — 2,000) 

• Inference is embarrassingly parallelizable 
unlike MCMC. 230x speedup
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Simulation-Based Inference for Global Health Decisions

START A1
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SetupPopulation

1
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Figure 1: Latent probabilistic structure uncovered using PyProb from the Imperial College CovidSim simulator run on Malta,
demonstrating the first step in working with this simulator as a probabilistic program. Uniform distributions are omitted for simplicity.

als in a population based on different stages of the disease3

[29, 2, 11]. Advances in model construction, computing
power, and novel insights into medical and socio-economic
aspects have since stimulated the introduction of stochastic
individual-based models 4 [41] to public health applications.
These relatively complex and highly-parametrised models
are implemented as simulator software that allow studying
the global effects of self-organization and emergent proper-
ties arising from individual interactions at the local level.

In general, inference in individual-based simulators is usu-
ally doubly intractable, as both simulator likelihood and
evidence cannot be evaluated efficiently. Likelihood-free
methods, including approximate Bayesian computation
(ABC) [9] have been proposed [3, 16], but suffer from
exponential scaling of inference with data dimension, re-
quiring domain experts to define low-dimensional summary
statistics, which ultimately determine quality of inference.

Recent advances in machine learning have led to a new fam-
ily of promising approaches to simulation-based inference
[see 15, for an overview]. In particular, we argue that prob-
abilistic programming [see 53, for an introduction] has a
unique potential to standardise and automate model calibra-
tion and decision-making in individual-based simulators.

Probabilistic programming allows one to express probability
models using computer code and perform statistical infer-
ence over the inputs and latent variables of the program,
conditioned on data observations (or constraints). This is
achieved by using special-purpose probabilistic program-
ming languages (PPLs) [24, 43, 14, 51, 10], which aug-
ment a host language with features to express probabilities
and Bayesian conditioning. PPLs separate model specifica-
tion from inference, allowing flexible selection of appropri-
ate inference engines (e.g., importance sampling (IS) [17],
Markov-chain Monte Carlo (MCMC) [12]).

Recent work made it possible to use pre-existing stochastic
simulators as probabilistic programs, with minimal code
modification to capture and redirect random number draws
[7], scaling up to very large simulators [8], and particularly
relevant to this work, with application to individual-based
epidemiology simulators [26]. Within such a framework,
one could, for instance, condition on desired health out-
comes (e.g., ICU capacity not being exceeded in a pan-

3E.g., susceptible–infectious–recovered or SIR
4Also referred to as agent-based model or multi-agent system.

demic), and derive detailed posterior distributions over all
interactions defined by the simulator [56], providing insights
on interventions effecting a desired outcome—with proper
uncertainty quantification at all stages.

To further enhance the applicability of simulation-based in-
ference in this domain we highlight several opportunities for
further method development. Automated amortisation by
surrogate methods [25, 36, 34], which aim to automatically
identify and replace compute-intensive parts of a simulator
through less expensive emulators, could be guided by the
causal structure inherent to a simulator (Figure 1), such as
many repeated, structurally identical stochastic time steps
or multi-agent interactions that might be amenable to mean-
field approximations [57]. In addition, pre-existing simula-
tors could be turned into differentiable programs [6] through
automated source-to-source transformations, thus allowing
for the use of gradient-based optimisation and inference
methods, including Hamiltonian Monte Carlo [37]. Last
but not least, the unified interface specification afforded by
probabilistic programming could allow simulators to also be-
come amenable to other techniques from simulation-based
inference and control, including dynamic programming and
reinforcement learning [31, 52, 27].

To foster the development of a new standardised approach
to model calibration and evidence-based decision-making in
public health, we are working on instrumenting the existing
CovidSim [19] and OpenMalaria [45] simulators with a
probabilistic programming interface through the PyProb
library.5 We will publicly release our code to provide out-
of-the-box probabilistic programming inference over public
health scenarios of interest in these two domains.

We expect the mentioned techniques to play a role in dealing
with communicable (infectious) diseases, which already en-
tailed a significant burden for health systems in developing
countries [35] before the worldwide impact of COVID-19.
However, they can also be applicable to non-communicable
diseases, such as diabetes and cancer, which are recognised
major causes of morbidity and mortality worldwide [4, 30].
This will add to the already identified potential of machine
learning in health policy [5] and improving health access,
emphasising its value for global health in the efforts to
achieve universal health coverage and sustainable develop-
ment goals [39, 54].

5https://github.com/pyprob/pyprob

https://arxiv.org/abs/1905.12432
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Abstract

Epidemiology simulations have become a funda-
mental tool in the fight against the epidemics of
various infectious diseases like AIDS and malaria.
However, the complicated and stochastic nature of
these simulators can mean their output is difficult
to interpret, which reduces their usefulness to poli-
cymakers. In this paper, we introduce an approach
that allows one to treat a large class of population-
based epidemiology simulators as probabilistic
generative models. This is achieved by hijack-

ing the internal random number generator calls,
through the use of an universal probabilistic pro-
gramming system (PPS). In contrast to other meth-
ods, our approach can be easily retrofitted to sim-
ulators written in popular industrial programming
frameworks. We demonstrate that our method
can be used for interpretable introspection and
inference, thus shedding light on black-box simu-
lators. This reinstates much needed trust between
policymakers and evidence-based methods.

1. Introduction

Ending the epidemics of AIDS, tuberculosis, malaria and
other infectious diseases by 2030 is a key target within the
Good Health & Well-Being section of the UN Sustainable
Development Goals (UN, 2017; 2018). However, despite
decades of substantial international efforts, these diseases
kill hundreds of million people a year. For example, malaria
still annually kills about a quarter of a million children under
the age of 5 in Africa alone.

To reach the WHO’s target of reducing malaria incidence
and mortality rates by at least 90% by 2030, policymakers
are increasingly turning to evidence-based methods, thus
oftentimes relying on computational simulations (WHO,

*Equal contribution 1Department of Engineering Science,
University of Oxford, UK 2Department of Statistics, University
of Oxford, UK. Correspondence to: Bradley J. Gram-Hansen
<bradley@robots.ox.ac.uk>.

Appearing at the International Conference on Machine Learning

AI for Social Good Workshop, Long Beach, United States, 2019.

2015). These simulations allow policymakers to infer criti-
cal information on disease dynamics and make predictions
about the impacts of policies before they are rolled out. This
frequently increases the effectiveness of interventions and
thus ultimately saves resources, or even lives. For example,
it has been shown that mass vaccination may be largely
ineffective in regions of large transmission rates, but may
play a crucial role in areas of low transmission (Cameron
et al., 2015).

Malaria epidemiology is governed by a complex set of
drivers, few of which can be understood in isolation
(Cameron et al., 2015; Autino et al.; Smith et al., 2008;
Bershteyn et al., 2018). These include within-host dynamics,
population-specific traits and even local geography. Com-
prehensive modeling of all of these components remains
challenging, particularly in a region-specific context. Com-
putational epidemiology simulators have to reflect these
complexities and are usually stochastic in nature. This can
make simulation output highly non-trivial to interpret, par-
ticularly when trying to draw desired inferences coupled
with observed data (Mwendera et al.; Ferris et al.).

In this paper, we introduce a novel method that allows
one to shed light on the inner workings of a large class
of population-based stochastic simulators. We achieve this
by extending the work of Baydin et al. (2018) by inter-
preting such population-based simulators as probabilistic
generative models within the framework of universal proba-
bilistic programming (UPP) (Le et al., 2017). To this end,
we hijack existing simulators by overriding their internal
random number generators. Specifically, by replacing the
existing low-level random number generator in a simulator
with a call to a purpose-built UPP “controller”, which can
thus control, track and manipulate the stochasticity of the
simulator.

This allows for a variety of tasks to be performed on the
hijacked simulator, such as running inference (by condition-
ing the values of certain draws and manipulating others),
uncovering stochastic structure, and automatically produc-
ing result summaries, such as establishing the probability of
different program paths/traces. By providing a common ab-
straction framework for different simulators, our approach
further allows for easy and direct comparison between re-

ar
X

iv
:1

90
5.

12
43

2v
1 

 [s
ta

t.M
L]

  2
9 

M
ay

 2
01

9

PLANNING AS INFERENCE
IN EPIDEMIOLOGICAL DYNAMICS MODELS

A PREPRINT

Frank Wood1,3,4, Andrew Warrington2, Saeid Naderiparizi1, Christian Weilbach1, Vaden Masrani1,
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ABSTRACT

In this work we demonstrate how existing software tools can be used to automate parts of infectious
disease-control policy-making via performing inference in existing epidemiological dynamics models.
The kind of inference tasks undertaken include computing, for planning purposes, the posterior
distribution over putatively controllable, via direct policy-making choices, simulation model parame-
ters that give rise to acceptable disease progression outcomes. Neither the full capabilities of such
inference automation software tools nor their utility for planning is widely disseminated at the current
time. Timely gains in understanding about these tools and how they can be used may lead to more
fine-grained and less economically damaging policy prescriptions, particularly during the current
COVID-19 pandemic.

Keywords public health preparedness, epidemiological dynamics, inference, probabilistic programming, COVID-19

1 Introduction

Our goal is to demonstrate how existing planning as inference techniques and automated software tools that implement
these techniques can aid policy-makers in assessing policy options and achieving policy goals. These software tools can
be used to quickly identify the range of values controllable variables should be driven to by law, social pressure, or
public messaging so as to limit the spread and impact of an infectious disease such as COVID-19.

In this work, we review a simple form of planning as inference and show how to use existing software tools to perform
the computations necessary to perform this inference task in pre-existing stochastic epidemiological models. As but one
example, if our policy aim is to produce infectious population totals that remain below some threshold at all times in the
future, we can condition on this putative future holding and examine the allowable posterior distribution of controllable
behavioural variables at the level of agents or of the aggregate population. As we already know, to control the spread of
COVID-19 and its impact on society, policies must be enacted that reduce disease transmission probability or lower the
frequency and size of social interactions. This is because we might like to, for instance, not have the number of infected
persons requiring hospitalization exceed the number of available hospital beds.

The techniques and tools we review in this paper are applicable to simulators ranging from simple population-scale
simulators to highly expressive agent-based population dynamics models. In the former, the controls available to
policy-makers are blunt – “reduce social interactions by some fractional amount” – but how best to achieve this is left
as an exercise for policy-makers. In the latter, variables like “probability of individuals adhering to self-isolation” and
“how long should schools be closed if at all” can be considered and evaluated in combination and comparison to others
as potential fine-grained controls that could achieve the same policy objective more efficiently.
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Abstract
The COVID-19 pandemic has highlighted the impor-
tance of in-silico epidemiological modelling in pre-
dicting the dynamics of infectious diseases to inform
health policy and decision makers about suitable pre-
vention and containment strategies. Work in this set-
ting involves solving challenging inference and control
problems in individual-based models of ever increas-
ing complexity. Here we discuss recent breakthroughs
in machine learning, specifically in simulation-based
inference, and explore its potential as a novel venue
for model calibration to support the design and evalua-
tion of public health interventions. To further stimulate
research, we are developing software interfaces that
turn two cornerstone COVID-19 and malaria epidemi-
ology models (CovidSim1 and OpenMalaria2) into
probabilistic programs, enabling efficient interpretable
Bayesian inference within those simulators.

1 Introduction
Machine learning has a growing role in increasing health
service access and efficiency, particularly in resource-
constrained settings, making it a valuable tool for the global
health community [39, 54]. Moreover, the COVID-19 pan-
demic [55] has underlined the importance of epidemiolog-
ical modelling and computer simulation in informing the
design and implementation of public health interventions at
an unprecedented scale [18]. For many endemic diseases
(e.g., malaria), in-silico optimisation of multi-modal inter-
vention portfolios—from mass vaccination to bed nets—is
well established [47]. Analogous modelling for COVID-19
interventions, including social distancing [20], is mostly
unexplored, yet subject to intense public interest [32].

The adoption of health informatics in worldwide health sys-
tems (e.g., OpenMRS [33], mHealth [1]) enables access to

1Department of Engineering Science, University of Oxford,
UK 2Department of Surgery and Cancer, Imperial College Lon-
don, UK. Correspondence to: Christian Schroeder de Witt
<cs@robots.ox.ac.uk>.

1https://github.com/mrc-ide/covid-sim/
2https://github.com/SwissTPH/openmalaria

abundant patient-level and aggregated health data [54]. This
is fomenting the development of comprehensive modelling
and simulation to support the design of health interventions
and policies, and to guide decision-making in a variety of
health system domains [22, 49]. For example, simulations
have provided valuable insight to deal with public health
problems such as tobacco consumption in New Zealand [50],
and diabetes and obesity in the US [58]. They have been
used to explore policy options such as those in maternal and
antenatal care in Uganda [44], and applied to evaluate health
reform scenarios such as predicting changes in access to
primary care services in Portugal [21]. Their applicability
in informing the design of cancer screening programmes
has been also discussed [42, 23]. Recently, simulations have
informed the response to the COVID-19 outbreak [19].

The process of informing health interventions and policies
through simulations generally involves two steps:

Model calibration The extent to which a simulator can
reliably inform real-world prediction and planning is
bounded by both model discrepancy [13] and how well
the model has been calibrated to empirical data [3].

Optimising decision-making Identifying optimal multi-
modal intervention strategies and corresponding risks and
uncertainties requires searching through potentially vast
parameter spaces, which, due to the computational cost of
running large simulators (e.g., in some epidemiological
studies), usually cannot be exhaustively evaluated [46].

Despite their fundamental importance, model discrepancy
and calibration of public-health simulators are frequently
only informally addressed, or left undocumented [48, 40].
This may be partially explained by the fact that, while numer-
ous methods for formal sensitivity and uncertainty analysis
exist [28], they in general do not scale to complex simula-
tors with more than a few dozen parameters [38]. Similarly,
evidence-based decision-making is usually optimised by
comparing outcomes on a small number of hand-crafted
scenarios and intervention strategies [46].

2 Epidemiology simulations and inference
Among the simplest mathematical epidemiology models are
deterministic compartmental models that partition individu-
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Use simulator  
(much more efficiently)

Learn simulator  
(with deep learning)

• Likelihood ratio trick (with classifiers) 

• Conditional density estimate  
(with normalizing flows) 

• Learned summary statistics

[image credit: A.P. Goucher]

• Approximate Bayesian Computation (ABC) 

• Probabilistic Programming 

• Adversarial Variational Optimization 

https://cp4space.wordpress.com/2016/02/06/deep-learning-with-the-analytical-engine/


D i f f e r e n t  t a r g e t s

•Learn a likelihood ratio or density ratio  with a classifier 

• Neural Ratio Estimation [NRE] 

• likelihood ratio to arbitrary reference                        or between  

• likelihood / evidence = posterior / prior 

•Learn the likelihood           with a conditional density estimate 

• Neural Likelihood Estimation [NLE] 

•Learn the posterior            with a conditional density estimate 

• Neural Posterior Estimation [NPE]
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Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When

6 Cranmer et al.

[Cranmer, J. Brehmer, G. Louppe, PNAS (2020), arXiv:1911.01429 ]

https://arxiv.org/abs/1911.01429
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which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When

6 Cranmer et al.
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s(x) =
p(x|H1)

p(x|H0) + p(x|H1)

• binary classifier: find function  that minimizes loss: 
 
 
 
 

• i.e. approximate the optimal classifier 

 

• which is 1-to-1 with the likelihood ratio
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Figure 4: Example plots for classifier output distributions for signal and background events from the academic
test sample. Shown are likelihood (upper left), PDE range search (upper right), Multilayer perceptron (MLP
– lower left) and boosted decision trees.

• TMVA tutorial: https://twiki.cern.ch/twiki/bin/view/TMVA.

• An up-to-date reference of all configuration options for the TMVA Factory, the fitters, and all
the MVA methods: http://tmva.sourceforge.net/optionRef.html.

• On request, the TMVA methods provide a help message with a brief description of the method,
and hints for improving the performance by tuning the available configuration options. The
message is printed when the option ”H” is added to the configuration string while booking
the method (switch o↵ by setting ”!H”). The very same help messages are also obtained by
clicking the “info” button on the top of the reference tables on the options reference web page:
http://tmva.sourceforge.net/optionRef.html.

• The web address of this Users Guide: http://tmva.sourceforge.net/docu/TMVAUsersGuide.pdf.

• The TMVA talk collection: http://tmva.sourceforge.net/talks.shtml.
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Figure 5: Example for the background rejection versus signal e�ciency (“ROC curve”) obtained by cutting
on the classifier outputs for the events of the test sample.

• TMVA versions in ROOT releases: http://tmva.sourceforge.net/versionRef.html.

• Direct code views via ViewVC: http://tmva.svn.sourceforge.net/viewvc/tmva/trunk/TMVA.

• Class index of TMVA in ROOT: http://root.cern.ch/root/htmldoc/TMVA Index.html.

• Please send questions and/or report problems to the tmva-users mailing list:
http://sourceforge.net/mailarchive/forum.php?forum name=tmva-users (posting messages requires
prior subscription: https://lists.sourceforge.net/lists/listinfo/tmva-users).

3 Using TMVA

A typical TMVA classification or regression analysis consists of two independent phases: the training
phase, where the multivariate methods are trained, tested and evaluated, and an application phase,
where the chosen methods are applied to the concrete classification or regression problem they have
been trained for. An overview of the code flow for these two phases as implemented in the examples
TMVAClassification.C and TMVAClassificationApplication.C (for classification – see Sec. 2.5),
and TMVARegression.C and TMVARegressionApplication.C (for regression) are sketched in Fig. 7.
Multiclass classification does not di↵er much from two class classification from a technical point of
view and di↵erences will only be highlighted where neccessary.

In the training phase, the communication of the user with the data sets and the MVA methods
is performed via a Factory object, created at the beginning of the program. The TMVA Factory
provides member functions to specify the training and test data sets, to register the discriminating

Figure 1: Left: an example of the distributions f0(s|✓) and f1(s|✓) when the classifier s is
a boosted-decision tree (BDT). Right: the corresponding ROC curve (right) for this and
other classifiers. Figures taken from TMVA manual.

These steps lead to a subsequent statistical analysis where one observes in data {xe},
where e is an event index running from 1 to n. For each event, the classifier is evaluated and
one performs inference on a parameter µ related to the presence of the signal contribution.
In particular, one forms the statistical model

p({xe} |µ, ✓) =
nY

e=1

[µf1(s(xe) | ✓) + (1 � µ) f0(s(xe) | ✓) ] , (1)

where µ = 0 is the null (background-only) hypothesis and µ > 0 is the alternate (signal-
plus-background) hypothesis.1 Typically, we are interested in inference on µ and ✓ are
nuisance parameters; though, sometimes ✓ may include some components that we are also
wish to infer (like the mass of a new particle that a↵ects the distribution x for the signal
events).

1.2 Comments on typical usage of machine learning in HEP

Nuisance parameters are an after thought in the typical usage of machine learning in HEP.
In fact, most machine learning discussions would only consider f0(x) and f1(x). However,
as experimentalists we know that we must account for various forms of systematic uncer-
tainty, parametrized by ✓. In practice, we take the classifier as fixed and then propagate
uncertainty through the classifier as in Eq. 1. Building the distribution f(s(x)|✓) for values
of ✓ other than the nominal ✓0 used to train the classifier can be thought of as a calibration

1Sometimes there is an additional Poisson term when expected number of signal and background events
is known.

2

s(x)        0 1

[Hastie et al., 2001; Sugiyama et al., 2012; Cranmer et. al., 2015] 
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s(x) =
p(x|H1)

p(x|H0) + p(x|H1)

• binary classifier: find function  that minimizes loss: 
 
 
 
 

• i.e. approximate the optimal classifier 

 

• which is 1-to-1 with the likelihood ratio

s(x)
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Figure 4: Example plots for classifier output distributions for signal and background events from the academic
test sample. Shown are likelihood (upper left), PDE range search (upper right), Multilayer perceptron (MLP
– lower left) and boosted decision trees.

• TMVA tutorial: https://twiki.cern.ch/twiki/bin/view/TMVA.

• An up-to-date reference of all configuration options for the TMVA Factory, the fitters, and all
the MVA methods: http://tmva.sourceforge.net/optionRef.html.

• On request, the TMVA methods provide a help message with a brief description of the method,
and hints for improving the performance by tuning the available configuration options. The
message is printed when the option ”H” is added to the configuration string while booking
the method (switch o↵ by setting ”!H”). The very same help messages are also obtained by
clicking the “info” button on the top of the reference tables on the options reference web page:
http://tmva.sourceforge.net/optionRef.html.

• The web address of this Users Guide: http://tmva.sourceforge.net/docu/TMVAUsersGuide.pdf.

• The TMVA talk collection: http://tmva.sourceforge.net/talks.shtml.
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Figure 5: Example for the background rejection versus signal e�ciency (“ROC curve”) obtained by cutting
on the classifier outputs for the events of the test sample.

• TMVA versions in ROOT releases: http://tmva.sourceforge.net/versionRef.html.

• Direct code views via ViewVC: http://tmva.svn.sourceforge.net/viewvc/tmva/trunk/TMVA.

• Class index of TMVA in ROOT: http://root.cern.ch/root/htmldoc/TMVA Index.html.

• Please send questions and/or report problems to the tmva-users mailing list:
http://sourceforge.net/mailarchive/forum.php?forum name=tmva-users (posting messages requires
prior subscription: https://lists.sourceforge.net/lists/listinfo/tmva-users).

3 Using TMVA

A typical TMVA classification or regression analysis consists of two independent phases: the training
phase, where the multivariate methods are trained, tested and evaluated, and an application phase,
where the chosen methods are applied to the concrete classification or regression problem they have
been trained for. An overview of the code flow for these two phases as implemented in the examples
TMVAClassification.C and TMVAClassificationApplication.C (for classification – see Sec. 2.5),
and TMVARegression.C and TMVARegressionApplication.C (for regression) are sketched in Fig. 7.
Multiclass classification does not di↵er much from two class classification from a technical point of
view and di↵erences will only be highlighted where neccessary.

In the training phase, the communication of the user with the data sets and the MVA methods
is performed via a Factory object, created at the beginning of the program. The TMVA Factory
provides member functions to specify the training and test data sets, to register the discriminating

Figure 1: Left: an example of the distributions f0(s|✓) and f1(s|✓) when the classifier s is
a boosted-decision tree (BDT). Right: the corresponding ROC curve (right) for this and
other classifiers. Figures taken from TMVA manual.

These steps lead to a subsequent statistical analysis where one observes in data {xe},
where e is an event index running from 1 to n. For each event, the classifier is evaluated and
one performs inference on a parameter µ related to the presence of the signal contribution.
In particular, one forms the statistical model

p({xe} |µ, ✓) =
nY

e=1

[µf1(s(xe) | ✓) + (1 � µ) f0(s(xe) | ✓) ] , (1)

where µ = 0 is the null (background-only) hypothesis and µ > 0 is the alternate (signal-
plus-background) hypothesis.1 Typically, we are interested in inference on µ and ✓ are
nuisance parameters; though, sometimes ✓ may include some components that we are also
wish to infer (like the mass of a new particle that a↵ects the distribution x for the signal
events).

1.2 Comments on typical usage of machine learning in HEP

Nuisance parameters are an after thought in the typical usage of machine learning in HEP.
In fact, most machine learning discussions would only consider f0(x) and f1(x). However,
as experimentalists we know that we must account for various forms of systematic uncer-
tainty, parametrized by ✓. In practice, we take the classifier as fixed and then propagate
uncertainty through the classifier as in Eq. 1. Building the distribution f(s(x)|✓) for values
of ✓ other than the nominal ✓0 used to train the classifier can be thought of as a calibration

1Sometimes there is an additional Poisson term when expected number of signal and background events
is known.
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s(x)        0 1

[Hastie et al., 2001; Sugiyama et al., 2012; Cranmer et. al., 2015] 
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•Can do the same thing for any two points  &  in parameter space .  
 
 
 
 
Or train to classify data from  versus some fixed reference  
 
 
 
 
I call this a parametrized classifier.  

θ0 θ1 Θ

p(x |θ) pref (x)

42K.C., G. Louppe, J. Pavez: Approximating Likelihood Ratios with Calibrated Discriminative Classifiers [arXiv:1506.02169]
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Machine Learning
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The surrogate for the likelihood ratio used for inference 

A 2-stage process: 
1. learning surrogate (amortized) 
2. Inference on parameters of simulator (frequentist or Bayesian) 

No Bayesian prior used for training, but one can use prior for inference. 
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A m o r t i z e d  l i k e l i h o o d  r a t i o

•Once we’ve learned the likelihood ratio , we can apply it to any data .  

• unlike ABC, we pay biggest computational costs up front 

• Great for calibrated frequentist confidence intervals with guaranteed coverage  

• Here we repeat inference thousands of times & check asymptotic statistical theory

r(x; θ) x

44

(a) Exact vs. approximated MLEs. (b) p(�2 log⇤(� = 0.05) | � = 0.05)

Figure 2: Using approximated likelihood ratios for parameter inference yields an unbi-

ased maximum likelihood estimator �̂, as empirically estimated from an ensemble of 1000

artificial datasets.

An advantage of this approach compared to Approximate Bayesian Computation (Beau-

mont et al., 2002) is that the classifier and calibration – computationally intensive parts of

the approximation – are independent of the dataset D. Thus once trained and calibrated,

the approximation can be applied to any dataset D. This makes it computationally e�cient

to perform ensemble tests of the method.

Figure 2a shows the empirical distribution of the maximum likelihood estimators (MLEs)

from the approximate likelihood compared to the distribution of the MLEs from the exact

likelihood. It clearly demonstrates that in this case the approximate likelihood yields an

unbiased estimator with essentially the same variance as the exact MLE. In addition to

the MLE, we can study the coverage of a confidence interval based on the likelihood ra-

tio test statistic. This is done by evaluating �2 log⇤(� = 0.05) for samples drawn from

p(x|� = 0.05). Wilks’s theorem states that the distribution of �2 log⇤(� = 0.05) should

follow a �2
1 distribution. Figure 2b also confirms this behavior, supporting the applicability

18

K.C., G. Louppe, J. Pavez: http://arxiv.org/abs/1506.02169

http://arxiv.org/abs/1506.02169
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Figure 4: Example plots for classifier output distributions for signal and background events from the academic
test sample. Shown are likelihood (upper left), PDE range search (upper right), Multilayer perceptron (MLP
– lower left) and boosted decision trees.

• TMVA tutorial: https://twiki.cern.ch/twiki/bin/view/TMVA.

• An up-to-date reference of all configuration options for the TMVA Factory, the fitters, and all
the MVA methods: http://tmva.sourceforge.net/optionRef.html.

• On request, the TMVA methods provide a help message with a brief description of the method,
and hints for improving the performance by tuning the available configuration options. The
message is printed when the option ”H” is added to the configuration string while booking
the method (switch o↵ by setting ”!H”). The very same help messages are also obtained by
clicking the “info” button on the top of the reference tables on the options reference web page:
http://tmva.sourceforge.net/optionRef.html.

• The web address of this Users Guide: http://tmva.sourceforge.net/docu/TMVAUsersGuide.pdf.

• The TMVA talk collection: http://tmva.sourceforge.net/talks.shtml.
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Figure 5: Example for the background rejection versus signal e�ciency (“ROC curve”) obtained by cutting
on the classifier outputs for the events of the test sample.

• TMVA versions in ROOT releases: http://tmva.sourceforge.net/versionRef.html.

• Direct code views via ViewVC: http://tmva.svn.sourceforge.net/viewvc/tmva/trunk/TMVA.

• Class index of TMVA in ROOT: http://root.cern.ch/root/htmldoc/TMVA Index.html.

• Please send questions and/or report problems to the tmva-users mailing list:
http://sourceforge.net/mailarchive/forum.php?forum name=tmva-users (posting messages requires
prior subscription: https://lists.sourceforge.net/lists/listinfo/tmva-users).

3 Using TMVA

A typical TMVA classification or regression analysis consists of two independent phases: the training
phase, where the multivariate methods are trained, tested and evaluated, and an application phase,
where the chosen methods are applied to the concrete classification or regression problem they have
been trained for. An overview of the code flow for these two phases as implemented in the examples
TMVAClassification.C and TMVAClassificationApplication.C (for classification – see Sec. 2.5),
and TMVARegression.C and TMVARegressionApplication.C (for regression) are sketched in Fig. 7.
Multiclass classification does not di↵er much from two class classification from a technical point of
view and di↵erences will only be highlighted where neccessary.

In the training phase, the communication of the user with the data sets and the MVA methods
is performed via a Factory object, created at the beginning of the program. The TMVA Factory
provides member functions to specify the training and test data sets, to register the discriminating

Figure 1: Left: an example of the distributions f0(s|✓) and f1(s|✓) when the classifier s is
a boosted-decision tree (BDT). Right: the corresponding ROC curve (right) for this and
other classifiers. Figures taken from TMVA manual.

These steps lead to a subsequent statistical analysis where one observes in data {xe},
where e is an event index running from 1 to n. For each event, the classifier is evaluated and
one performs inference on a parameter µ related to the presence of the signal contribution.
In particular, one forms the statistical model

p({xe} |µ, ✓) =
nY

e=1

[µf1(s(xe) | ✓) + (1 � µ) f0(s(xe) | ✓) ] , (1)

where µ = 0 is the null (background-only) hypothesis and µ > 0 is the alternate (signal-
plus-background) hypothesis.1 Typically, we are interested in inference on µ and ✓ are
nuisance parameters; though, sometimes ✓ may include some components that we are also
wish to infer (like the mass of a new particle that a↵ects the distribution x for the signal
events).

1.2 Comments on typical usage of machine learning in HEP

Nuisance parameters are an after thought in the typical usage of machine learning in HEP.
In fact, most machine learning discussions would only consider f0(x) and f1(x). However,
as experimentalists we know that we must account for various forms of systematic uncer-
tainty, parametrized by ✓. In practice, we take the classifier as fixed and then propagate
uncertainty through the classifier as in Eq. 1. Building the distribution f(s(x)|✓) for values
of ✓ other than the nominal ✓0 used to train the classifier can be thought of as a calibration

1Sometimes there is an additional Poisson term when expected number of signal and background events
is known.
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•We can weaken the requirements for the likelihood ratio trick in case the classifier  

•If the scalar map s: X → ℝ has the same level sets as the likelihood ratio 

•We can show that an equivalent test can be made from 1-D projection 

• 
 
Estimating the density of                      with data from the simulator calibrates the ratio.

s(x; ✓0; ✓1) = monotonic[ p(x|✓0)/p(x|✓1) ]

p(x|✓0)
p(x|✓1)

=
p(s(x; ✓0, ✓1)|✓0)
p(s(x; ✓0, ✓1)|✓1)

s(x; ✓0, ✓1)

Cranmer, Louppe, Pavez: Approximating Likelihood Ratios with Calibrated Discriminative Classifiers [arXiv:1506.02169] 
[Dalmasso, Izbicki, Lee, ICML2020 arXiv:2002.10399 ]

http://arxiv.org/abs/1506.02169
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r(x; ✓) =
p(x | ✓)
p(x)

=
p(✓ | x)
p(✓)
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Likelihood-free inference by ratio estimation

Owen Thomas⇤ , Ritabrata Dutta† , Jukka Corander⇤ , Samuel Kaski‡ and Michael U.
Gutmann§,¶

Abstract. We consider the problem of parametric statistical inference when like-
lihood computations are prohibitively expensive but sampling from the model is
possible. Several so-called likelihood-free methods have been developed to perform
inference in the absence of a likelihood function. The popular synthetic likelihood
approach infers the parameters by modelling summary statistics of the data by
a Gaussian probability distribution. In another popular approach called approxi-
mate Bayesian computation, the inference is performed by identifying parameter
values for which the summary statistics of the simulated data are close to those
of the observed data. Synthetic likelihood is easier to use as no measure of “close-
ness” is required but the Gaussianity assumption is often limiting. Moreover, both
approaches require judiciously chosen summary statistics. We here present an al-
ternative inference approach that is as easy to use as synthetic likelihood but not
as restricted in its assumptions, and that, in a natural way, enables automatic se-
lection of relevant summary statistic from a large set of candidates. The basic idea
is to frame the problem of estimating the posterior as a problem of estimating the
ratio between the data generating distribution and the marginal distribution. This
problem can be solved by logistic regression, and including regularising penalty
terms enables automatic selection of the summary statistics relevant to the infer-
ence task. We illustrate the general theory on canonical examples and employ it
to perform inference for challenging stochastic nonlinear dynamical systems and
high-dimensional summary statistics.

Keywords: approximate Bayesian computation, density-ratio estimation,
likelihood-free inference, logistic regression, probabilistic classification, stochastic
dynamical systems, summary statistics selection, synthetic likelihood

.

1 Introduction

We consider the problem of estimating the posterior probability density function (pdf)
of some model parameters ✓ 2 Rd given observed data x0 2 X when computation of the
likelihood function is too costly but data can be sampled from the model. In particular,
we assume that the model specifies the data generating pdf p(x|✓) not explicitly, e.g.
in closed form, but only implicitly in terms of a stochastic simulator that generates
samples x from the model p(x|✓) for any value of the parameter ✓. The simulator
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Then the learned ratio is proportional to 
the posterior  
 
 
and the prior is known

pref (x) =

Z
p(x | ✓)p(✓) d✓
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p(✓ | x) = p(✓)r(x; ✓)
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Likelihood-free MCMC with Amortized Approximate Ratio Estimators

Joeri Hermans 1 Volodimir Begy 2 Gilles Louppe 1

Abstract
Posterior inference with an intractable likelihood
is becoming an increasingly common task in sci-
entific domains which rely on sophisticated com-
puter simulations. Typically, these forward mod-
els do not admit tractable densities forcing prac-
titioners to make use of approximations. This
work introduces a novel approach to address the
intractability of the likelihood and the marginal
model. We achieve this by learning a flexi-
ble amortized estimator which approximates the
likelihood-to-evidence ratio. We demonstrate that
the learned ratio estimator can be embedded in
MCMC samplers to approximate likelihood-ratios
between consecutive states in the Markov chain,
allowing us to draw samples from the intractable
posterior. Techniques are presented to improve
the numerical stability and to measure the qual-
ity of an approximation. The accuracy of our
approach is demonstrated on a variety of bench-
marks against well-established techniques. Scien-
tific applications in physics show its applicability.

1. Introduction
Domain scientists are generally interested in the posterior

p(✓ |x) = p(✓)p(x |✓)
p(x)

(1)

which relates the parameters ✓ of a model or theory to
observations x. Although Bayesian inference is an ideal
tool for such settings, the implied computation is generally
not. Often the marginal model p(x) =

R
p(✓)p(x |✓)d✓ is

intractable, making posterior inference using Bayes’ rule
impractical. Methods such as Markov chain Monte Carlo
(MCMC) (Metropolis et al., 1953; Hastings, 1970) bypass
the dependency on the marginal model by evaluating the

1University of Liège, Belgium 2University of Vi-
enna, Austria. Correspondence to: Joeri Hermans <jo-
eri.hermans@doct.uliege.be>.

Proceedings of the 37 th International Conference on Machine
Learning, Vienna, Austria, PMLR 119, 2020. Copyright 2020 by
the author(s).

ratio of posterior densities between consecutive states in the
Markov chain. This allows the posterior to be approximated
numerically, provided that the likelihood p(x |✓) and the
prior p(✓) are tractable. We consider the equally common
and more challenging setting, the so-called likelihood-free
setup, in which the likelihood cannot be evaluated in a
reasonable amount of time or has no tractable closed-form
expression. However, drawing samples from the forward
model is possible.

Contributions We introduce a Bayesian inference algo-
rithm for scientific applications where (i) a forward model
is available, (ii) the likelihood is intractable, and (iii) accu-
rate approximations are important to do science. Central
to this work is a novel amortized likelihood-to-evidence
ratio estimator which allows for the direct estimation of the
posterior density function for arbitrary model parameters
✓ ⇠ p(✓) and observations x ⇠ p(x |✓). We exploit this
ability to amortize the estimation of acceptance ratios in
MCMC, enabling us to draw posterior samples. Finally, we
develop a necessary diagnostic to probe the quality of the
approximations in intractable settings.

2. Background
2.1. Markov chain Monte Carlo

MCMC methods are generally applied to sample from a pos-
terior probability distribution with an intractable marginal
model, but for which point-wise evaluations of the likeli-
hood are possible (Metropolis et al., 1953; Hastings, 1970;
MacKay, 2003). Posterior samples are drawn from the target
distribution by collecting dependent states ✓0:T of a Markov
chain. The mechanism for transitioning from ✓t to the next
state ✓0 depends on the algorithm at hand. However, the
acceptance of a transition ✓t �! ✓0, for ✓0 sampled from
a proposal mechanism q(✓0 |✓t), is usually determined by
evaluating some form of the posterior ratio

p(✓0 |x)
p(✓t |x)

=
p(✓0)p(x |✓0) / p(x)

p(✓t)p(x |✓t) / p(x)
=

p(✓0)p(x |✓0)

p(✓t)p(x |✓t)
. (2)

We observe that (i) the normalizing constant p(x) cancels
out within the ratio, thereby bypassing its intractable evalua-
tion, and (ii) how the likelihood ratio is central in assessing
the quality of a candidate state ✓0 against state ✓t.
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Likelihood-free Markov chain Monte Carlo with Amortized Approximate Ratio Estimators

✓0

x

log r̂(x |✓0)

log r̂(x |✓t)

log r̂(x |✓0,✓t)�

ACCEPT ✓t ! ✓0 =) ✓t+1 = ✓0

REJECT ✓t ! ✓0 =) ✓t+1 = ✓t
✓t+1

✓t

✓
0 ⇠ q(✓

|✓ t)

...

(a) AALR-MCMC does not have to evaluate the likelihood, but
instead computes an approximation of the likelihood ratio.

✓t

✓0 ✓ 0⇠ q(✓ |✓
t )x

COMPUTE log p(x |✓0)

COMPUTE log p(x |✓t)

�log r(x |✓0,✓t)

ACCEPT ✓t ! ✓0 =) ✓t+1 = ✓0

REJECT ✓t ! ✓0 =) ✓t+1 = ✓t
✓t+1

(b) Vanilla MCMC computes the likelihood(s) whenever a transition
needs to be assessed.

Figure 1. Overview showing (a) the proposed method AALR-MCMC and (b) traditional MCMC when evaluating the transition from the
current state ✓t to a candidate state ✓0 ⇠ q(✓ |✓t). Both methods rely on the acceptance ratio as a test-statistic to evaluate the quality of
the proposed transition ✓t ! ✓0. AALR-MCMC does not depend on the evaluation of the (intractable) likelihood. Rather, it relies on an
amortized estimator (Section 3.1) to approximate the likelihood ratio r(x |✓0,✓t).

Likelihood-free Hamiltonian Monte Carlo The first
step in making HMC likelihood-free, is by showing that
U(✓t)� U(✓0) reduces to the log-likelihood ratio,

U(✓t)� U(✓0) = log p(x |✓ 0)� log p(x |✓ t)

= log r(x |✓ 0,✓t).
(13)

To simulate the Hamiltonian dynamics of ✓t, we require a
likelihood-free definition of r✓ U(✓). Within our frame-
work, r✓ U(✓) can be expressed as

r✓ U(✓) = �r✓ r(x |✓)
r(x |✓) . (14)

This form can be recovered by a differentiable d*(x,✓), as
expanding r(x |✓) in Equation 14 yields

� r✓ r(x |✓)
r(x |✓) = �r✓ log p(x |✓). (15)

Having likelihood-free alternatives for U(✓)� U(✓0) and
r✓ U(✓), we can replace these components in HMC to
obtain a likelihood-free HMC sampler. This procedure is
summarized in Appendix A. While likelihood-free HMC
does not rely on the intractable likelihood, it still depends
on the computation of r✓ r̂(x |✓) to recover r✓ U(✓).
This can be a costly operation depending on the size of the
ratio estimator. Similar to HMC, the sampler requires careful
tuning to maximize the sampling efficiency.

3.1. Improving the ratio estimator r̂

Simply relying on the amortized likelihood-to-reference
ratio estimator r̂ does not yield satisfactory results, even
when considering simple toy problems. Experiments indi-
cate that the choice of the mathematically arbitrary refer-
ence hypothesis ✓ref does have a significant effect on the
approximated likelihood ratios in practice. Other indepen-
dent studies (Dutta et al., 2016) observe similar issues and
also conclude that the reference hypothesis ✓ref is a sensi-
tive hyper-parameter which requires careful tuning for the

Shared parameter ✓ and data x space.

x ⇠ p(x |✓⇤)p(x |✓) p(x |✓ref)

Figure 2. Consider having access to an optimal classifier d*(x,✓)
modeling r(x |✓) with x ⇠ p(x |✓⇤). This ratio is undefined for
x as neither p(x |✓) nor p(x |✓ref) puts numerically non-negligible
density on x. This implies that r̂(x |✓) and its decision function
d*(x,✓) can take on arbitrary values in regions not covered by
p(x |✓) or p(x |✓ref) (striped areas) because no such training data
exists. The red, green and blue lines depict optimal decision
functions as they all minimize the criterion which captures the
ability to classify between samples from p(x |✓) and p(x |✓ref).
However, the functions have different approximations of r̂(x |✓).

problem at hand. We find that poor inference results occur
in the absence of support between p(x |✓) and p(x |✓ref),
as illustrated in Figure 2. In this example, the evaluation of
the approximate ratio r̂ for an observation x ⇠ p(x |✓⇤) is
undefined when the observation x does not have density in
p(x |✓) and p(x |✓ref), or either of the densities is numeri-
cally negligible. Therefore, the decision function modeled
by the optimal classifier d(x,✓) outside of the space cov-
ered by p(x |✓) and p(x |✓ref) is undefined. Practically, this
implies that the ratio r̂(x |✓) can take on an arbitrary value
which is detrimental to the inference procedure because
multiple solutions for d*(x,✓) exist.

To overcome the issues associated with a fixed reference
hypothesis, we propose to train the parameterized classifier
to distinguish dependent sample-parameter pairs (x,✓) ⇠
p(x,✓) with class label y = 1 from independent sample-
parameter pairs (x,✓) ⇠ p(x)p(✓) with class label y = 0.
This modification results in the optimal classifier

d*(x,✓) =
p(x,✓)

p(x,✓) + p(x)p(✓)
, (16)

Likelihood-free Markov chain Monte Carlo with Amortized Approximate Ratio Estimators

Metropolis-Hastings Metropolis-Hastings
(MH) (Metropolis et al., 1953; Hastings, 1970) is a
straightforward implementation of Equation 2 in which
the proposal mechanism q(✓0 |✓t) is typically a tractable
distribution. These components are combined to compute
the acceptance probability ⇢ of a transition ✓t ! ✓0:

⇢ = min

✓
1,

p(✓0)p(x |✓0)

p(✓t)p(x |✓t)

q(✓0 |✓t)

q(✓t |✓0)

◆
. (3)

The choice of an appropriate transition distribution is im-
portant to maximize the effective sample size (sampling
efficiency) and to reduce the autocorrelation.

Hamiltonian Monte Carlo Hamiltonian Monte Carlo
(HMC) (Neal, 2011; Duane et al., 1987; Betancourt, 2017)
improves upon the sampling efficiency of Metropolis-
Hastings by reducing the autocorrelation of the Markov
chain. This is achieved by modeling the density p(x |✓) as
a potential energy function

U(✓) , � log p(x |✓), (4)

and attributing some kinetic energy,

K(m) , 1

2
m2 (5)

with momentum m ⇠ p(m) to the current state ✓t. A new
state ✓0 can be proposed by simulating the Hamiltonian dy-
namics of ✓t. This is achieved by leapfrog integration of
r✓ U(✓) over a fixed number of steps with initial momen-
tum m. Afterwards, the acceptance ratio

min
�
1, exp

�
U(✓0)� U(✓t) +K(m0)�K(m)

��
(6)

is computed to assess the quality of the candidate state ✓0.

2.2. Approximate likelihood ratios

The most powerful test-statistic to compare two hypotheses
✓0 and ✓1 for an observation x is the likelihood ratio (J. Ney-
man, 1933)

r(x |✓0,✓1) ,
p(x |✓0)

p(x |✓1)
. (7)

Cranmer et al. (2015) have shown that it is possible to
express the test-statistic through a change of variables
d(·) : Rd 7! [0, 1]. This observation can be used in a su-
pervised learning setting to train a classifier d(x) to distin-
guish samples x ⇠ p(x |✓0) with class label y = 1 from
x ⇠ p(x |✓1) with class label y = 0. The decision function
modeled by the optimal classifier d*(x) is in this case

d*(x) = p(y = 1|x) = p(x |✓0)

p(x |✓0) + p(x |✓1)
, (8)

thereby obtaining the likelihood ratio as

r(x | ✓0,✓1) =
d*(x)

1� d*(x)
. (9)

In the literature, this is known as the likelihood ratio
trick (LRT) (Cranmer et al., 2015; Mohamed & Lakshmi-
narayanan, 2016; Gutmann et al., 2017; Dutta et al., 2016;
Tran et al., 2017; Brehmer et al., 2020) and is especially
prominent in the area of Generative Adversarial Networks
(GANs) (Goodfellow et al., 2014; Uehara et al., 2016; Turner
et al., 2018; Azadi et al., 2018).

Often we are interested in computing the likelihood ratio be-
tween many arbitrary hypotheses. Training d(x) for every
possible pair of hypotheses becomes impractical. A solution
proposed by (Cranmer et al., 2015; Baldi et al., 2016) is to
parameterize the classifier d with ✓ (typically by injecting
✓ as a feature) and train d(x,✓) to distinguish between sam-
ples from p(x |✓) and samples from an arbitrary but fixed
reference hypothesis p(x |✓ref). In this setting, the decision
function modeled by the optimal classifier (Cranmer et al.,
2015) is

d*(x,✓) =
p(x |✓)

p(x |✓) + p(x |✓ref)
, (10)

thereby defining the likelihood-to-reference ratio as

r(x |✓) , r(x |✓,✓ref) =
d*(x,✓)

1� d*(x,✓)
. (11)

Subsequently, the likelihood ratio between arbitrary hy-
potheses ✓0 and ✓1 can then be expressed as

r(x | ✓0,✓1) =
r(x | ✓0)

r(x | ✓1)
. (12)

3. Method
We propose a method to draw samples from a posterior with
an intractable likelihood and marginal model. As noted ear-
lier, MCMC samplers rely on the likelihood ratio to compute
the acceptance ratio. We propose to remove the dependency
on the intractable likelihoods p(x |✓0) and p(x |✓t) by di-
rectly modeling their ratio using an amortized ratio estimator
r̂(x |✓0,✓t). We call this method amortized approximate
likelihood ratio MCMC (AALR-MCMC). Figure 1 provides a
schematic overview of the proposed method.

Likelihood-free Metropolis-Hastings Adapting MH to
the likelihood-free setup is achieved by replacing the com-
putation of the intractable likelihood ratio in Equation 3 with
r̂(x |✓0,✓t). The algorithm remains otherwise unchanged.
We summarize the likelihood-free Metropolis-Hastings sam-
pler in Appendix A.
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r(x; ✓) =
p(x | ✓)
p(x)

=
p(✓ | x)
p(✓)
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Likelihood-free inference by ratio estimation
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Gutmann§,¶

Abstract. We consider the problem of parametric statistical inference when like-
lihood computations are prohibitively expensive but sampling from the model is
possible. Several so-called likelihood-free methods have been developed to perform
inference in the absence of a likelihood function. The popular synthetic likelihood
approach infers the parameters by modelling summary statistics of the data by
a Gaussian probability distribution. In another popular approach called approxi-
mate Bayesian computation, the inference is performed by identifying parameter
values for which the summary statistics of the simulated data are close to those
of the observed data. Synthetic likelihood is easier to use as no measure of “close-
ness” is required but the Gaussianity assumption is often limiting. Moreover, both
approaches require judiciously chosen summary statistics. We here present an al-
ternative inference approach that is as easy to use as synthetic likelihood but not
as restricted in its assumptions, and that, in a natural way, enables automatic se-
lection of relevant summary statistic from a large set of candidates. The basic idea
is to frame the problem of estimating the posterior as a problem of estimating the
ratio between the data generating distribution and the marginal distribution. This
problem can be solved by logistic regression, and including regularising penalty
terms enables automatic selection of the summary statistics relevant to the infer-
ence task. We illustrate the general theory on canonical examples and employ it
to perform inference for challenging stochastic nonlinear dynamical systems and
high-dimensional summary statistics.

Keywords: approximate Bayesian computation, density-ratio estimation,
likelihood-free inference, logistic regression, probabilistic classification, stochastic
dynamical systems, summary statistics selection, synthetic likelihood

.

1 Introduction

We consider the problem of estimating the posterior probability density function (pdf)
of some model parameters ✓ 2 Rd given observed data x0 2 X when computation of the
likelihood function is too costly but data can be sampled from the model. In particular,
we assume that the model specifies the data generating pdf p(x|✓) not explicitly, e.g.
in closed form, but only implicitly in terms of a stochastic simulator that generates
samples x from the model p(x|✓) for any value of the parameter ✓. The simulator
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Z
p(x | ✓)p(✓) d✓
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Likelihood-free MCMC with Amortized Approximate Ratio Estimators

Joeri Hermans 1 Volodimir Begy 2 Gilles Louppe 1

Abstract
Posterior inference with an intractable likelihood
is becoming an increasingly common task in sci-
entific domains which rely on sophisticated com-
puter simulations. Typically, these forward mod-
els do not admit tractable densities forcing prac-
titioners to make use of approximations. This
work introduces a novel approach to address the
intractability of the likelihood and the marginal
model. We achieve this by learning a flexi-
ble amortized estimator which approximates the
likelihood-to-evidence ratio. We demonstrate that
the learned ratio estimator can be embedded in
MCMC samplers to approximate likelihood-ratios
between consecutive states in the Markov chain,
allowing us to draw samples from the intractable
posterior. Techniques are presented to improve
the numerical stability and to measure the qual-
ity of an approximation. The accuracy of our
approach is demonstrated on a variety of bench-
marks against well-established techniques. Scien-
tific applications in physics show its applicability.

1. Introduction
Domain scientists are generally interested in the posterior

p(✓ |x) = p(✓)p(x |✓)
p(x)

(1)

which relates the parameters ✓ of a model or theory to
observations x. Although Bayesian inference is an ideal
tool for such settings, the implied computation is generally
not. Often the marginal model p(x) =

R
p(✓)p(x |✓)d✓ is

intractable, making posterior inference using Bayes’ rule
impractical. Methods such as Markov chain Monte Carlo
(MCMC) (Metropolis et al., 1953; Hastings, 1970) bypass
the dependency on the marginal model by evaluating the

1University of Liège, Belgium 2University of Vi-
enna, Austria. Correspondence to: Joeri Hermans <jo-
eri.hermans@doct.uliege.be>.

Proceedings of the 37 th International Conference on Machine
Learning, Vienna, Austria, PMLR 119, 2020. Copyright 2020 by
the author(s).

ratio of posterior densities between consecutive states in the
Markov chain. This allows the posterior to be approximated
numerically, provided that the likelihood p(x |✓) and the
prior p(✓) are tractable. We consider the equally common
and more challenging setting, the so-called likelihood-free
setup, in which the likelihood cannot be evaluated in a
reasonable amount of time or has no tractable closed-form
expression. However, drawing samples from the forward
model is possible.

Contributions We introduce a Bayesian inference algo-
rithm for scientific applications where (i) a forward model
is available, (ii) the likelihood is intractable, and (iii) accu-
rate approximations are important to do science. Central
to this work is a novel amortized likelihood-to-evidence
ratio estimator which allows for the direct estimation of the
posterior density function for arbitrary model parameters
✓ ⇠ p(✓) and observations x ⇠ p(x |✓). We exploit this
ability to amortize the estimation of acceptance ratios in
MCMC, enabling us to draw posterior samples. Finally, we
develop a necessary diagnostic to probe the quality of the
approximations in intractable settings.

2. Background
2.1. Markov chain Monte Carlo

MCMC methods are generally applied to sample from a pos-
terior probability distribution with an intractable marginal
model, but for which point-wise evaluations of the likeli-
hood are possible (Metropolis et al., 1953; Hastings, 1970;
MacKay, 2003). Posterior samples are drawn from the target
distribution by collecting dependent states ✓0:T of a Markov
chain. The mechanism for transitioning from ✓t to the next
state ✓0 depends on the algorithm at hand. However, the
acceptance of a transition ✓t �! ✓0, for ✓0 sampled from
a proposal mechanism q(✓0 |✓t), is usually determined by
evaluating some form of the posterior ratio

p(✓0 |x)
p(✓t |x)

=
p(✓0)p(x |✓0) / p(x)

p(✓t)p(x |✓t) / p(x)
=

p(✓0)p(x |✓0)

p(✓t)p(x |✓t)
. (2)

We observe that (i) the normalizing constant p(x) cancels
out within the ratio, thereby bypassing its intractable evalua-
tion, and (ii) how the likelihood ratio is central in assessing
the quality of a candidate state ✓0 against state ✓t.
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✓0

x

log r̂(x |✓0)

log r̂(x |✓t)

log r̂(x |✓0,✓t)�

ACCEPT ✓t ! ✓0 =) ✓t+1 = ✓0

REJECT ✓t ! ✓0 =) ✓t+1 = ✓t
✓t+1

✓t

✓
0 ⇠ q(✓

|✓ t)

...

(a) AALR-MCMC does not have to evaluate the likelihood, but
instead computes an approximation of the likelihood ratio.

✓t

✓0 ✓ 0⇠ q(✓ |✓
t )x

COMPUTE log p(x |✓0)

COMPUTE log p(x |✓t)

�log r(x |✓0,✓t)

ACCEPT ✓t ! ✓0 =) ✓t+1 = ✓0

REJECT ✓t ! ✓0 =) ✓t+1 = ✓t
✓t+1

(b) Vanilla MCMC computes the likelihood(s) whenever a transition
needs to be assessed.

Figure 1. Overview showing (a) the proposed method AALR-MCMC and (b) traditional MCMC when evaluating the transition from the
current state ✓t to a candidate state ✓0 ⇠ q(✓ |✓t). Both methods rely on the acceptance ratio as a test-statistic to evaluate the quality of
the proposed transition ✓t ! ✓0. AALR-MCMC does not depend on the evaluation of the (intractable) likelihood. Rather, it relies on an
amortized estimator (Section 3.1) to approximate the likelihood ratio r(x |✓0,✓t).

Likelihood-free Hamiltonian Monte Carlo The first
step in making HMC likelihood-free, is by showing that
U(✓t)� U(✓0) reduces to the log-likelihood ratio,

U(✓t)� U(✓0) = log p(x |✓ 0)� log p(x |✓ t)

= log r(x |✓ 0,✓t).
(13)

To simulate the Hamiltonian dynamics of ✓t, we require a
likelihood-free definition of r✓ U(✓). Within our frame-
work, r✓ U(✓) can be expressed as

r✓ U(✓) = �r✓ r(x |✓)
r(x |✓) . (14)

This form can be recovered by a differentiable d*(x,✓), as
expanding r(x |✓) in Equation 14 yields

� r✓ r(x |✓)
r(x |✓) = �r✓ log p(x |✓). (15)

Having likelihood-free alternatives for U(✓)� U(✓0) and
r✓ U(✓), we can replace these components in HMC to
obtain a likelihood-free HMC sampler. This procedure is
summarized in Appendix A. While likelihood-free HMC
does not rely on the intractable likelihood, it still depends
on the computation of r✓ r̂(x |✓) to recover r✓ U(✓).
This can be a costly operation depending on the size of the
ratio estimator. Similar to HMC, the sampler requires careful
tuning to maximize the sampling efficiency.

3.1. Improving the ratio estimator r̂

Simply relying on the amortized likelihood-to-reference
ratio estimator r̂ does not yield satisfactory results, even
when considering simple toy problems. Experiments indi-
cate that the choice of the mathematically arbitrary refer-
ence hypothesis ✓ref does have a significant effect on the
approximated likelihood ratios in practice. Other indepen-
dent studies (Dutta et al., 2016) observe similar issues and
also conclude that the reference hypothesis ✓ref is a sensi-
tive hyper-parameter which requires careful tuning for the

Shared parameter ✓ and data x space.

x ⇠ p(x |✓⇤)p(x |✓) p(x |✓ref)

Figure 2. Consider having access to an optimal classifier d*(x,✓)
modeling r(x |✓) with x ⇠ p(x |✓⇤). This ratio is undefined for
x as neither p(x |✓) nor p(x |✓ref) puts numerically non-negligible
density on x. This implies that r̂(x |✓) and its decision function
d*(x,✓) can take on arbitrary values in regions not covered by
p(x |✓) or p(x |✓ref) (striped areas) because no such training data
exists. The red, green and blue lines depict optimal decision
functions as they all minimize the criterion which captures the
ability to classify between samples from p(x |✓) and p(x |✓ref).
However, the functions have different approximations of r̂(x |✓).

problem at hand. We find that poor inference results occur
in the absence of support between p(x |✓) and p(x |✓ref),
as illustrated in Figure 2. In this example, the evaluation of
the approximate ratio r̂ for an observation x ⇠ p(x |✓⇤) is
undefined when the observation x does not have density in
p(x |✓) and p(x |✓ref), or either of the densities is numeri-
cally negligible. Therefore, the decision function modeled
by the optimal classifier d(x,✓) outside of the space cov-
ered by p(x |✓) and p(x |✓ref) is undefined. Practically, this
implies that the ratio r̂(x |✓) can take on an arbitrary value
which is detrimental to the inference procedure because
multiple solutions for d*(x,✓) exist.

To overcome the issues associated with a fixed reference
hypothesis, we propose to train the parameterized classifier
to distinguish dependent sample-parameter pairs (x,✓) ⇠
p(x,✓) with class label y = 1 from independent sample-
parameter pairs (x,✓) ⇠ p(x)p(✓) with class label y = 0.
This modification results in the optimal classifier

d*(x,✓) =
p(x,✓)

p(x,✓) + p(x)p(✓)
, (16)

Likelihood-free Markov chain Monte Carlo with Amortized Approximate Ratio Estimators

Metropolis-Hastings Metropolis-Hastings
(MH) (Metropolis et al., 1953; Hastings, 1970) is a
straightforward implementation of Equation 2 in which
the proposal mechanism q(✓0 |✓t) is typically a tractable
distribution. These components are combined to compute
the acceptance probability ⇢ of a transition ✓t ! ✓0:

⇢ = min

✓
1,

p(✓0)p(x |✓0)

p(✓t)p(x |✓t)

q(✓0 |✓t)

q(✓t |✓0)

◆
. (3)

The choice of an appropriate transition distribution is im-
portant to maximize the effective sample size (sampling
efficiency) and to reduce the autocorrelation.

Hamiltonian Monte Carlo Hamiltonian Monte Carlo
(HMC) (Neal, 2011; Duane et al., 1987; Betancourt, 2017)
improves upon the sampling efficiency of Metropolis-
Hastings by reducing the autocorrelation of the Markov
chain. This is achieved by modeling the density p(x |✓) as
a potential energy function

U(✓) , � log p(x |✓), (4)

and attributing some kinetic energy,

K(m) , 1

2
m2 (5)

with momentum m ⇠ p(m) to the current state ✓t. A new
state ✓0 can be proposed by simulating the Hamiltonian dy-
namics of ✓t. This is achieved by leapfrog integration of
r✓ U(✓) over a fixed number of steps with initial momen-
tum m. Afterwards, the acceptance ratio

min
�
1, exp

�
U(✓0)� U(✓t) +K(m0)�K(m)

��
(6)

is computed to assess the quality of the candidate state ✓0.

2.2. Approximate likelihood ratios

The most powerful test-statistic to compare two hypotheses
✓0 and ✓1 for an observation x is the likelihood ratio (J. Ney-
man, 1933)

r(x |✓0,✓1) ,
p(x |✓0)

p(x |✓1)
. (7)

Cranmer et al. (2015) have shown that it is possible to
express the test-statistic through a change of variables
d(·) : Rd 7! [0, 1]. This observation can be used in a su-
pervised learning setting to train a classifier d(x) to distin-
guish samples x ⇠ p(x |✓0) with class label y = 1 from
x ⇠ p(x |✓1) with class label y = 0. The decision function
modeled by the optimal classifier d*(x) is in this case

d*(x) = p(y = 1|x) = p(x |✓0)

p(x |✓0) + p(x |✓1)
, (8)

thereby obtaining the likelihood ratio as

r(x | ✓0,✓1) =
d*(x)

1� d*(x)
. (9)

In the literature, this is known as the likelihood ratio
trick (LRT) (Cranmer et al., 2015; Mohamed & Lakshmi-
narayanan, 2016; Gutmann et al., 2017; Dutta et al., 2016;
Tran et al., 2017; Brehmer et al., 2020) and is especially
prominent in the area of Generative Adversarial Networks
(GANs) (Goodfellow et al., 2014; Uehara et al., 2016; Turner
et al., 2018; Azadi et al., 2018).

Often we are interested in computing the likelihood ratio be-
tween many arbitrary hypotheses. Training d(x) for every
possible pair of hypotheses becomes impractical. A solution
proposed by (Cranmer et al., 2015; Baldi et al., 2016) is to
parameterize the classifier d with ✓ (typically by injecting
✓ as a feature) and train d(x,✓) to distinguish between sam-
ples from p(x |✓) and samples from an arbitrary but fixed
reference hypothesis p(x |✓ref). In this setting, the decision
function modeled by the optimal classifier (Cranmer et al.,
2015) is

d*(x,✓) =
p(x |✓)

p(x |✓) + p(x |✓ref)
, (10)

thereby defining the likelihood-to-reference ratio as

r(x |✓) , r(x |✓,✓ref) =
d*(x,✓)

1� d*(x,✓)
. (11)

Subsequently, the likelihood ratio between arbitrary hy-
potheses ✓0 and ✓1 can then be expressed as

r(x | ✓0,✓1) =
r(x | ✓0)

r(x | ✓1)
. (12)

3. Method
We propose a method to draw samples from a posterior with
an intractable likelihood and marginal model. As noted ear-
lier, MCMC samplers rely on the likelihood ratio to compute
the acceptance ratio. We propose to remove the dependency
on the intractable likelihoods p(x |✓0) and p(x |✓t) by di-
rectly modeling their ratio using an amortized ratio estimator
r̂(x |✓0,✓t). We call this method amortized approximate
likelihood ratio MCMC (AALR-MCMC). Figure 1 provides a
schematic overview of the proposed method.

Likelihood-free Metropolis-Hastings Adapting MH to
the likelihood-free setup is achieved by replacing the com-
putation of the intractable likelihood ratio in Equation 3 with
r̂(x |✓0,✓t). The algorithm remains otherwise unchanged.
We summarize the likelihood-free Metropolis-Hastings sam-
pler in Appendix A.
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Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When

6 Cranmer et al.
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Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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•In traditional approaches to Simulation-Based Inference, one estimates the likelihood directly: 

• For rejection ABC, the acceptance probability  estimates the likelihood 

• In Diggle & Gratton (1984) and particle physics, histogram or kernel density estimate 

ℙ(ρ(S, S′ ) < ϵ)

p(S |θ)

49



C o n d i t i o n a l  D e n s i t y  E s t i m a t i o n

•In traditional approaches to Simulation-Based Inference, one estimates the likelihood directly: 

• For rejection ABC, the acceptance probability  estimates the likelihood 

• In Diggle & Gratton (1984) and particle physics, histogram or kernel density estimate 

ℙ(ρ(S, S′ ) < ϵ)

p(S |θ)

49



N e u r a l  l i k e l i h o o d

50

Sequential Neural Likelihood:
Fast Likelihood-free Inference with Autoregressive Flows

George Papamakarios David C. Sterratt Iain Murray
University of Edinburgh University of Edinburgh University of Edinburgh

Abstract

We present Sequential Neural Likelihood
(SNL), a new method for Bayesian inference
in simulator models, where the likelihood is in-
tractable but simulating data from the model
is possible. SNL trains an autoregressive flow
on simulated data in order to learn a model
of the likelihood in the region of high poste-
rior density. A sequential training procedure
guides simulations and reduces simulation cost
by orders of magnitude. We show that SNL
is more robust, more accurate and requires
less tuning than related neural-based meth-
ods, and we discuss diagnostics for assessing
calibration, convergence and goodness-of-fit.

1 Introduction

In many areas of science and engineering, a natural
way to model a stochastic system of interest is as a
simulator, which may be controlled by potentially inter-
pretable parameters and can be run forward to generate
data. Such simulator models lend themselves naturally
to modelling mechanistic processes such as particle
collisions in high energy physics [1, 71], universe evolu-
tion in cosmology [2, 67], stochastic dynamical systems
in ecology and evolutionary biology [64, 65, 84, 85],
macroeconomic models in econometrics [3, 26], and
biological neural networks in neuroscience [48, 62, 73].
Simulators are a powerful and flexible modelling tool;
they can take the form of a computer graphics engine
[45] or a physics engine [86], and they can become part
of probabilistic programs [14, 16, 37].

Due to the wide applicability of simulator models, sev-
eral tasks of interest can be framed as inference of the
parameters of a simulator from observed data. For

Proceedings of the 22nd International Conference on Ar-
tificial Intelligence and Statistics (AISTATS) 2019, Naha,
Okinawa, Japan. PMLR: Volume 89. Copyright 2019 by
the author(s).

instance, inferring the parameters of physical theories
given particle collisions can be the means for discovering
new physics [11], and inferring the scene parameters of
a graphics engine given a natural image can be the basis
for computer vision [66, 87]. Hence, the development of
accurate and e�cient general-purpose inference meth-
ods for simulator models can have a profound impact
in scientific discovery and artificial intelligence.

The fundamental di�culty in inferring the parameters
of a simulator given data is the unavailability of the
likelihood function. In Bayesian inference, posterior be-
liefs about parameters ✓ given data x can be obtained
by multiplying the likelihood p(x |✓) with prior beliefs
p(✓) and normalizing. However, calculating the likeli-
hood p(x |✓) of a simulator model for given parameters
✓ and data x is computationally infeasible in general,
and hence traditional likelihood-based Bayesian meth-
ods, such as variational inference [83] or Markov Chain
Monte Carlo [54], are not directly applicable.

To overcome this di�culty, several methods for
likelihood-free inference have been developed, such as
Approximate Bayesian Computation [46] and Synthetic
Likelihood [85], that require only the ability to generate
data from the simulator. Such methods simulate the
model repeatedly, and use the simulated data to build
estimates of the parameter posterior. In general, the
accuracy of likelihood-free inference improves as the
number of simulations increases, but so does the com-
putational cost, especially if the simulator is expensive
to run. The challenge in developing new likelihood-
free inference methods is to achieve a good trade-o↵
between estimation accuracy and simulation cost.

In this paper we present Sequential Neural Likelihood
(SNL), a new likelihood-free method for Bayesian in-
ference of simulator models, based on state-of-the-art
conditional neural density estimation with autoregres-
sive flows. The main idea of SNL is to train a Masked
Autoregressive Flow [60] on simulated data in order
to estimate the conditional probability density of data
given parameters, which then serves as an accurate
model of the likelihood function. During training, a
Markov Chain Monte Carlo sampler selects the next
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•Based on  pairs with  estimate likelihood with a conditional density  
estimator  

• Can sample  from any proposal distribution with appropriate support 

• Leveraging advances in normalizing flows and neural density estimation 

(θn, xn) xn ∼ p(x ∣ θn)
qϕ(x ∣ θ)

θn ∼ p̃(θ)

J. Brief Ideas 2016
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N e u r a l  p o s t e r i o r

•Based on  pairs with  and  estimate posterior with a 
conditional density  estimator  

• Originally used a Mixture Density Network (MDN) to model  

• More recently using advances in normalizing flows 

• Posterior samples can be drawn directly from the model! 

• Can also sample  and learn  

(θn, xn) θn ∼ p(θ) xn ∼ p(x ∣ θn)
qϕ(θ ∣ x)

qϕ(θ ∣ x)

θn ∼ p̃(θ)
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Fast ✏-free Inference of Simulation Models with
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Abstract

Many statistical models can be simulated forwards but have intractable likelihoods.
Approximate Bayesian Computation (ABC) methods are used to infer properties
of these models from data. Traditionally these methods approximate the posterior
over parameters by conditioning on data being inside an ✏-ball around the observed
data, which is only correct in the limit ✏!0. Monte Carlo methods can then draw
samples from the approximate posterior to approximate predictions or error bars on
parameters. These algorithms critically slow down as ✏!0, and in practice draw
samples from a broader distribution than the posterior. We propose a new approach
to likelihood-free inference based on Bayesian conditional density estimation.
Preliminary inferences based on limited simulation data are used to guide later
simulations. In some cases, learning an accurate parametric representation of the
entire true posterior distribution requires fewer model simulations than Monte Carlo
ABC methods need to produce a single sample from an approximate posterior.

1 Introduction

A simulator-based model is a data-generating process described by a computer program, usually
with some free parameters we need to learn from data. Simulator-based modelling lends itself
naturally to scientific domains such as evolutionary biology [1], ecology [33], disease epidemics [11],
economics [9] and cosmology [26], where observations are best understood as products of underlying
physical processes. Inference in these models amounts to discovering plausible parameter settings
that could have generated our observed data. The application domains mentioned can require properly
calibrated distributions that express uncertainty over plausible parameters, rather than just point
estimates, in order to reach scientific conclusions or make decisions.

As an analytical expression for the likelihood of parameters given observations is typically not avail-
able for simulator-based models, conventional likelihood-based Bayesian inference is not applicable.
An alternative family of algorithms for likelihood-free inference has been developed, referred to as
Approximate Bayesian Computation (ABC). These algorithms simulate the model repeatedly and
only accept parameter settings which generate synthetic data similar to the observed data, typically
gathered in a real-world experiment.

Rejection ABC [24], the most basic ABC algorithm, simulates the model for each setting of proposed
parameters, and rejects parameters if the generated data is not within a certain distance from the
observations. The accepted parameters form a set of independent samples from an approximate
posterior. Markov Chain Monte Carlo ABC (MCMC-ABC) [15] is an improvement over rejection
ABC which, instead of independently proposing parameters, explores the parameter space by perturb-
ing the most recently accepted parameters. Sequential Monte Carlo ABC (SMC-ABC) [2, 5] uses
importance sampling to simulate a sequence of slowly-changing distributions, the last of which is an
approximation to the parameter posterior.

1
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Conventional ABC algorithms such as the above suffer from three drawbacks. First, they only
represent the parameter posterior as a set of (possibly weighted or correlated) samples. A sample-
based representation easily gives estimates and error bars of individual parameters, and model
predictions. However these computations are noisy, and it is not obvious how to perform some other
computations using samples, such as combining posteriors from two separate analyses. Second, the
parameter samples do not come from the correct Bayesian posterior, but from an approximation
based on assuming a pseudo-observation that the data is within an ✏-ball centred on the data actually
observed. Third, as the ✏-tolerance is reduced, it can become impractical to simulate the model
enough times to match the observed data even once. When simulations are expensive to perform,
good quality inference becomes impractical.

We propose a parametric approach to likelihood-free inference, which unlike conventional ABC does
not suffer from the above three issues. Instead of returning samples from an ✏-approximation to
the posterior, our approach learns a parametric approximation to the exact posterior, which can be
made as accurate as required. Preliminary fits to the posterior are used to guide future simulations,
which can reduce the number of simulations required to learn an accurate approximation by orders
of magnitude. Our approach uses conditional density estimation with Bayesian neural networks,
and draws upon advances in parametric density estimation, stochastic variational inference, and
recognition networks, as discussed in the related work section.

2 Bayesian conditional density estimation for likelihood-free inference

2.1 Simulator-based models and ABC

Let ✓ be a vector of parameters controlling a simulator-based model, and let x be a data vector
generated by the model. The model may be provided as a probabilistic program that can be easily
simulated, and implicitly defines a likelihood p(x |✓), which we assume we cannot evaluate. Let
p(✓) encode our prior beliefs about the parameters. Given an observation xo, we are interested in the
parameter posterior p(✓ |x = xo) / p(x = xo |✓) p(✓).
As the likelihood p(x = xo |✓) is unavailable, conventional Bayesian inference cannot be carried out.
The principle behind ABC is to approximate p(x = xo |✓) by p(kx � xok < ✏ |✓) for a sufficiently
small value of ✏, and then estimate the latter—e.g. by Monte Carlo—using simulations from the
model. Hence, ABC approximates the posterior by p(✓ | kx � xok < ✏), which is typically broader
and more uncertain. ABC can trade off computation for accuracy by decreasing ✏, which improves the
approximation to the posterior but requires more simulations from the model. However, the approxi-
mation becomes exact only when ✏ ! 0, in which case simulations never match the observations,
p(kx � xok < ✏ |✓) ! 0, and existing methods break down. In this paper, we refer to p(✓ |x = xo)
as the exact posterior, as it corresponds to setting ✏ = 0 in p(✓ | kx � xok < ✏).

In most practical applications of ABC, x is taken to be a fixed-length vector of summary statistics
that is calculated from data generated by the simulator, rather than the raw data itself. Extracting
statistics is often necessary in practice, to reduce the dimensionality of the data and maintain
p(kx � xok < ✏ |✓) to practically acceptable levels. For the purposes of this paper, we will make no
distinction between raw data and summary statistics, and we will regard the calculation of summary
statistics as part of the data generating process.

2.2 Learning the posterior

Rather than using simulations from the model in order to estimate an approximate likelihood,
p(kx � xok < ✏ |✓), we will use the simulations to directly estimate p(✓ |x = xo). We will run
simulations for parameters drawn from a distribution, p̃(✓), which we shall refer to as the proposal
prior. The proposition below indicates how we can then form a consistent estimate of the exact
posterior, using a flexible family of conditional densities, q�(✓ |x), parameterized by a vector �.
Proposition 1. We assume that each of a set of N pairs (✓n,xn) was independently generated by

✓n ⇠ p̃(✓) and xn ⇠ p(x |✓n). (1)
In the limit N ! 1, the probability of the parameter vectors

Q
n q�(✓n |xn) is maximized w.r.t. �

if and only if

q�(✓ |x) / p̃(✓)

p(✓)
p(✓ |x), (2)

2



A c t i v e  l e a r n i n g  a n d  s e q u e n t i a l  m e t h o d s

•Can we learn more efficiently for a fixed simulation budget ? 

• What if we are smart about where we run the simulator?
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Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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S e q u e n t i a l  M e t h o d s

•When the posterior concentrates significantly compared to 
the prior, then we don’t really need to estimate the 
likelihood accurately everywhere 

• Instead, want to estimate likelihood or posterior only in 
the relevant regions of parameter / data space 

• Motivates active learning / sequential techniques 

• Iteratively estimate posterior , sample 
 , , and then refine 

•Sequential Neural Likelihood Estimation [SNLE] 

•Sequential Neural Posterior Estimation [SNPE] 

•Sequential Neural Ratio Estimation [SNRE] 

• Various sequential strategies

p̃(θ ∣ x0)
θn ∼ p̃(θ ∣ x0) xn ∼ p(x ∣ θn)

54Sequential Neural Posterior Estimation (SNPE, Papamakarios & Murray, 2016; Lueckmann et al., 2017; Greenberg et al., 2019), 

APT for Likelihood-free Inference

Figure 1. Comparison of inference algorithms on ‘two-moons’

simulator. SNPE-A uses Gaussian posteriors/proposals until the

last round. SNPE-B’s importance weights can lead to slow learning.

SNL requires MCMC sampling. SMC-ABC requires a distance

function, and far more simulations than other methods. APT with

mixture- or flow-based density estimators avoids these limitations.

posterior. By recasting inference as a density ratio estima-
tion problem, it can incorporate powerful flow-based density
estimators and use arbitrary, dynamically updated proposals.

We demonstrate the effectiveness and flexibility of APT on
a variety of problems. It outperforms previous posterior den-
sity estimation methods and scales to high dimensional data,
with efficient inference on Lokta-Volterra time series and
10k-dimensional image data without summary statistics.

2. Simulation-based inference with
conditional density estimators

2.1. Problem statement

Suppose a simulator generates synthetic data x ∈ Rd for
any parameter θ ∈ Rn, but the density p(x|θ) is unknown
or intractable. Data xo are observed from the simulator (or
a real-world process it describes) and a prior p(θ) is known.
Likelihood-free inference (LFI) seeks to accurately estimate
p(θ|xo) without access to the likelihood p(x|θ), by carrying

out a limited number of simulations.

2.2. Conditional density estimation

Likelihood-free inference can be viewed as conditional den-
sity estimation, where the task is to map each simulator
result x onto an estimate of the posterior density p(θ|x).
Once the density estimator has been trained on simulated
data x, it can then be applied to empirical data xo to com-
pute the posterior. The posterior estimate is selected from
a family of densities qψ, where ψ are distribution parame-
ters. The mapping from x onto ψ is learned by adjusting
the weights φ of a neural network F (or another flexible
function approximator) so that qF (x,φ)(θ) ≈ p(θ|x).

To train the network, we can simulate using prior-drawn pa-
rameters to build a dataset {(θj , xj)} and minimize the loss

L(φ) = −
∑N

j=1 log qF (xj ,φ)(θj) over network weights φ.
For sufficiently expressive F and qψ , the mapping from x to
the posterior p(θ|x) will be learned as N →∞. After train-
ing, we estimate the target posterior p(θ|xo) by qF (xo,φ)(θ).

2.3. Sequential neural density estimation

Since we are ultimately interested in the posterior at xo,
simulations from parameters with very low posterior density
p(θ|xo) may not be useful for learning φ. Thus, after ini-
tially estimating θ|xo using simulations from the prior p(θ),
we want future simulations to use a proposal p̃(θ) which
is more informative about θ|xo (Papamakarios & Murray,
2016; Gutmann & Corander, 2016; Lueckmann et al., 2017;
Sisson et al., 2007; Blum & François, 2010). This iterative
refinement of the posterior estimate and proposal is known
as sequential neural posterior estimation (SNPE).

Unfortunately, minimizing L on samples drawn from a pro-
posal p̃(θ) no longer yields the target posterior but rather1

p̃(θ|x) = p(θ|x)
p̃(θ) p(x)

p(θ) p̃(x)
(1)

where p̃(x) =
∫

θ
p̃(θ)p(x|θ). We call p̃(θ|x) the proposal

posterior. It would be the correct posterior if p̃(θ) were the
prior. LFI methods employing neural conditional density es-
timators differ primarily in how they deal with this problem,
with three main approaches developed so far:

SNPE-A (Papamakarios & Murray, 2016) trains F to tar-
get the proposal posterior p̃(θ|x) and then post-hoc solves
(1) for p(θ|xo). To ensure a closed-form solution, qψ is
restricted to be a mixture of Gaussians (MoG), p̃(θ) to
be Gaussian and p(θ) to be Gaussian or uniform. This
approach is simple and can be highly effective, but does
not admit multimodal proposals (Fig. 1, first row, details
in A.5.1). Furthermore, SNPE-A can return non-positive-

1We assume p̃(θ) = 0 where p(θ) = 0.

On Contrastive Learning for Likelihood-free Inference
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Abstract

Likelihood-free methods perform parameter infer-
ence in stochastic simulator models where eval-
uating the likelihood is intractable but sampling
synthetic data is possible. One class of meth-
ods for this likelihood-free problem uses a clas-
sifier to distinguish between pairs of parameter-
observation samples generated using the simula-
tor and pairs sampled from some reference dis-
tribution, which implicitly learns a density ratio
proportional to the likelihood. Another popular
class of methods fits a conditional distribution to
the parameter posterior directly, and a particular
recent variant allows for the use of flexible neural
density estimators for this task. In this work, we
show that both of these approaches can be unified
under a general contrastive learning scheme, and
clarify how they should be run and compared.

1. Introduction

Modeling systems using parameterized stochastic simula-
tors is prevalent across many scientific and engineering
disciplines, including cosmology (Alsing et al., 2019), high-
energy physics (Brehmer et al., 2018a), and computational
neuroscience (Gonçalves et al., 2019). Specifying models
in this way is appealing since it is often easier to describe a
generative process implicitly rather than reasoning directly
about an emergent probability distribution. Traditional pa-
rameter inference algorithms such as variational methods
and Markov Chain Monte Carlo (MCMC) usually don’t
apply to these models, since explicit evaluation of the likeli-
hood function is often intractable.

In recent years, significant progress has been made toward
this challenge of likelihood-free inference (Sisson et al.,
2018). Most of the literature relies on sample-based meth-
ods that require very large numbers of simulations. Methods

1School of Informatics, University of Edinburgh, United King-
dom 2DeepMind, London, United Kingdom. Correspondence to:
Conor Durkan <conor.durkan@ed.ac.uk>.
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based on neural networks have reduced the number of sim-
ulations needed to perform effective inference by orders
of magnitude (Papamakarios, 2019; Cranmer et al., 2019).
Some of these can evaluate and sample from an approximate
posterior directly, bypassing the need for MCMC schemes
altogether. Ultimately, this line of work seeks to develop
a robust and practical toolkit which practitioners can rely
upon for whichever use case they desire.

In this paper, we consider two recently proposed approaches
to neural likelihood-free inference: the first uses classifica-
tion to approximate density ratios proportional to the like-
lihood (Hermans et al., 2020), whereas the second directly
casts the problem as a conditional density estimation task
(Greenberg et al., 2019). We demonstrate that these two
methods, traditionally viewed as distinct and compared as
such in the literature, are both instances of a more general
contrastive learning scheme, and can thus be unified under a
single framework. Using this perspective, we directly com-
pare the properties and behaviour of both algorithms, and
offer practical recommendations for those wishing to use
these methods.

2. Background

Given a vector of parameters ✓, a stochastic simulator gen-
erates latent random numbers z, and produces observed
data x = g(✓, z), where g is some nonlinear function. The
likelihood of the parameters ✓ given observed data x is then

p(x |✓) =
Z

�(x� g(✓, z)) p(z |✓) dz, (1)

where �(·) is the Dirac delta, and this integral is intractable
in general. In some cases it may be possible to evaluate the
joint likelihood p(x, z |✓), but (i) this requires performing
inference on the constrained manifold (g(✓, z), z), and (ii)
often this augmented space is sufficiently high-dimensional
to make standard inference approaches infeasible. In other
cases, the simulator may be provided to us as a black-box
whose internal workings are not accessible, and it is still
desirable to carry out inference in this scenario.

We are interested in computing the posterior p(✓ |x0) for a
specific observation x0, where we have prior beliefs p(✓)
about the parameters. This amounts to computing the den-
sity ratio p(x0 | ✓)

p(x0)
= p(✓ |x0)

p(✓) , and this quantity need only be
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Likelihood-free MCMC with Amortized Approximate Ratio Estimators

Joeri Hermans 1 Volodimir Begy 2 Gilles Louppe 1

Abstract
Posterior inference with an intractable likelihood
is becoming an increasingly common task in sci-
entific domains which rely on sophisticated com-
puter simulations. Typically, these forward mod-
els do not admit tractable densities forcing prac-
titioners to make use of approximations. This
work introduces a novel approach to address the
intractability of the likelihood and the marginal
model. We achieve this by learning a flexi-
ble amortized estimator which approximates the
likelihood-to-evidence ratio. We demonstrate that
the learned ratio estimator can be embedded in
MCMC samplers to approximate likelihood-ratios
between consecutive states in the Markov chain,
allowing us to draw samples from the intractable
posterior. Techniques are presented to improve
the numerical stability and to measure the qual-
ity of an approximation. The accuracy of our
approach is demonstrated on a variety of bench-
marks against well-established techniques. Scien-
tific applications in physics show its applicability.

1. Introduction
Domain scientists are generally interested in the posterior

p(✓ |x) = p(✓)p(x |✓)
p(x)

(1)

which relates the parameters ✓ of a model or theory to
observations x. Although Bayesian inference is an ideal
tool for such settings, the implied computation is generally
not. Often the marginal model p(x) =

R
p(✓)p(x |✓)d✓ is

intractable, making posterior inference using Bayes’ rule
impractical. Methods such as Markov chain Monte Carlo
(MCMC) (Metropolis et al., 1953; Hastings, 1970) bypass
the dependency on the marginal model by evaluating the

1University of Liège, Belgium 2University of Vi-
enna, Austria. Correspondence to: Joeri Hermans <jo-
eri.hermans@doct.uliege.be>.
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ratio of posterior densities between consecutive states in the
Markov chain. This allows the posterior to be approximated
numerically, provided that the likelihood p(x |✓) and the
prior p(✓) are tractable. We consider the equally common
and more challenging setting, the so-called likelihood-free
setup, in which the likelihood cannot be evaluated in a
reasonable amount of time or has no tractable closed-form
expression. However, drawing samples from the forward
model is possible.

Contributions We introduce a Bayesian inference algo-
rithm for scientific applications where (i) a forward model
is available, (ii) the likelihood is intractable, and (iii) accu-
rate approximations are important to do science. Central
to this work is a novel amortized likelihood-to-evidence
ratio estimator which allows for the direct estimation of the
posterior density function for arbitrary model parameters
✓ ⇠ p(✓) and observations x ⇠ p(x |✓). We exploit this
ability to amortize the estimation of acceptance ratios in
MCMC, enabling us to draw posterior samples. Finally, we
develop a necessary diagnostic to probe the quality of the
approximations in intractable settings.

2. Background
2.1. Markov chain Monte Carlo

MCMC methods are generally applied to sample from a pos-
terior probability distribution with an intractable marginal
model, but for which point-wise evaluations of the likeli-
hood are possible (Metropolis et al., 1953; Hastings, 1970;
MacKay, 2003). Posterior samples are drawn from the target
distribution by collecting dependent states ✓0:T of a Markov
chain. The mechanism for transitioning from ✓t to the next
state ✓0 depends on the algorithm at hand. However, the
acceptance of a transition ✓t �! ✓0, for ✓0 sampled from
a proposal mechanism q(✓0 |✓t), is usually determined by
evaluating some form of the posterior ratio

p(✓0 |x)
p(✓t |x)

=
p(✓0)p(x |✓0) / p(x)

p(✓t)p(x |✓t) / p(x)
=

p(✓0)p(x |✓0)

p(✓t)p(x |✓t)
. (2)

We observe that (i) the normalizing constant p(x) cancels
out within the ratio, thereby bypassing its intractable evalua-
tion, and (ii) how the likelihood ratio is central in assessing
the quality of a candidate state ✓0 against state ✓t.

ar
X

iv
:1

90
3.

04
05

7v
5 

 [s
ta

t.M
L]

  2
6 

Ju
n 

20
20

Automatic Posterior Transformation for Likelihood-free Inference

David S. Greenberg 1 Marcel Nonnenmacher 1 Jakob H. Macke 1

Abstract

How can one perform Bayesian inference on
stochastic simulators with intractable likelihoods?
A recent approach is to learn the posterior from
adaptively proposed simulations using neural
network-based conditional density estimators.
However, existing methods are limited to a nar-
row range of proposal distributions or require im-
portance weighting that can limit performance
in practice. Here we present automatic posterior
transformation (APT), a new sequential neural
posterior estimation method for simulation-based
inference. APT can modify the posterior estimate
using arbitrary, dynamically updated proposals,
and is compatible with powerful flow-based den-
sity estimators. It is more flexible, scalable and
efficient than previous simulation-based inference
techniques. APT can operate directly on high-
dimensional time series and image data, opening
up new applications for likelihood-free inference.

1. Introduction

Many applications in science, engineering and economics
make extensive use of complex simulations describing the
structure and dynamics of the process being investigated.
Such models are derived from knowledge of the mechanisms
and principles underlying the data-generating process, and
are of critical importance for scientific hypothesis-building
and testing. However, linking complex mechanistic models
to empirical measurements can be challenging, since many
models are defined implicitly through stochastic simulators
(e.g. metabolic models, spiking networks in neuroscience,
climate and weather simulations, chemical reaction systems,
detector models in high energy physics, graphics engines,
population models in genetics, dynamical systems in ecol-
ogy, complex economic models, . . . ).

1Computational Neuroengineering, Department of Electrical
and Computer Engineering, Technical University of Munich, Mu-
nich, Germany. Correspondence to: <{david.greenberg, mar-
cel.Nonnenmacher, macke}@tum.de>.
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For complex data-generating processes such as simulation-
based models, it is often impossible to compute the like-
lihood p(x|θ) of data x given parameters θ, because it in-
volves intractable integrals, because a simulator’s internal
states are unavailable or because real-world experiments
are involved. Classical approaches to such likelihood-free
statistical inference (also known as Approximate Bayesian
Computation (ABC), see Sisson et al., 2018) do not scale to
high-dimensional applications, and typically rely on ad-hoc
choices to design summary statistics and distance functions.

Recently, several studies have trained conditional density
estimators to perform simulation-based inference, while
adaptively tuning the simulations to yield informative data.
The techniques fall into two main classes, which seek to
directly estimate either the likelihood or the posterior:

Synthetic likelihood (SL) methods (Wood, 2010; Fan et al.,
2013; Turner & Sederberg, 2014) aim to estimate the like-
lihood p(x|θ), and plug the results into an inference proce-
dure (such as MCMC) to compute the posterior. A powerful
recent approach, sequential neural likelihood (SNL), trains
a neural conditional density estimator (e.g. masked flow,
Papamakarios et al., 2017) to estimate p(x|θ) for all x and
θ (Papamakarios et al., 2018; Lueckmann et al., 2018).

Posterior density estimation approaches directly target the
posterior p(θ|x) by training a density-estimation neural net-
work from (simulated) data x to θ. This approach does not
require additional inference procedures, and thus naturally
amortizes inference. In addition, it leverages the ability of
neural networks to learn informative features from data.

However, posterior estimation faces a key challenge: Draw-
ing simulation parameters from the prior is wasteful, but
other, adaptively-chosen proposals require either numeri-
cally unstable post-hoc corrections (Papamakarios & Mur-
ray, 2016) or importance weights (Lueckmann et al., 2017)
that increase variance during learning (details in 2.3).

Here we propose Automatic Posterior Transformation
(APT), a new sequential neural posterior estimation ap-
proach that combines desirable properties of posterior esti-
mation (directly targeting the posterior, amortization, feature
learning) and likelihood estimation (flexible proposals, no
importance weights or post-hoc corrections). APT learns
a mapping from data to the true posterior by maximizing
the probability of simulation parameters under the proposal

Sequential Neural Likelihood:
Fast Likelihood-free Inference with Autoregressive Flows

George Papamakarios David C. Sterratt Iain Murray
University of Edinburgh University of Edinburgh University of Edinburgh

Abstract

We present Sequential Neural Likelihood
(SNL), a new method for Bayesian inference
in simulator models, where the likelihood is in-
tractable but simulating data from the model
is possible. SNL trains an autoregressive flow
on simulated data in order to learn a model
of the likelihood in the region of high poste-
rior density. A sequential training procedure
guides simulations and reduces simulation cost
by orders of magnitude. We show that SNL
is more robust, more accurate and requires
less tuning than related neural-based meth-
ods, and we discuss diagnostics for assessing
calibration, convergence and goodness-of-fit.

1 Introduction

In many areas of science and engineering, a natural
way to model a stochastic system of interest is as a
simulator, which may be controlled by potentially inter-
pretable parameters and can be run forward to generate
data. Such simulator models lend themselves naturally
to modelling mechanistic processes such as particle
collisions in high energy physics [1, 71], universe evolu-
tion in cosmology [2, 67], stochastic dynamical systems
in ecology and evolutionary biology [64, 65, 84, 85],
macroeconomic models in econometrics [3, 26], and
biological neural networks in neuroscience [48, 62, 73].
Simulators are a powerful and flexible modelling tool;
they can take the form of a computer graphics engine
[45] or a physics engine [86], and they can become part
of probabilistic programs [14, 16, 37].

Due to the wide applicability of simulator models, sev-
eral tasks of interest can be framed as inference of the
parameters of a simulator from observed data. For

Proceedings of the 22nd International Conference on Ar-
tificial Intelligence and Statistics (AISTATS) 2019, Naha,
Okinawa, Japan. PMLR: Volume 89. Copyright 2019 by
the author(s).

instance, inferring the parameters of physical theories
given particle collisions can be the means for discovering
new physics [11], and inferring the scene parameters of
a graphics engine given a natural image can be the basis
for computer vision [66, 87]. Hence, the development of
accurate and e�cient general-purpose inference meth-
ods for simulator models can have a profound impact
in scientific discovery and artificial intelligence.

The fundamental di�culty in inferring the parameters
of a simulator given data is the unavailability of the
likelihood function. In Bayesian inference, posterior be-
liefs about parameters ✓ given data x can be obtained
by multiplying the likelihood p(x |✓) with prior beliefs
p(✓) and normalizing. However, calculating the likeli-
hood p(x |✓) of a simulator model for given parameters
✓ and data x is computationally infeasible in general,
and hence traditional likelihood-based Bayesian meth-
ods, such as variational inference [83] or Markov Chain
Monte Carlo [54], are not directly applicable.

To overcome this di�culty, several methods for
likelihood-free inference have been developed, such as
Approximate Bayesian Computation [46] and Synthetic
Likelihood [85], that require only the ability to generate
data from the simulator. Such methods simulate the
model repeatedly, and use the simulated data to build
estimates of the parameter posterior. In general, the
accuracy of likelihood-free inference improves as the
number of simulations increases, but so does the com-
putational cost, especially if the simulator is expensive
to run. The challenge in developing new likelihood-
free inference methods is to achieve a good trade-o↵
between estimation accuracy and simulation cost.

In this paper we present Sequential Neural Likelihood
(SNL), a new likelihood-free method for Bayesian in-
ference of simulator models, based on state-of-the-art
conditional neural density estimation with autoregres-
sive flows. The main idea of SNL is to train a Masked
Autoregressive Flow [60] on simulated data in order
to estimate the conditional probability density of data
given parameters, which then serves as an accurate
model of the likelihood function. During training, a
Markov Chain Monte Carlo sampler selects the next
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Figure 1. Comparison of inference algorithms on ‘two-moons’

simulator. SNPE-A uses Gaussian posteriors/proposals until the

last round. SNPE-B’s importance weights can lead to slow learning.

SNL requires MCMC sampling. SMC-ABC requires a distance

function, and far more simulations than other methods. APT with

mixture- or flow-based density estimators avoids these limitations.

posterior. By recasting inference as a density ratio estima-
tion problem, it can incorporate powerful flow-based density
estimators and use arbitrary, dynamically updated proposals.

We demonstrate the effectiveness and flexibility of APT on
a variety of problems. It outperforms previous posterior den-
sity estimation methods and scales to high dimensional data,
with efficient inference on Lokta-Volterra time series and
10k-dimensional image data without summary statistics.

2. Simulation-based inference with
conditional density estimators

2.1. Problem statement

Suppose a simulator generates synthetic data x ∈ Rd for
any parameter θ ∈ Rn, but the density p(x|θ) is unknown
or intractable. Data xo are observed from the simulator (or
a real-world process it describes) and a prior p(θ) is known.
Likelihood-free inference (LFI) seeks to accurately estimate
p(θ|xo) without access to the likelihood p(x|θ), by carrying

out a limited number of simulations.

2.2. Conditional density estimation

Likelihood-free inference can be viewed as conditional den-
sity estimation, where the task is to map each simulator
result x onto an estimate of the posterior density p(θ|x).
Once the density estimator has been trained on simulated
data x, it can then be applied to empirical data xo to com-
pute the posterior. The posterior estimate is selected from
a family of densities qψ, where ψ are distribution parame-
ters. The mapping from x onto ψ is learned by adjusting
the weights φ of a neural network F (or another flexible
function approximator) so that qF (x,φ)(θ) ≈ p(θ|x).

To train the network, we can simulate using prior-drawn pa-
rameters to build a dataset {(θj , xj)} and minimize the loss

L(φ) = −
∑N

j=1 log qF (xj ,φ)(θj) over network weights φ.
For sufficiently expressive F and qψ , the mapping from x to
the posterior p(θ|x) will be learned as N →∞. After train-
ing, we estimate the target posterior p(θ|xo) by qF (xo,φ)(θ).

2.3. Sequential neural density estimation

Since we are ultimately interested in the posterior at xo,
simulations from parameters with very low posterior density
p(θ|xo) may not be useful for learning φ. Thus, after ini-
tially estimating θ|xo using simulations from the prior p(θ),
we want future simulations to use a proposal p̃(θ) which
is more informative about θ|xo (Papamakarios & Murray,
2016; Gutmann & Corander, 2016; Lueckmann et al., 2017;
Sisson et al., 2007; Blum & François, 2010). This iterative
refinement of the posterior estimate and proposal is known
as sequential neural posterior estimation (SNPE).

Unfortunately, minimizing L on samples drawn from a pro-
posal p̃(θ) no longer yields the target posterior but rather1

p̃(θ|x) = p(θ|x)
p̃(θ) p(x)

p(θ) p̃(x)
(1)

where p̃(x) =
∫

θ
p̃(θ)p(x|θ). We call p̃(θ|x) the proposal

posterior. It would be the correct posterior if p̃(θ) were the
prior. LFI methods employing neural conditional density es-
timators differ primarily in how they deal with this problem,
with three main approaches developed so far:

SNPE-A (Papamakarios & Murray, 2016) trains F to tar-
get the proposal posterior p̃(θ|x) and then post-hoc solves
(1) for p(θ|xo). To ensure a closed-form solution, qψ is
restricted to be a mixture of Gaussians (MoG), p̃(θ) to
be Gaussian and p(θ) to be Gaussian or uniform. This
approach is simple and can be highly effective, but does
not admit multimodal proposals (Fig. 1, first row, details
in A.5.1). Furthermore, SNPE-A can return non-positive-

1We assume p̃(θ) = 0 where p(θ) = 0.
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j=1 log qF (xj ,φ)(θj) over network weights φ.
For sufficiently expressive F and qψ , the mapping from x to
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ing, we estimate the target posterior p(θ|xo) by qF (xo,φ)(θ).

2.3. Sequential neural density estimation

Since we are ultimately interested in the posterior at xo,
simulations from parameters with very low posterior density
p(θ|xo) may not be useful for learning φ. Thus, after ini-
tially estimating θ|xo using simulations from the prior p(θ),
we want future simulations to use a proposal p̃(θ) which
is more informative about θ|xo (Papamakarios & Murray,
2016; Gutmann & Corander, 2016; Lueckmann et al., 2017;
Sisson et al., 2007; Blum & François, 2010). This iterative
refinement of the posterior estimate and proposal is known
as sequential neural posterior estimation (SNPE).

Unfortunately, minimizing L on samples drawn from a pro-
posal p̃(θ) no longer yields the target posterior but rather1
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•When the posterior concentrates significantly compared to 
the prior, then we don’t really need to estimate the 
likelihood accurately everywhere 

• Instead, want to estimate likelihood or posterior only in 
the relevant regions of parameter / data space 

• Motivates active learning / sequential techniques 

• Iteratively estimate posterior , sample 
 , , and then refine 

•Sequential Neural Likelihood Estimation [SNLE] 

•Sequential Neural Posterior Estimation [SNPE] 

•Sequential Neural Ratio Estimation [SNRE] 

• Various sequential strategies

p̃(θ ∣ x0)
θn ∼ p̃(θ ∣ x0) xn ∼ p(x ∣ θn)
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Benchmarking Simulation-Based Inference
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Abstract

Recent advances in probabilistic modelling
have led to a large number of simulation-based
inference algorithms which do not require nu-
merical evaluation of likelihoods. However,
a public benchmark with appropriate perfor-
mance metrics for such ‘likelihood-free’ al-
gorithms has been lacking. This has made
it difficult to compare algorithms and iden-
tify their strengths and weaknesses. We set
out to fill this gap: We provide a bench-
mark with inference tasks and suitable perfor-
mance metrics, with an initial selection of algo-
rithms including recent approaches employing
neural networks and classical Approximate
Bayesian Computation methods. We found
that the choice of performance metric is criti-
cal, that even state-of-the-art algorithms have
substantial room for improvement, and that
sequential estimation improves sample effi-
ciency. Neural network-based approaches gen-
erally exhibit better performance, but there
is no uniformly best algorithm. We provide
practical advice and highlight the potential
of the benchmark to diagnose problems and
improve algorithms. The results can be ex-
plored interactively on a companion website.
All code is open source, making it possible
to contribute further benchmark tasks and
inference algorithms.

1 Introduction

Many domains of science, engineering, and economics
make extensive use of models implemented as stochastic
numerical simulators (Gourieroux et al., 1993; Ratmann
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et al., 2007; Alsing et al., 2018; Brehmer et al., 2018;
Karabatsos and Leisen, 2018; Gonçalves et al., 2020).
A key challenge when studying and validating such
simulation-based models is the statistical identifica-
tion of parameters which are consistent with observed
data. In many cases, calculation of the likelihood is
intractable or impractical, rendering conventional sta-
tistical approaches inapplicable. The goal of simulation-
based inference (SBI), also known as ‘likelihood-free
inference’, is to perform Bayesian inference without
requiring numerical evaluation of the likelihood func-
tion (Sisson et al., 2018; Cranmer et al., 2020). In
SBI, it is generally not required that the simulator is
differentiable, nor that one has access to its internal
random variables.

In recent years, several new SBI algorithms have been
developed (e.g., Gutmann and Corander, 2016; Papa-
makarios and Murray, 2016; Lueckmann et al., 2017;
Chan et al., 2018; Greenberg et al., 2019; Papamakarios
et al., 2019b; Prangle, 2019; Brehmer et al., 2020; Her-
mans et al., 2020; Järvenpää et al., 2020; Picchini et al.,
2020; Rodrigues et al., 2020; Thomas et al., 2020), en-
ergized, in part, by advances in probabilistic machine
learning (Rezende and Mohamed, 2015; Papamakarios
et al., 2017, 2019a). Despite—or possibly because—of
these rapid and exciting developments, it is currently
difficult to assess how different approaches relate to
each other theoretically and empirically: First, different
studies often use different tasks and metrics for com-
parison, and comprehensive comparisons on multiple
tasks and simulation budgets are rare. Second, some
commonly employed metrics might not be appropriate
or might be biased through the choice of hyperparam-
eters. Third, the absence of a benchmark has made
it necessary to reimplement tasks and algorithms for
each new study. This practice is wasteful, and makes
it hard to rapidly evaluate the potential of new al-
gorithms. Overall, it is difficult to discern the most
promising approaches and decide on which algorithm
to use when. These problems are exacerbated by the
interdisciplinary nature of research on SBI, which has
led to independent development and co-existence of
closely-related algorithms in different disciplines.
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Figure 2: Performance on Two Moons according to various metrics. Best possible performance would be
0.5 for C2ST, 0 for MMD2 and MEDDIST. Results for 10 observations each, means and 95% confidence intervals.

3 Results

We first consider empirical results on a single task, Two
Moons, according to different metrics, which illustrate
the following important insight:

#1: Choice of performance metric is key. While
C2ST results on Two Moons show that performance
increases with higher simulation budgets and that se-
quential algorithms outperform non-sequential ones for
low to medium budgets, these results were not reflected
in MMD and MEDDIST (Fig. 2): In our analyses, we
found MMD to be sensitive to hyperparameter choices,
in particular on tasks with complex posterior struc-
ture. When using the commonly employed median
heuristic to set the kernel length scale on a task with
multi-modal posteriors (like Two Moons), MMD had
difficulty discerning markedly different posteriors. This
can be ‘fixed’ by using hyperparameters adapted to the
task (Suppl. Fig. 4). As discussed above, the median
distance (though commonly used) can be ‘gamed’ by
a good point estimate even if the estimated posterior
is poor and is thus not a suitable performance metric.
Computation of KSD showed numerical problems on
Two Moons, due to the gradient calculation.

We assessed relationships between metrics empirically
via the correlations across tasks (Suppl. Fig. 5). As
discussed above, the log-probability of ground-truth
parameters can be problematic when averaged over
too few observations (e.g., 10, as is common in the
literature): indeed, this metric had a correlation of
only 0.3 with C2ST on Two Moons and 0.6 on the
SLCP task. Based on these considerations, we used
C2ST for reporting performance (Fig. 3; results for
MMD, KSD and median distance on the website).

Based on the comparison of the performance across all
tasks, we highlight the following main points:

#2: These are not solved problems. C2ST uses
an interpretable scale (1 to 0.5), which makes it possible
to conclude that, for several tasks, no algorithm could
solve them with the specified budget (e.g., SLCP, Lotka-
Volterra). This highlights that our problems—though
conceptually simple—are challenging, and there is room
for development of more powerful algorithms.

#3: Sequential estimation improves sample ef-
ficiency. Our results show that sequential algorithms
outperform non-sequential ones (Fig. 3). The differ-
ence was small on simple tasks (i.e. linear Gaussian
cases), yet pronounced on most others. However, we
also found these methods to exhibit diminishing re-
turns as the simulation budget grows, which points to
an opportunity for future improvements.

#4: Density or ratio estimation-based al-
gorithms generally outperform classical tech-
niques. REJ-ABC and SMC-ABC were generally
outperformed by more recent techniques which use
neural networks for density- or ratio-estimation, and
which can therefore efficiently interpolate between dif-
ferent simulations (Fig. 3). Without such model-based
interpolation, even a simple 10-d Gaussian task can be
challenging. However, classical rejection-based meth-
ods have a computational footprint that is orders of
magnitudes faster, as no network training is involved
(Appendix R). Thus, on low-dimensional problems and
for cheap simulators, these methods can still be com-
petitive. See Suppl. Fig. 1 for results with additional
ABC variants (Blum and François, 2010; Prangle et al.,
2014) and Suppl. Fig. 2 for results on RF-ABC.

Benchmarking Simulation-Based Inference

0.5
0.6
0.7
0.8
0.9
1.0

C
2S
T

REJ�ABC NLE NPE NRE SMC�ABC SNLE SNPE SNRE

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

Two Moons

0.00

0.04

0.08

M
M
D

²

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

Two Moons

Number of Simulations

0.08
0.12
0.16
0.20
0.24

M
ED
D
IS
T

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

10
³

10
�

10
�

Two Moons

Figure 2: Performance on Two Moons according to various metrics. Best possible performance would be
0.5 for C2ST, 0 for MMD2 and MEDDIST. Results for 10 observations each, means and 95% confidence intervals.

3 Results

We first consider empirical results on a single task, Two
Moons, according to different metrics, which illustrate
the following important insight:

#1: Choice of performance metric is key. While
C2ST results on Two Moons show that performance
increases with higher simulation budgets and that se-
quential algorithms outperform non-sequential ones for
low to medium budgets, these results were not reflected
in MMD and MEDDIST (Fig. 2): In our analyses, we
found MMD to be sensitive to hyperparameter choices,
in particular on tasks with complex posterior struc-
ture. When using the commonly employed median
heuristic to set the kernel length scale on a task with
multi-modal posteriors (like Two Moons), MMD had
difficulty discerning markedly different posteriors. This
can be ‘fixed’ by using hyperparameters adapted to the
task (Suppl. Fig. 4). As discussed above, the median
distance (though commonly used) can be ‘gamed’ by
a good point estimate even if the estimated posterior
is poor and is thus not a suitable performance metric.
Computation of KSD showed numerical problems on
Two Moons, due to the gradient calculation.

We assessed relationships between metrics empirically
via the correlations across tasks (Suppl. Fig. 5). As
discussed above, the log-probability of ground-truth
parameters can be problematic when averaged over
too few observations (e.g., 10, as is common in the
literature): indeed, this metric had a correlation of
only 0.3 with C2ST on Two Moons and 0.6 on the
SLCP task. Based on these considerations, we used
C2ST for reporting performance (Fig. 3; results for
MMD, KSD and median distance on the website).

Based on the comparison of the performance across all
tasks, we highlight the following main points:

#2: These are not solved problems. C2ST uses
an interpretable scale (1 to 0.5), which makes it possible
to conclude that, for several tasks, no algorithm could
solve them with the specified budget (e.g., SLCP, Lotka-
Volterra). This highlights that our problems—though
conceptually simple—are challenging, and there is room
for development of more powerful algorithms.

#3: Sequential estimation improves sample ef-
ficiency. Our results show that sequential algorithms
outperform non-sequential ones (Fig. 3). The differ-
ence was small on simple tasks (i.e. linear Gaussian
cases), yet pronounced on most others. However, we
also found these methods to exhibit diminishing re-
turns as the simulation budget grows, which points to
an opportunity for future improvements.

#4: Density or ratio estimation-based al-
gorithms generally outperform classical tech-
niques. REJ-ABC and SMC-ABC were generally
outperformed by more recent techniques which use
neural networks for density- or ratio-estimation, and
which can therefore efficiently interpolate between dif-
ferent simulations (Fig. 3). Without such model-based
interpolation, even a simple 10-d Gaussian task can be
challenging. However, classical rejection-based meth-
ods have a computational footprint that is orders of
magnitudes faster, as no network training is involved
(Appendix R). Thus, on low-dimensional problems and
for cheap simulators, these methods can still be com-
petitive. See Suppl. Fig. 1 for results with additional
ABC variants (Blum and François, 2010; Prangle et al.,
2014) and Suppl. Fig. 2 for results on RF-ABC.



S i n g l e  o b s e r v a t i o n

•When dealing with a single observation, there is a 
clear advantage to sequential techniques  

• Use simulation budget in relevant regions of 
parameter space
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Figure 2: Performance on Two Moons according to various metrics. Best possible performance would be
0.5 for C2ST, 0 for MMD2 and MEDDIST. Results for 10 observations each, means and 95% confidence intervals.

3 Results

We first consider empirical results on a single task, Two
Moons, according to different metrics, which illustrate
the following important insight:

#1: Choice of performance metric is key. While
C2ST results on Two Moons show that performance
increases with higher simulation budgets and that se-
quential algorithms outperform non-sequential ones for
low to medium budgets, these results were not reflected
in MMD and MEDDIST (Fig. 2): In our analyses, we
found MMD to be sensitive to hyperparameter choices,
in particular on tasks with complex posterior struc-
ture. When using the commonly employed median
heuristic to set the kernel length scale on a task with
multi-modal posteriors (like Two Moons), MMD had
difficulty discerning markedly different posteriors. This
can be ‘fixed’ by using hyperparameters adapted to the
task (Suppl. Fig. 4). As discussed above, the median
distance (though commonly used) can be ‘gamed’ by
a good point estimate even if the estimated posterior
is poor and is thus not a suitable performance metric.
Computation of KSD showed numerical problems on
Two Moons, due to the gradient calculation.

We assessed relationships between metrics empirically
via the correlations across tasks (Suppl. Fig. 5). As
discussed above, the log-probability of ground-truth
parameters can be problematic when averaged over
too few observations (e.g., 10, as is common in the
literature): indeed, this metric had a correlation of
only 0.3 with C2ST on Two Moons and 0.6 on the
SLCP task. Based on these considerations, we used
C2ST for reporting performance (Fig. 3; results for
MMD, KSD and median distance on the website).

Based on the comparison of the performance across all
tasks, we highlight the following main points:

#2: These are not solved problems. C2ST uses
an interpretable scale (1 to 0.5), which makes it possible
to conclude that, for several tasks, no algorithm could
solve them with the specified budget (e.g., SLCP, Lotka-
Volterra). This highlights that our problems—though
conceptually simple—are challenging, and there is room
for development of more powerful algorithms.

#3: Sequential estimation improves sample ef-
ficiency. Our results show that sequential algorithms
outperform non-sequential ones (Fig. 3). The differ-
ence was small on simple tasks (i.e. linear Gaussian
cases), yet pronounced on most others. However, we
also found these methods to exhibit diminishing re-
turns as the simulation budget grows, which points to
an opportunity for future improvements.

#4: Density or ratio estimation-based al-
gorithms generally outperform classical tech-
niques. REJ-ABC and SMC-ABC were generally
outperformed by more recent techniques which use
neural networks for density- or ratio-estimation, and
which can therefore efficiently interpolate between dif-
ferent simulations (Fig. 3). Without such model-based
interpolation, even a simple 10-d Gaussian task can be
challenging. However, classical rejection-based meth-
ods have a computational footprint that is orders of
magnitudes faster, as no network training is involved
(Appendix R). Thus, on low-dimensional problems and
for cheap simulators, these methods can still be com-
petitive. See Suppl. Fig. 1 for results with additional
ABC variants (Blum and François, 2010; Prangle et al.,
2014) and Suppl. Fig. 2 for results on RF-ABC.



i i d  d a t a  a n d  a m o r t i z e d  l i k e l i h o o d

•However, when dealing with iid data, there is a more advantage to learning an 
amortized likelihood ratio that is accurate everywhere and can be reused.  

• More work needed to study tradeoff of sequential approaches with iid data
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•Can we learn more efficiently for a fixed simulation budget? 

• What if we open the black box?
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Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When

6 Cranmer et al.

[Cranmer, J. Brehmer, G. Louppe, PNAS (2020), arXiv:1911.01429 ]

https://arxiv.org/abs/1911.01429
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augmented data

Recently, we realized we can extract more from the simulator. 
We can use augmented data to improve training

PNAS, arXiv:1805.12244 
PRL, arXiv:1805.00013 
PRD, arXiv:1805.00020 

NeurIPS, arXiv:1808.00973 
physics.aps.org/articles/v11/90 

Johann Brehmer Gilles Louppe

https://physics.aps.org/articles/v11/90
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•While implicit density is intractable  

•We can augment the simulator to calculate 
some quantities conditioned on latent , which 
are tractable: 

•  

Joint likelihood ratio: 

•and joint score:

z
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connection to REINFORCE policy gradients

Brehmer, Louppe, Pavez, KC, PNAS (2019), arXiv:1805.12244 
See also Wenliang, Moskovitz, Kanagawa, Sahani, ICML2020
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We can calculate the joint likelihood ratio
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With                            , we define a functional like 
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It is minimized by 
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(And we can sample from                    by running the simulator.)
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…. and then magic  …
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We want the score

t(x|✓0) ⌘ r✓ log p(x|✓)
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Similar to the joint likelihood ratio, from the 
simulator we can extract the  joint score
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Given                    , 
we define the functional 

 
                                                                                                                               . 

 
One can show it is minimized by 

 
                                                                 . 

 
Again, we implement this minimization 

through machine learning.

Lt[t̂(x|✓0)] =
Z

dx

Z
dz p(x, z|✓0)

h�
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15

Figure 5: Illustration of some key concepts with a one-dimensional Gaussian toy example. Left:
classifiers trained to distinguish two sets of events generated from different hypotheses (green dots)
converge to an optimal decision function s(x|✓0, ✓1) (in red) given in Eq. (17). This lets us extract
the likelihood ratio. Right: regression on the joint likelihood ratios r(xe, ze|✓0, ✓1) of the simulated

events (green dots) converges to the likelihood ratio r(x|✓0, ✓1) (red line).

2. Particle-physics structure

As we have argued in Sec. II C, particle physics processes have a specific structure that allow
us to extract additional information. Most processes satisfy the factorization of Eq. (2) with a
tractable parton-level likelihood p(z|✓). The generators do not only provide samples {xe}, but
also the corresponding parton-level momenta (latent variables) {ze} with (xe, ze) ⇠ p(x, z|✓0). By
evaluating the matrix elements at the generated momenta ze for different hypotheses ✓0 and ✓1,
we can extract the parton-level likelihood ratio p(ze|✓0)/p(ze|✓1). Since the distribution of x is
conditionally independent of the theory parameters, this is the same as the joint likelihood ratio

r(xe, zall e|✓0, ✓1) ⌘
p(xe, zdetector e, zshower e, ze|✓0)

p(xe, zdetector e, zshower e, ze|✓1)

=
p(xe|zdetector e)

p(xe|zdetector e)

p(zdetector e|zshower e)

p(zdetector e|zshower e)

p(zshower e|ze)

p(zshower e|ze)

p(ze|✓0)

p(ze|✓1)

=
p(ze|✓0)

p(ze|✓1)
. (19)

So while we cannot directly evaluate the likelihood ratio at the level of measured observables
r(x|✓0, ✓1), we can calculate the likelihood ratio for a generated event conditional on the latent
parton-level momenta.

The same is true for the score, i. e. the tangent vectors or relative change of the (log) likelihood
under infinitesimal changes of the parameters of interest. While the score t(xe|✓0) = r✓ log p(x|✓)|✓0

Brehmer, Louppe, Pavez, KC, PNAS (2019), arXiv:1805.12244
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42-Dim observable x

Exciting new physics might hide here! 
We parameterize it with two coefficients: 

J Brehmer, J Pavez, G Louppe, K.C. PRL & PRD 2018 [arXiv:1805.00013 & arXiv:1805.00020], CARL  [arxiv:1506.02169]

http://arxiv.org/abs/1506.02169
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Machine Learning
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augmented data

arXiv:1805.12244 
PRL, arXiv:1805.00013 
PRD, arXiv:1805.00020 

physics.aps.org/articles/v11/90 

Dedicated software package interfacing with particle physics simulators: 
 github.com/johannbrehmer/madminer

https://physics.aps.org/articles/v11/90
http://github.com/johannbrehmer/madminer
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New techniques 
require less data than  

without augmented data 

Traditional Approach no NN

https://physics.aps.org/articles/v11/90
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•Accurate likelihood ratio estimates without the need 
for summary statistics improves sensitivity significantly 

• Equivalent to 90% more LHC data!
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Weak boson fusion, h → 4�
� Production vs decay

� hZZ decay vertex:
many angular structures

� Very clean

� Same operators as before:

OB = i
g
2
(Dµ�†

)(Dν�)Bµν OW = i
g
2
(Dµ�)†σ k

(Dν�)W k
µν

OBB = −
g′2
4
(�†�)Bµν Bµν

OWW = −
g2

4
(�†�)W k

µν W µν k

O� ,2 =
1
2
∂µ(�†�) ∂µ(�†�) OWW̃ = −

g2

4
(�†�)W k

µν W̃ µν k

� Setup as before, except:
� No backgrounds, no smearing
� L ⋅ ε = 100 fb−1
� Cuts: pT , j > 20 GeV, �η j � < 5.0, pT ,� > 10 GeV, �η� � < 2.5

W , Z

W , Z

h

Z

Z

q

q

q′
�−
�+
�−
�+

q′

��/��

True likelihood ratio

(based on a 42-Dim observation x)
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J Brehmer, J Pavez, G Louppe, K.C. PRL & PRD 2018 [arXiv:1805.00013 & arXiv:1805.00020], CARL  [arxiv:1506.02169]

http://arxiv.org/abs/1506.02169
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D a r k  M a t t e r  S u b s t r u c t u r e

•Many DM models predict differences from ΛCDM at small length scales 

•Abundance of DM subhalos with low mass is sensitive to DM mass, decoupling 
pattern, self-interactions…

[T. Brown, J.Tumlinson] 72
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FIG. 5. Shown is the halo mass function from our simulations
and our fits to that data. The thick lines are the data from
each simulation, as listed in the legend. The thin lines are the
CDM data multiplied by our fitting factor, which is given in
Eq. (5.5).
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FIG. 6. Shown is the halo mass function for the CDM model
and several WDM particle masses, as given in the legend. The
mass functions are normalized to the CDM mass functions at
large masses. Our WDMmass functions include a suppression
for small M and a small scale cut-o↵.

m � Mfs and goes to zero when m ⌧ Mfs to provide a
continuous cut-o↵. Our WDM mass function is then

dnW

dM
=

✓
M

2

M2 +M
2

fs

◆10
3 ✓

1 +
Mf

M

◆�⌘
dnC

dM
. (5.8)

The full mass function for our CDM and WDM models
is shown in Fig. 6. The e↵ect of just the change to the
mass function on the nonlinear matter power spectrum is
shown in Fig. 7. The decrease in small mass halos results
in the suppression of the power spectrum at small scales.
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FIG. 7. The percent di↵erence between the nonlinear matter
power spectrum for the CDM model and several WDM parti-
cle masses, as listed in the legend, is plotted versus wavenum-
ber k. In this graph, the only di↵erence between the CDM
and WDM models is the change to the mass function, as given
in Eq.s (5.8). The decrease in small mass halos results in the
suppression of the power spectrum at small scales.

VI. HALO DENSITY PROFILE

A. Cold Dark Matter

A general halo density profile is given by Ref. [43]:

⇢ (r | M) =
⇢s

⇣
r

rs

⌘� h
1 +

⇣
r

rs

⌘↵i(���)/↵
. (6.1)

For CDM, we employ the Navarro, Frenk and White
(NFW) profile [44], which has ↵ = 1, � = 3 and � = 1.
The radius rs is the radius at which the density function
has a logarithmic slope of �2. For a spherically symmet-
ric density profile, the mass of the halo is

M ⌘
Z

Rvir

0

dr4⇡r2⇢ (r | M) , (6.2)

for the virial radius Rvir. For the NFW profile, the in-
tegral has an analytic solution, which specifies the value
of ⇢s:

M = 4⇡⇢sr
3

s

✓
ln (1 + c)� c

1 + c

◆
. (6.3)

The concentration c is defined as c ⌘ Rvir/rs. When
calculating the nonlinear matter power spectrum, we use
the Fourier transform of the density profile,

u (k | M) =

Z
Rvir

0

dr4⇡r2
sin (kr)

kr

⇢ (r | M)

M
. (6.4)

[R. Dunstan et al 1109.6291]

Abundance of DM subhalos vs mass:
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Future surveys (LSST, Euclid) are expected to deliver large samples of galaxy-galaxy 
strong lenses [Collett et al 1507.02657]
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⇒ Need inference technique that 

• scales to many lenses (fast evaluation) 

• captures subtle effects in high-dimensional image data 

• can deal with a large number of subhalos (latent variables)
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•Watch how the posterior for two population 
parameters concentrate around true value used 
to generate mock data.
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P r o b  P r o g  f o r  D a r k  M a t t e r  &  G r a v i t a t i o n a l  L e n s i n g

•Here we use probabilistic programming to 
infer the latent variables , the details of 
sub halo for a particular image 

• prior  

• posterior  for an observed image

z

p(z)

p(z ∣ x)

78Sid Mishra-Sharma Johann Brehmer Andreas Munk Atılım Güneş Baydin
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Figure 1: The architecture of the neural ratio estimator, adapted from [15]. A feature map of both the
Hanford’s and Livingston’s strains is produced by a CNN composed of a 1D convolutional layer (128
kernels of size 1) followed by 13 dilated convolutional layers (128 kernels of size 2). Finally, the
convolutional feature map (128 channels of size 1) is concatenated with the parameters # and fed to
a 3-layer fully connected network for approximating the log likelihood-to-evidence ratio.

5 Results

To evaluate the performance of our method, we perform inference on simulated gravitational waves.
Figure 2 showcases test GWs and the resulting approximate posteriors. The first row compares the
credible intervals obtained with our method and with MCMC on a signal similar to GW150914.
Both MCMC and our method produce consistent results but our method takes less than a minute
to run while MCMC ran for more than a day! Since performing an MCMC run is computationally
expensive, the following rows only compare against the nominal parameter values that were used
to generate the signals. We observe that our method is often able to infer the parameters with high
precision and to produce narrow credible intervals. Sometimes, our method produces wide intervals.

We look at the coverage on 1000 simulated signals to evaluate the reliability of the estimated
credible intervals. If the model estimates correctly the credible intervals, then the empirical coverage
probability should be close to the nominal coverage probability. For instance, the estimated 50%-
credible intervals for pairs x,# ⇠ p(x,#) should contain the nominal value # approximately 50%
of the time. As reported in Table 5, the empirical coverage probability is usually slightly higher
than expected. This shows that the model is slightly under-confident in its predictions and hence
produces credible intervals than are slightly larger than expected. This under-confidence of the model
is however moderated and does not preclude the contours to be useful in practice since predictions
are conservative.

6 Conclusions

In this paper, we provide a proof of concept that demonstrates that neural simulation-based inference,
and more specifically likelihood-to-evidence ratio estimation, can be used to speed up the analysis
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Abstract

Gravitational waves from compact binaries measured by the LIGO and Virgo detec-
tors are routinely analyzed using Markov Chain Monte Carlo sampling algorithms.
Because the evaluation of the likelihood function requires evaluating millions of
waveform models that link between signal shapes and the source parameters, run-
ning Markov chains until convergence is typically expensive and requires days of
computation. In this extended abstract, we provide a proof of concept that demon-
strates how the latest advances in neural simulation-based inference can speed
up the inference time by up to three orders of magnitude – from days to minutes
– without impairing the performance. Our approach is based on a convolutional
neural network modeling the likelihood-to-evidence ratio and entirely amortizes the
computation of the posterior. We find that our model correctly estimates credible
intervals for the parameters of simulated gravitational waves.

1 Introduction

Inferring the parameters of sources of gravitational-waves (GW) such as compact binaries detected by
LIGO [1] and Virgo [6] is based on the evaluation of the Bayesian posterior probability of fifteen or
more parameters that govern the shape of the signals [5]. Because the mapping between parameters
and signals requires millions of waveform model evaluations, the analysis is computationally very
expensive. Each likelihood evaluation requires generating the GW signal corresponding to a set of
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Figure 1: The architecture of the neural ratio estimator, adapted from [15]. A feature map of both the
Hanford’s and Livingston’s strains is produced by a CNN composed of a 1D convolutional layer (128
kernels of size 1) followed by 13 dilated convolutional layers (128 kernels of size 2). Finally, the
convolutional feature map (128 channels of size 1) is concatenated with the parameters # and fed to
a 3-layer fully connected network for approximating the log likelihood-to-evidence ratio.

5 Results

To evaluate the performance of our method, we perform inference on simulated gravitational waves.
Figure 2 showcases test GWs and the resulting approximate posteriors. The first row compares the
credible intervals obtained with our method and with MCMC on a signal similar to GW150914.
Both MCMC and our method produce consistent results but our method takes less than a minute
to run while MCMC ran for more than a day! Since performing an MCMC run is computationally
expensive, the following rows only compare against the nominal parameter values that were used
to generate the signals. We observe that our method is often able to infer the parameters with high
precision and to produce narrow credible intervals. Sometimes, our method produces wide intervals.

We look at the coverage on 1000 simulated signals to evaluate the reliability of the estimated
credible intervals. If the model estimates correctly the credible intervals, then the empirical coverage
probability should be close to the nominal coverage probability. For instance, the estimated 50%-
credible intervals for pairs x,# ⇠ p(x,#) should contain the nominal value # approximately 50%
of the time. As reported in Table 5, the empirical coverage probability is usually slightly higher
than expected. This shows that the model is slightly under-confident in its predictions and hence
produces credible intervals than are slightly larger than expected. This under-confidence of the model
is however moderated and does not preclude the contours to be useful in practice since predictions
are conservative.

6 Conclusions

In this paper, we provide a proof of concept that demonstrates that neural simulation-based inference,
and more specifically likelihood-to-evidence ratio estimation, can be used to speed up the analysis
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[48] A. Bohé, M. Hannam, S. Husa, F. Ohme, M. Pürrer,
and P. Schmidt, PhenomPv2 – technical notes for the
LAL implementation, LIGO Technical Document, LIGO-
T1500602-v4 (2016).

[49] J. Lin, Divergence measures based on the shannon entropy,
IEEE Transactions on Information theory 37, 145 (1991).

[50] B. P. Abbott et al. (LIGO Scientific, Virgo), GW170817:
Observation of Gravitational Waves from a Binary Neu-
tron Star Inspiral, Phys. Rev. Lett. 119, 161101 (2017),
arXiv:1710.05832 [gr-qc].

[51] A. Paszke, S. Gross, F. Massa, A. Lerer, J. Bradbury,
G. Chanan, T. Killeen, Z. Lin, N. Gimelshein, L. Antiga,
A. Desmaison, A. Kopf, E. Yang, Z. DeVito, M. Raison,
A. Tejani, S. Chilamkurthy, B. Steiner, L. Fang, J. Bai,

and S. Chintala, Pytorch: An imperative style, high-
performance deep learning library, in Advances in Neural
Information Processing Systems 32 , edited by H. Wallach,
H. Larochelle, A. Beygelzimer, F. d’Alché Buc, E. Fox,
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Real-time gravitational-wave science with neural posterior estimation
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We demonstrate unprecedented accuracy for rapid gravitational-wave parameter estimation with
deep learning. Using neural networks as surrogates for Bayesian posterior distributions, we analyze
eight gravitational-wave events from the first LIGO-Virgo Gravitational-Wave Transient Catalog
and find very close quantitative agreement with standard inference codes, but with inference times
reduced from O(day) to a minute per event. Our networks are trained using simulated data, including
an estimate of the detector-noise characteristics near the event. This encodes the signal and noise
models within millions of neural-network parameters, and enables inference for any observed data
consistent with the training distribution, accounting for noise nonstationarity from event to event.
Our algorithm—called “DINGO”—sets a new standard in fast-and-accurate inference of physical
parameters of detected gravitational-wave events, which should enable real-time data analysis without
sacrificing accuracy.

Introduction.—Since the first detection of a signal from
a pair of merging black holes [1], gravitational waves have
quickly emerged as an important new probe of gravita-
tional theory [2], neutron-star physics [3], cosmology [4],
and black-hole astrophysics [5]. These scientific successes
were made possible by a growing rate of detections by the
LIGO [6] and Virgo [7] observatories, and their subsequent
analysis and characterization as signals from merging com-
pact binary systems. The LIGO and Virgo Collaborations
(LVC) have now published results from over 50 such sys-
tems [8, 9], and this number promises to grow ever-faster
as detectors are made more sensitive in the future [10].

Given a detection, Bayesian inference is used to charac-
terize the originating source [11]. This is based on having
models for the signals and the detector noise. For gravi-
tational waves, signal models take the form of waveform
predictions h(✓) depending on the source parameters ✓

(masses, location, etc.). Waveform models are based on
solutions to Einstein’s equations (and any relevant matter
equations) for the two-body dynamics and gravitational
radiation, using a combination of numerical-relativity
and perturbative calculations [12–14] and phenomenolog-
ical fitting [14–16]. Detector noise is typically modeled
as stationary and Gaussian, with some spectrum which
can be estimated empirically. Together, these “forward”
models give rise to the likelihood p(d|✓) for the observed
strain data d, which is assumed to consist of a signal plus
noise. With the choice of a prior p(✓) over parameters,
the posterior distribution is given via Bayes’ theorem,

p(✓|d) =
p(d|✓)p(✓)

p(d)
, (1)

where p(d) is a normalizing factor called the evidence. The
posterior gives our belief about the source parameters,
given the observed data.

The task of inference is to characterize the posterior

by drawing samples from it. This can be accomplished
with stochastic algorithms like Markov chain Monte Carlo
(MCMC). The LVC have developed software tools such
as LALInference [17] and Bilby [18, 19] to carry this out.
However, these algorithms are computationally expensive
as they require many likelihood evaluations for each in-
dependent sample point ✓ ⇠ p(✓|d), and each likelihood
requires a waveform simulation. An analysis producing
⇠ 104 independent samples typically requires millions of
waveform evaluations and a total inference time of hours to
months, depending on the signal duration and waveform
model. More physically-realistic waveform models [20] are
also more costly, so carrying out inference for all events
with the best models is an enormous computational ef-
fort. When rapid results are desired—for alerts to trigger
electromagnetic follow-up of transient phenomena [21],
or when processing large numbers of events—accuracy
usually has to be traded o↵ for speed, by using either fast
models or specialized inference algorithms [22, 23].

In this Letter, we describe an alternative approach to
gravitational-wave inference which delivers both dramati-
cally reduced analysis time and high accuracy, in stark
contrast to the trade-o↵ intrinsic to standard algorithms.
The basic idea is to produce a large number of simulated
data sets (with associated parameters), and use these to
train a type of neural network known as a normalizing flow

to approximate the posterior. The trained network can
then generate new posterior samples extremely quickly
once a detection is made. This bypasses the need to
generate waveforms at inference time, thereby amortizing

the expensive training costs over all future detections.
The general approach of building such “surrogate” inverse
models is called neural posterior estimation (NPE) [24–
26], and is beginning to see application in several scientific
domains [27]. When applied to gravitational waves, with
all of the optimizations we describe, we call the method
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Deep INference for Gravitational-wave Observations, or
DINGO.

NPE and conventional methods both involve the same
inputs: a prior and a likelihood. A key di↵erence, however,
is the way in which the likelihood is used: for conventional
methods, its density is evaluated, whereas for NPE it is
used to simulate data, i.e., d ⇠ p(d|✓). This distinction
is important when dealing with nonstationary or non-
Gaussian detector noise, for which an analytic likelihood
is either expensive or unavailable. In this case, one could
nevertheless simulate data, in a noise-model-independent
way, by injecting simulated signals into real noise. Our
present focus is on speed and on validating DINGO on
stationary-Gaussian noise, but the ultimate aim of more
accurate inference using real noise should be kept in mind.

There have been several previous studies that applied
NPE or related approaches to gravitational waves [28–
35]; see also [36]. However, most of these are limited in
some way: they either restrict the number of parameters
or the distributional form of the posterior, or they do
not analyze real data, or there are clear deviations from
results obtained using standard algorithms. The best
performance to-date was achieved in the study [32] by
some of us. This was the only study to infer all 15
parameters1 of a binary black hole (BBH) system in
real data and demonstrate close agreement to standard
samplers. However, even that study did not achieve full
amortization, as it did not address the fact that detector
noise varies from event to event. Rather, the neural
network of [32] was tuned to the noise power spectral
densities (PSDs) of the detectors at the time of the event
analyzed, and it would require retraining for each new
event.

We now present for the first time completely amortized
inference for BBHs using DINGO. This is achieved by
conditioning the neural network not only on the event
strain data, but also on the detector noise PSD, which
can be estimated using nearby data [17]. We also achieve
unprecedented accuracy thanks to a new iterative algo-
rithm for time-shifting the coalescence times, as well as
various architecture improvements. We use our trained
networks to analyze all events in the first Gravitational-
Wave Transient Catalog (GWTC-1) [8] with component
masses greater than 10 M� (our prior bound) and find
close (sometimes indistinguishable) quantitative agree-
ment with standard algorithms. This Letter sets a new
standard for rapid gravitational-wave inference, which
should enable real-time gravitational-wave science in the
near future. It shows that NPE has moved beyond toy

1 Parameters consist of detector-frame component masses (m1, m2),
time of coalescence at geocenter tc, reference phase �c, sky posi-
tion (↵, �), luminosity distance dL, inclination angle ✓JN , spin
magnitudes (a1, a2), spin angles (✓1, ✓2,�12,�JL) [37], and po-
larization angle  .

noise PSD
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strain data
d
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embedding
network
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parameters
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d�⌧I
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Figure 1. DINGO flow chart. The posterior distribution is
represented in terms of an invertible normalizing flow (orange),
taking normally-distributed random variables u into posterior
samples ✓. The flow itself depends on a (compressed) repre-
sentation of the noise properties Sn and the data d, as well as
an estimate ⌧I of the coalescence time in each detector I. The
data are time-shifted by ⌧I to simplify the representation. For
inference, the iterative GNPE algorithm is used to provide an
estimate of ⌧I , as described in the main text.

models and is competitive with conventional algorithms.
More broadly, it provides a demonstration of these new
methods in a realistic use case, which we hope will inspire
wider adoption in experimental science.

Method.—The central object of DINGO is the density-
estimation neural network, which defines a conditional
probability distribution q(✓|d). This should be distin-
guished from the posterior p(✓|d), which q(✓|d) learns to
approximate through training. We use so-called normaliz-
ing flows [38–40] to define a su�ciently flexible q(✓|d) via
a d-dependent mapping fd : u 7! ✓ from a simple “base”
distribution ⇡(u),

q(✓|d) = ⇡
�
f

�1
d

� ���det Jf�1
d

��� . (2)

If ⇡(u) can be rapidly evaluated and sampled from, and
if fd is invertible and has simple Jacobian determinant,
then q(✓|d) can also be rapidly evaluated and sampled
from. Following [32], we take ⇡(u) to be multivariate
standard normal, and fd a composition of spline coupling
flows [41], each of which is defined with a neural network.

The overall structure of DINGO is illustrated in Fig. 1.
This contains three key enhancements compared to the
study [32]. First, since the data generation process de-
pends on the detector noise PSD Sn, we include this as
additional context to the neural network, i.e., q(✓|d, Sn).
This allows us to tune the network at inference time to
the PSD estimated just prior to the event, corresponding
to standard “o↵-source” noise estimation [17]. An alter-
native would be to estimate the noise “on-source” [42],
but since we consider only short-duration BBH events
here, the o↵-source approach is su�cient.

The second enhancement addresses the problem of high-
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Real-time gravitational-wave science with neural posterior estimation

Maximilian Dax,1, ⇤ Stephen R. Green,2, † Jonathan Gair,2, ‡
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We demonstrate unprecedented accuracy for rapid gravitational-wave parameter estimation with
deep learning. Using neural networks as surrogates for Bayesian posterior distributions, we analyze
eight gravitational-wave events from the first LIGO-Virgo Gravitational-Wave Transient Catalog
and find very close quantitative agreement with standard inference codes, but with inference times
reduced from O(day) to a minute per event. Our networks are trained using simulated data, including
an estimate of the detector-noise characteristics near the event. This encodes the signal and noise
models within millions of neural-network parameters, and enables inference for any observed data
consistent with the training distribution, accounting for noise nonstationarity from event to event.
Our algorithm—called “DINGO”—sets a new standard in fast-and-accurate inference of physical
parameters of detected gravitational-wave events, which should enable real-time data analysis without
sacrificing accuracy.

Introduction.—Since the first detection of a signal from
a pair of merging black holes [1], gravitational waves have
quickly emerged as an important new probe of gravita-
tional theory [2], neutron-star physics [3], cosmology [4],
and black-hole astrophysics [5]. These scientific successes
were made possible by a growing rate of detections by the
LIGO [6] and Virgo [7] observatories, and their subsequent
analysis and characterization as signals from merging com-
pact binary systems. The LIGO and Virgo Collaborations
(LVC) have now published results from over 50 such sys-
tems [8, 9], and this number promises to grow ever-faster
as detectors are made more sensitive in the future [10].

Given a detection, Bayesian inference is used to charac-
terize the originating source [11]. This is based on having
models for the signals and the detector noise. For gravi-
tational waves, signal models take the form of waveform
predictions h(✓) depending on the source parameters ✓

(masses, location, etc.). Waveform models are based on
solutions to Einstein’s equations (and any relevant matter
equations) for the two-body dynamics and gravitational
radiation, using a combination of numerical-relativity
and perturbative calculations [12–14] and phenomenolog-
ical fitting [14–16]. Detector noise is typically modeled
as stationary and Gaussian, with some spectrum which
can be estimated empirically. Together, these “forward”
models give rise to the likelihood p(d|✓) for the observed
strain data d, which is assumed to consist of a signal plus
noise. With the choice of a prior p(✓) over parameters,
the posterior distribution is given via Bayes’ theorem,

p(✓|d) =
p(d|✓)p(✓)

p(d)
, (1)

where p(d) is a normalizing factor called the evidence. The
posterior gives our belief about the source parameters,
given the observed data.

The task of inference is to characterize the posterior

by drawing samples from it. This can be accomplished
with stochastic algorithms like Markov chain Monte Carlo
(MCMC). The LVC have developed software tools such
as LALInference [17] and Bilby [18, 19] to carry this out.
However, these algorithms are computationally expensive
as they require many likelihood evaluations for each in-
dependent sample point ✓ ⇠ p(✓|d), and each likelihood
requires a waveform simulation. An analysis producing
⇠ 104 independent samples typically requires millions of
waveform evaluations and a total inference time of hours to
months, depending on the signal duration and waveform
model. More physically-realistic waveform models [20] are
also more costly, so carrying out inference for all events
with the best models is an enormous computational ef-
fort. When rapid results are desired—for alerts to trigger
electromagnetic follow-up of transient phenomena [21],
or when processing large numbers of events—accuracy
usually has to be traded o↵ for speed, by using either fast
models or specialized inference algorithms [22, 23].

In this Letter, we describe an alternative approach to
gravitational-wave inference which delivers both dramati-
cally reduced analysis time and high accuracy, in stark
contrast to the trade-o↵ intrinsic to standard algorithms.
The basic idea is to produce a large number of simulated
data sets (with associated parameters), and use these to
train a type of neural network known as a normalizing flow

to approximate the posterior. The trained network can
then generate new posterior samples extremely quickly
once a detection is made. This bypasses the need to
generate waveforms at inference time, thereby amortizing

the expensive training costs over all future detections.
The general approach of building such “surrogate” inverse
models is called neural posterior estimation (NPE) [24–
26], and is beginning to see application in several scientific
domains [27]. When applied to gravitational waves, with
all of the optimizations we describe, we call the method
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Deep INference for Gravitational-wave Observations, or
DINGO.

NPE and conventional methods both involve the same
inputs: a prior and a likelihood. A key di↵erence, however,
is the way in which the likelihood is used: for conventional
methods, its density is evaluated, whereas for NPE it is
used to simulate data, i.e., d ⇠ p(d|✓). This distinction
is important when dealing with nonstationary or non-
Gaussian detector noise, for which an analytic likelihood
is either expensive or unavailable. In this case, one could
nevertheless simulate data, in a noise-model-independent
way, by injecting simulated signals into real noise. Our
present focus is on speed and on validating DINGO on
stationary-Gaussian noise, but the ultimate aim of more
accurate inference using real noise should be kept in mind.

There have been several previous studies that applied
NPE or related approaches to gravitational waves [28–
35]; see also [36]. However, most of these are limited in
some way: they either restrict the number of parameters
or the distributional form of the posterior, or they do
not analyze real data, or there are clear deviations from
results obtained using standard algorithms. The best
performance to-date was achieved in the study [32] by
some of us. This was the only study to infer all 15
parameters1 of a binary black hole (BBH) system in
real data and demonstrate close agreement to standard
samplers. However, even that study did not achieve full
amortization, as it did not address the fact that detector
noise varies from event to event. Rather, the neural
network of [32] was tuned to the noise power spectral
densities (PSDs) of the detectors at the time of the event
analyzed, and it would require retraining for each new
event.

We now present for the first time completely amortized
inference for BBHs using DINGO. This is achieved by
conditioning the neural network not only on the event
strain data, but also on the detector noise PSD, which
can be estimated using nearby data [17]. We also achieve
unprecedented accuracy thanks to a new iterative algo-
rithm for time-shifting the coalescence times, as well as
various architecture improvements. We use our trained
networks to analyze all events in the first Gravitational-
Wave Transient Catalog (GWTC-1) [8] with component
masses greater than 10 M� (our prior bound) and find
close (sometimes indistinguishable) quantitative agree-
ment with standard algorithms. This Letter sets a new
standard for rapid gravitational-wave inference, which
should enable real-time gravitational-wave science in the
near future. It shows that NPE has moved beyond toy

1 Parameters consist of detector-frame component masses (m1, m2),
time of coalescence at geocenter tc, reference phase �c, sky posi-
tion (↵, �), luminosity distance dL, inclination angle ✓JN , spin
magnitudes (a1, a2), spin angles (✓1, ✓2,�12,�JL) [37], and po-
larization angle  .

noise PSD
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strain data
d

time shifts
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embedding
network

normal
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Figure 1. DINGO flow chart. The posterior distribution is
represented in terms of an invertible normalizing flow (orange),
taking normally-distributed random variables u into posterior
samples ✓. The flow itself depends on a (compressed) repre-
sentation of the noise properties Sn and the data d, as well as
an estimate ⌧I of the coalescence time in each detector I. The
data are time-shifted by ⌧I to simplify the representation. For
inference, the iterative GNPE algorithm is used to provide an
estimate of ⌧I , as described in the main text.

models and is competitive with conventional algorithms.
More broadly, it provides a demonstration of these new
methods in a realistic use case, which we hope will inspire
wider adoption in experimental science.

Method.—The central object of DINGO is the density-
estimation neural network, which defines a conditional
probability distribution q(✓|d). This should be distin-
guished from the posterior p(✓|d), which q(✓|d) learns to
approximate through training. We use so-called normaliz-
ing flows [38–40] to define a su�ciently flexible q(✓|d) via
a d-dependent mapping fd : u 7! ✓ from a simple “base”
distribution ⇡(u),

q(✓|d) = ⇡
�
f

�1
d

� ���det Jf�1
d

��� . (2)

If ⇡(u) can be rapidly evaluated and sampled from, and
if fd is invertible and has simple Jacobian determinant,
then q(✓|d) can also be rapidly evaluated and sampled
from. Following [32], we take ⇡(u) to be multivariate
standard normal, and fd a composition of spline coupling
flows [41], each of which is defined with a neural network.

The overall structure of DINGO is illustrated in Fig. 1.
This contains three key enhancements compared to the
study [32]. First, since the data generation process de-
pends on the detector noise PSD Sn, we include this as
additional context to the neural network, i.e., q(✓|d, Sn).
This allows us to tune the network at inference time to
the PSD estimated just prior to the event, corresponding
to standard “o↵-source” noise estimation [17]. An alter-
native would be to estimate the noise “on-source” [42],
but since we consider only short-duration BBH events
here, the o↵-source approach is su�cient.

The second enhancement addresses the problem of high-
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Deep INference for Gravitational-wave Observations, or
DINGO.

NPE and conventional methods both involve the same
inputs: a prior and a likelihood. A key di↵erence, however,
is the way in which the likelihood is used: for conventional
methods, its density is evaluated, whereas for NPE it is
used to simulate data, i.e., d ⇠ p(d|✓). This distinction
is important when dealing with nonstationary or non-
Gaussian detector noise, for which an analytic likelihood
is either expensive or unavailable. In this case, one could
nevertheless simulate data, in a noise-model-independent
way, by injecting simulated signals into real noise. Our
present focus is on speed and on validating DINGO on
stationary-Gaussian noise, but the ultimate aim of more
accurate inference using real noise should be kept in mind.

There have been several previous studies that applied
NPE or related approaches to gravitational waves [28–
35]; see also [36]. However, most of these are limited in
some way: they either restrict the number of parameters
or the distributional form of the posterior, or they do
not analyze real data, or there are clear deviations from
results obtained using standard algorithms. The best
performance to-date was achieved in the study [32] by
some of us. This was the only study to infer all 15
parameters1 of a binary black hole (BBH) system in
real data and demonstrate close agreement to standard
samplers. However, even that study did not achieve full
amortization, as it did not address the fact that detector
noise varies from event to event. Rather, the neural
network of [32] was tuned to the noise power spectral
densities (PSDs) of the detectors at the time of the event
analyzed, and it would require retraining for each new
event.

We now present for the first time completely amortized
inference for BBHs using DINGO. This is achieved by
conditioning the neural network not only on the event
strain data, but also on the detector noise PSD, which
can be estimated using nearby data [17]. We also achieve
unprecedented accuracy thanks to a new iterative algo-
rithm for time-shifting the coalescence times, as well as
various architecture improvements. We use our trained
networks to analyze all events in the first Gravitational-
Wave Transient Catalog (GWTC-1) [8] with component
masses greater than 10 M� (our prior bound) and find
close (sometimes indistinguishable) quantitative agree-
ment with standard algorithms. This Letter sets a new
standard for rapid gravitational-wave inference, which
should enable real-time gravitational-wave science in the
near future. It shows that NPE has moved beyond toy

1 Parameters consist of detector-frame component masses (m1, m2),
time of coalescence at geocenter tc, reference phase �c, sky posi-
tion (↵, �), luminosity distance dL, inclination angle ✓JN , spin
magnitudes (a1, a2), spin angles (✓1, ✓2,�12,�JL) [37], and po-
larization angle  .
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Figure 1. DINGO flow chart. The posterior distribution is
represented in terms of an invertible normalizing flow (orange),
taking normally-distributed random variables u into posterior
samples ✓. The flow itself depends on a (compressed) repre-
sentation of the noise properties Sn and the data d, as well as
an estimate ⌧I of the coalescence time in each detector I. The
data are time-shifted by ⌧I to simplify the representation. For
inference, the iterative GNPE algorithm is used to provide an
estimate of ⌧I , as described in the main text.

models and is competitive with conventional algorithms.
More broadly, it provides a demonstration of these new
methods in a realistic use case, which we hope will inspire
wider adoption in experimental science.

Method.—The central object of DINGO is the density-
estimation neural network, which defines a conditional
probability distribution q(✓|d). This should be distin-
guished from the posterior p(✓|d), which q(✓|d) learns to
approximate through training. We use so-called normaliz-
ing flows [38–40] to define a su�ciently flexible q(✓|d) via
a d-dependent mapping fd : u 7! ✓ from a simple “base”
distribution ⇡(u),

q(✓|d) = ⇡
�
f

�1
d

� ���det Jf�1
d

��� . (2)

If ⇡(u) can be rapidly evaluated and sampled from, and
if fd is invertible and has simple Jacobian determinant,
then q(✓|d) can also be rapidly evaluated and sampled
from. Following [32], we take ⇡(u) to be multivariate
standard normal, and fd a composition of spline coupling
flows [41], each of which is defined with a neural network.

The overall structure of DINGO is illustrated in Fig. 1.
This contains three key enhancements compared to the
study [32]. First, since the data generation process de-
pends on the detector noise PSD Sn, we include this as
additional context to the neural network, i.e., q(✓|d, Sn).
This allows us to tune the network at inference time to
the PSD estimated just prior to the event, corresponding
to standard “o↵-source” noise estimation [17]. An alter-
native would be to estimate the noise “on-source” [42],
but since we consider only short-duration BBH events
here, the o↵-source approach is su�cient.

The second enhancement addresses the problem of high-

p(θ ∣ d, Sn) = ∫ dνp(θ, ν |d, Sn)

p(θ, ν ∣ d, Sn) ∝ p(d, Sn ∣ θ, ν)π(θ)π(ν)

p(d, Sn ∣ θ, ν) = p(d ∣ θ, ν)p(Sn ∣ ν)



A n o t h e r  r e c e n t  e x a m p l e s

Milky Way and showcasing the applicability of astrometric dark matter searches in a practical setting.
Finally, Ref. [14] proposed using the angular power spectrum of the astrometric field as an observable
to infer the population properties of subhalos in our Galaxy, leveraging the collective, correlated
signal of a large subhalo sample.

Astrometric datasets are inherently high-dimensional, consisting of positions and kinematics of
potentially millions of objects. Especially when the expected signal consists of the collective imprint
of a large number of lenses, characterizing their population properties involves marginalizing over all
possible configurations of subhalos, rendering the likelihood intractable and usually necessitating the
use of simplified data representations like the power spectrum. While effective, such simplification
can result in loss of information compared to that contained in the original dataset when the expected
signal is non-Gaussian in nature. The existence of systematic effects that are degenerate with a
putative signal in the low-dimensional summary domain can further inhibit sensitivity.

The dawn of the era of precision astrometry, with the Gaia satellite [15] having recently delivered the
most precise astrometric dataset to-date [16–18] and surveys including the Square Kilometer Array
(SKA) [19, 20] and Roman Space Telescope [21] set to achieve further leaps in sensitivity over the
next decade, calls for methods that can extract more information from these datasets than is possible
using existing techniques. In this paper, we introduce such a method that uses spherical convolutional
neural networks in conjunction with parameterized classifiers [22, 23] in order to estimate likelihood
ratios associated with the abundance of a cold dark matter population directly from a binned map of
the astrometric velocity field. We show that our method outperforms established proposals based on
the two-point correlation statistics of the astrometric field, both in absolute sensitivity as well as its
scaling with measurement noise.

2 Model and inference
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Figure 1: A schematic illustration of the method and neural network architecture used in this work.

The forward model We consider a population of Navarro-Frenk-White (NFW) [24] subhalos
following a power-law mass function, dn/dm / m

↵, with slope ↵ = �1.9 as expected if the
population is sourced from nearly scale-invariant primordial fluctuations in the canonical ⇤ Cold
Dark Matter (⇤CDM) scenario. The concentration-mass relation from Ref. [25] is used to model the
concentrations associated with density profiles of individual subhalos.

Subhalos between 107–1010 M� are simulated, assuming the influence of lighter subhalos to be too
small to be discernable [14]. The subhalo fraction fsub, quantifying the expected fraction of the mass
of the Milky Way contributed by subhalos in the range 10�6–1010 M�, is taken to be the parameter
of interest. The spatial distribution of subhalos in the Galactocentric frame is modeled using results
from the Aquarius simulation following Refs. [26, 27]. Since this spatial distribution accounts for
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Abstract

Astrometry—the precise measurement of positions and motions of celestial
objects—has emerged as a promising avenue for characterizing the dark matter pop-
ulation in our Galaxy. By leveraging recent advances in simulation-based inference
and neural network architectures, we introduce a novel method to search for global
dark matter-induced gravitational lensing signatures in astrometric datasets. Our
method based on neural likelihood-ratio estimation shows significantly enhanced
sensitivity to a cold dark matter population and more favorable scaling with mea-
surement noise compared to existing approaches based on two-point correlation
statistics, establishing machine learning as a powerful tool for characterizing dark
matter using astrometric data.

1 Introduction and background

Although there exists plenty of evidence for dark matter (DM) on galactic scales and above (see
Ref. [1] for a recent overview), the distribution of DM clumps—subhalos—on sub-galactic scales is
less well-understood and remains an active area of cosmological study. This distribution additionally
correlates with and may provide clues about the underlying particle physics nature of dark matter
(see e.g., Refs. [2–4]), highlighting its relevance across multiple domains.

While more massive dark matter subhalos can be detected and studied through their association with
luminous tracers such as bound stellar populations, subhalos with smaller masses . 109 M� are
not generally associated with luminous matter [5, 6], rendering their characterization challenging.
Gravitational effects provide one of the few avenues to probe the distribution of these otherwise-
invisible subhalos [7]. Gravitational lensing i.e., the bending of light from a background source due
to a foreground mass, is one such effect and has been proposed in various incarnations as a probe of
dark subhalos. Strong gravitational lensing, for example, has been used to infer the presence of dark
matter substructure in galaxies outside of our own [8–11]. Astrometric lensing, on the other hand,
has recently emerged as a promising way to characterize the dark matter subhalo population within
the Milky Way.

Astrometry refers to the precise measurement of the positions and motions of luminous celestial
objects like stars and galaxies. Gravitational lensing of these background objects by a moving
foreground mass, such as a dark matter subhalo, can imprint a characteristic, correlated signal on their
measured kinematics (angular velocities and/or accelerations). Ref. [12] introduced several methods
for extracting this signature, including computing convolutions of the expected lensing signal on
astrometric datasets and detecting local kinematic outliers. Ref. [13] applied the former method to
data from the Gaia satellite, obtaining constraints on the abundance of dark compact objects in the

Preprint. Under review.
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• Neural ratio estimation 

• Targets population-level parameters (fraction of dark matter in sub halos) 

• Feature extractor / embedding network / learned summary statistics with inductive bias (spherical CNN) 

• Aimed at future Gaia data
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• Many checks of robustness / prior 
sensitivity etc.

83

MIT-CTP/5337

A neural simulation-based inference approach for characterizing
the Galactic Center �-ray excess

Siddharth Mishra-Sharma1, 2, 3, 4, 5, ⇤ and Kyle Cranmer5, 6, †

1Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA
2The NSF AI Institute for Artificial Intelligence and Fundamental Interactions

3Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA
4Department of Physics, Harvard University, Cambridge, MA 02138, USA

5Center for Cosmology and Particle Physics, Department of Physics,
New York University, New York, NY 10003, USA

6Center for Data Science, New York University, 60 Fifth Ave, New York, NY 10011, USA
(Dated: October 15, 2021)

The nature of the Fermi �-ray Galactic Center Excess (GCE) has remained a persistent mystery
for over a decade. Although the excess is broadly compatible with emission expected due to dark
matter annihilation, an explanation in terms of a population of unresolved astrophysical point
sources e.g., millisecond pulsars, remains viable. The e↵ort to uncover the origin of the GCE
is hampered in particular by an incomplete understanding of di↵use emission of Galactic origin.
This can lead to spurious features that make it di�cult to robustly di↵erentiate smooth emission,
as expected for a dark matter origin, from more “clumpy” emission expected for a population of
relatively bright, unresolved point sources. We use recent advancements in the field of simulation-
based inference, in particular density estimation techniques using normalizing flows, in order to
characterize the contribution of modeled components, including unresolved point source populations,
to the GCE. Compared to traditional techniques based on the statistical distribution of photon
counts, our machine learning-based method is able to utilize more of the information contained in
a given model of the Galactic Center emission, and in particular can perform posterior parameter
estimation while accounting for pixel-to-pixel spatial correlations in the �-ray map. This makes
the method demonstrably more resilient to certain forms of model misspecification. On application
to Fermi data, the method generically attributes a smaller fraction of the GCE flux to unresolved
point sources when compared to traditional approaches. We nevertheless infer such a contribution
to make up a non-negligible fraction of the GCE across all analysis variations considered, with at
least 38+9

�19% of the excess attributed to unresolved points sources in our baseline analysis.
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I. INTRODUCTION

Dark matter (DM) represents one of the major un-
solved problems in particle physics and cosmology to-
day. The traditional Weakly-Interacting Massive Particle
(WIMP) paradigm envisions production of dark matter
in the early Universe through freeze-out of dark sector
particles weakly coupled to the Standard Model (SM)
sector. In this scenario, one of the most promising av-
enues of detecting a dark matter signal is through an ob-
servation of excess �-ray photons at ⇠ GeV energies from
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FIG. 1. A schematic overview of the inference framework used in this work. A normalizing flow is used to model posterior
distribution of the parameters of interest characterizing the contribution of point source populations as well as di↵use (“smooth”)
components to the �-ray data. The flow transformation from the base distribution to the posterior is conditioned on learned
summaries of the �-ray map extracted using a convolutional neural network. The normalizing flow and feature-extractor neural
networks are trained simultaneously using maps simulated from the forward model. Once trained, samples from the flow can
be generated conditioned on a new dataset of interest in order to obtain an estimate of the corresponding parameter posteriors,
which can be used to infer physical quantities of interest such as source-count distributions of modeled PS populations as well
as fluxes associated with the di↵use components. See Sec. II for a detailed description of the analysis pipeline.

A. Datasets and the forward model

Datasets and region of interest: We use the datasets
and spatial templates from Refs. [48, 49] to create sim-
ulated maps of Fermi -LAT data in the Galactic Cen-
ter region. The templates and data used correspond
to 413 weeks of Fermi -LAT Pass 8 data taken between
August 4, 2008 and July 7, 2016. The top quartile
of photons as graded by quality of PSF reconstruc-
tion in the energy range 2–20 GeV and event class
ULTRACLEANVETO are used. The conventional quality cuts
are applied: zenith angle less than 90�, LAT CONFIG==1,
and DATA QUAL==1.1 The maps are binned spatially
using the HEALPix [50] pixelization scheme with reso-
lution parameter nside=128, roughly corresponding to
pixel area ⇠ 0.5 deg2. This dataset has been previously
used in the literature for analyses based on explicit like-

1 https://fermi.gsfc.nasa.gov/ssc/data/analysis/
documentation/Cicerone/Cicerone_Data_Exploration/Data_
preparation.html

lihoods [32–34] as well as machine learning-based anal-
yses [41] for characterizing the GCE. All templates are
normalized, per-pixel, within a region defined by r < 30�.

The inner region of the Galactic plane, where the
observed emission is especially di�cult to model, is
masked at |b| < 2�, and a radial cut r < 25� defines the
region of interest (ROI) for our analysis. Even though
the GCE is spatially confined to the inner 10–15� of the
Galactic Center [10, 11], using a larger ROI improves the
ability to constrain other spatially extended templates
and helps mitigate spatial degeneracies that would
otherwise crop up in a smaller ROI. On the other hand,
using a ROI that is too large can exacerbate the e↵ects
of misspecified spatial templates [51]. We mask resolved
PSs from the 3FGL catalog [52] at a radius of 0.8�,
approximately corresponding to 99% PSF containment
for photons in the data type employed [52].

Di↵use emission forward model: The simulated
data maps are a combination of di↵use (alternatively
referred to as smooth or Poissonian) and PS contribu-
tions. The smooth contributions include (i) the Galactic
di↵use foreground emission, (ii) spatially isotropic emis-
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•One can also make a hybrid 

• If  is the approximate posterior surrogate 

• And  is the un-normalized posterior (likelihood x prior) 

• One can get “exact” samples in the MCMC sense by using  as a 

proposal and accept/reject based on  

• Very efficient, dramatically reduced no auto-correlation time.

q(θ ∣ x)

p̃(x ∣ θ) = p(x ∣ θ)π(θ)

θ′ ∼ q(θ ∣ x)
q(θ ∣ x)p̃(θ′ ∣ x)
q(θ ∣ x)p̃(θ′ ∣ x)
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Recent results have demonstrated that samplers constructed with flow-based generative models
are a promising new approach for configuration generation in lattice field theory. In this paper,
we present a set of methods to construct flow models for targets with multiple separated modes
(i.e. theories with multiple vacua). We demonstrate the application of these methods to modeling
two-dimensional real scalar field theory in its symmetry-broken phase. In this context we investigate
the performance of di↵erent flow-based sampling algorithms, including a composite sampling algo-
rithm where flow-based proposals are occasionally augmented by applying updates using traditional
algorithms like HMC.
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Flow-based generative models for Markov chain Monte Carlo in lattice field theory
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A Markov chain update scheme using a machine-learned flow-based generative model is proposed
for Monte Carlo sampling in lattice field theories. The generative model may be optimized (trained)
to produce samples from a distribution approximating the desired Boltzmann distribution deter-
mined by the lattice action of the theory being studied. Training the model systematically improves
autocorrelation times in the Markov chain, even in regions of parameter space where standard
Markov chain Monte Carlo algorithms exhibit critical slowing down in producing decorrelated up-
dates. Moreover, the model may be trained without existing samples from the desired distribution.
The algorithm is compared with HMC and local Metropolis sampling for �4 theory in two dimen-
sions.

I. INTRODUCTION

A key problem in lattice field theory and statisti-
cal mechanics is the evaluation of integrals over field
configurations, referred to as path integrals. Typically,
such integrals are evaluated via a Markov chain Monte
Carlo (MCMC) approach: field configurations are sam-
pled from the desired probability distribution, dictated
by the action of the theory, using a Markov chain. A
significant practical concern is the existence of correla-
tions between configurations in the chain. Critical slow-
ing down [1] refers to the divergence of the associated au-
tocorrelation time as a critical point in parameter space
is approached. This behavior drastically increases the
computational cost of simulations in these parameter re-
gions [2, 3]. For some models, algorithms have been
found which significantly reduce or eliminate this slow-
ing down [4–11], enabling e�cient simulation. For field
theories, a number of methods have been proposed to
circumvent critical slowing down by variations of Hy-
brid Monte Carlo (HMC) techniques [12–15], multi-scale
updating procedures [16–18], open boundary conditions
or non-orientable manifolds [19–21], metadynamics [22],
and machine learning tools [23, 24]. In important classes
of theories, however, critical slowing down remains lim-
iting; for example, in lattice formulations of Quantum
Chromodynamics (QCD, the piece of the Standard Model
describing the strong nuclear force) it is a major barrier
to simulations at the fine lattice spacings required for
precise control of the continuum limit.

Here, a new flow-based MCMC approach is proposed
and is applied to lattice field generation. The resulting
Markov chain has autocorrelation properties that are sys-
tematically improvable by an optimization (training) step
before sampling. In this method, samples z are drawn
from a simple distribution and then transformed by a
change-of-variables (or “flow”) � = f

�1(z), resulting in
samples � with a new e↵ective distribution p̃f . The map-
ping f

�1 is chosen to be e�cient to compute, making it
easy to draw samples �, and is optimized within a vari-
ational family to produce a distribution p̃f close to the

desired one. To guarantee asymptotic exactness of sam-
pling, a Markov chain is constructed using Metropolis-
Hastings steps with p̃f taken as a proposal distribution.
Since proposed samples are independent of the previous
samples in the chain, the autocorrelation time and accep-
tance rate are coupled; the autocorrelation time drops to
zero as the acceptance rate approaches 1. This is true
even in regions of parameter space where standard algo-
rithms exhibit critical slowing down. Under mild condi-
tions (detailed in Section II), this approach is guaranteed
to generate samples from the desired probability distri-
bution in the limit of a large number of updates.
This method has several features that make it attrac-

tive for the evaluation of path integrals in lattice field
theories:

1. The autocorrelation time of the Markov chain can
be systematically decreased by training the model;

2. Each step of the Markov chain requires only the
model evaluation and an action computation;

3. Each update proposal is independent of the previ-
ous sample, thus proposals can be generated in par-
allel and e�ciently composed into a Markov chain;

4. The model is trained using samples produced by the
model itself, without the need for existing samples
from the desired probability distribution.

Several other machine learning approaches have been
applied to MCMC, for statistical mechanics systems, syn-
thetic distributions, and simple lattice quantum field
theories. Self-learning Monte Carlo (SLMC) methods
have been applied fairly successfully to one- to three-
dimensional Ising and fermionic systems. These meth-
ods construct, by a variety of techniques, an e↵ective
Hamiltonian for a theory that can be more easily sam-
pled than the original Hamiltonian [25–29]. The e↵ective
Hamiltonian is learned using supervised learning tech-
niques based on training data drawn from a combination
of existing MCMC simulations, randomly-mutated sam-
ples, and the accelerated Markov chain itself (hence the
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Boltzmann generators: Sampling
equilibrium states of many-body
systems with deep learning
Frank Noé*†, Simon Olsson*, Jonas Köhler*, Hao Wu

INTRODUCTION:Statistical mechanics aims
to compute the average behavior of physical
systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
To this end, we need to compute statistics

of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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Boltzmann generators overcome sampling
problems between long-lived states.The
Boltzmann generator works as follows: 1.We
sample from a simple (e.g., Gaussian)
distribution. 2. An invertible deep neural
network is trained to transform this simple
distribution to a distribution pXðxÞ that is
similar to the desired Boltzmann distribution
of the system of interest. 3.To compute
thermodynamics quantities, the samples are
reweighted to the Boltzmann distribution
using statistical mechanics methods.
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Adaptive Monte Carlo augmented with normalizing flows

Marylou Gabrié
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Many problems in the physical sciences, machine learning, and statistical inference necessitate
sampling from a high-dimensional, multi-modal probability distribution. Markov Chain Monte
Carlo (MCMC) algorithms, the ubiquitous tool for this task, typically rely on random, reversible,
and local updates to propagate configurations of a given system in a way that ensures that generated
configurations will be distributed according to a target probability distribution asymptotically. In
high-dimensional settings with multiple relevant metastable basins, local approaches require either
immense computational e↵ort or intricately designed importance sampling strategies to capture
information about, for example, the relative populations of such basins. Here we analyze a framework
for augmenting MCMC sampling with nonlocal transition kernels parameterized with generative
models known as normalizing flows. We focus on a setting where there is no preexisting data,
as is commonly the case for problems in which MCMC is used. Our results emphasize that the
implementation of the normalizing flow must be adapted to the structure of the target distribution
in order to preserve the statistics of the target at all scales. Furthermore, we analyze the propensity
of our algorithm to discover new states and demonstrate the importance of initializing the training
with some a priori knowledge of the relevant modes. We show that our algorithm can sample
e↵ectively across large free energy barriers, providing dramatic accelerations relative to traditional
MCMC algorithms.

Neural networks approximate high-dimensional functions with a robustness unparalleled by classical func-
tion approximation techniques [1, 2]. These favorable approximation properties have motivated a veritable
explosion of interest in applying machine learning to otherwise intractable problems in the physical sciences
[3]. Monte Carlo sampling methods seem poised to benefit from these tools: slow relaxation and metastabil-
ity plague sampling problems that arise in chemistry and biophysics [4]. And, indeed, these challenges have
stimulated a flurry of work seeking to accelerate sampling using machine learning. How robust are these
approaches? What are the prospects for sampling new configurations far from any previously known?

There are several distinct strategies that deploy machine learning to accelerate sampling [5–8]. For ex-
ample, the approach introduced in Ref. [6] parameterizes a transition kernel by propagating samples using
Hamiltonian dynamics with a learned Hamiltonian. Here we focus on a direct approach in which a neural
network model is trained to generate data that overlaps with data sampled from a given target distribution;
this network can then serve as a transition operator in a Metropolis-Hastings MCMC.

The prospect of enhancing sampling with suitable generative models is an active area of inquiry [5–9].
While the term “generative neural network” includes a wide variety of models such as generative adversarial
networks [10], variational auto-encorders [11], and energy based models such as restricted Boltzmann ma-
chines [12], sampling via Metropolis-Hastings MCMC requires the computation of each transition generation
probability of and its inverse. As a result, the model architectures on which most generative neural networks
rely are not conducive to Metropolis-Hasting MCMC. However, specific classes of neural networks have been
designed with this in mind, allowing for e�cient estimates of the probability of a generated sample, including
auto-regressive models [13] and normalizing flows [14, 15]. Described in detail below, normalizing flows are
expressive invertible function representations that can be trained to transform samples from a simple base
measure to mimic samples of a given empirical distribution. At this point, normalizing flow models have
been investigated as transition operators in MCMC algorithms in a variety of contexts in the physical sci-

⇤ mgabrie@nyu.edu
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A Markov chain update scheme using a machine-learned flow-based generative model is proposed
for Monte Carlo sampling in lattice field theories. The generative model may be optimized (trained)
to produce samples from a distribution approximating the desired Boltzmann distribution deter-
mined by the lattice action of the theory being studied. Training the model systematically improves
autocorrelation times in the Markov chain, even in regions of parameter space where standard
Markov chain Monte Carlo algorithms exhibit critical slowing down in producing decorrelated up-
dates. Moreover, the model may be trained without existing samples from the desired distribution.
The algorithm is compared with HMC and local Metropolis sampling for �4 theory in two dimen-
sions.

I. INTRODUCTION

A key problem in lattice field theory and statisti-
cal mechanics is the evaluation of integrals over field
configurations, referred to as path integrals. Typically,
such integrals are evaluated via a Markov chain Monte
Carlo (MCMC) approach: field configurations are sam-
pled from the desired probability distribution, dictated
by the action of the theory, using a Markov chain. A
significant practical concern is the existence of correla-
tions between configurations in the chain. Critical slow-
ing down [1] refers to the divergence of the associated au-
tocorrelation time as a critical point in parameter space
is approached. This behavior drastically increases the
computational cost of simulations in these parameter re-
gions [2, 3]. For some models, algorithms have been
found which significantly reduce or eliminate this slow-
ing down [4–11], enabling e�cient simulation. For field
theories, a number of methods have been proposed to
circumvent critical slowing down by variations of Hy-
brid Monte Carlo (HMC) techniques [12–15], multi-scale
updating procedures [16–18], open boundary conditions
or non-orientable manifolds [19–21], metadynamics [22],
and machine learning tools [23, 24]. In important classes
of theories, however, critical slowing down remains lim-
iting; for example, in lattice formulations of Quantum
Chromodynamics (QCD, the piece of the Standard Model
describing the strong nuclear force) it is a major barrier
to simulations at the fine lattice spacings required for
precise control of the continuum limit.

Here, a new flow-based MCMC approach is proposed
and is applied to lattice field generation. The resulting
Markov chain has autocorrelation properties that are sys-
tematically improvable by an optimization (training) step
before sampling. In this method, samples z are drawn
from a simple distribution and then transformed by a
change-of-variables (or “flow”) � = f

�1(z), resulting in
samples � with a new e↵ective distribution p̃f . The map-
ping f

�1 is chosen to be e�cient to compute, making it
easy to draw samples �, and is optimized within a vari-
ational family to produce a distribution p̃f close to the

desired one. To guarantee asymptotic exactness of sam-
pling, a Markov chain is constructed using Metropolis-
Hastings steps with p̃f taken as a proposal distribution.
Since proposed samples are independent of the previous
samples in the chain, the autocorrelation time and accep-
tance rate are coupled; the autocorrelation time drops to
zero as the acceptance rate approaches 1. This is true
even in regions of parameter space where standard algo-
rithms exhibit critical slowing down. Under mild condi-
tions (detailed in Section II), this approach is guaranteed
to generate samples from the desired probability distri-
bution in the limit of a large number of updates.
This method has several features that make it attrac-

tive for the evaluation of path integrals in lattice field
theories:

1. The autocorrelation time of the Markov chain can
be systematically decreased by training the model;

2. Each step of the Markov chain requires only the
model evaluation and an action computation;

3. Each update proposal is independent of the previ-
ous sample, thus proposals can be generated in par-
allel and e�ciently composed into a Markov chain;

4. The model is trained using samples produced by the
model itself, without the need for existing samples
from the desired probability distribution.

Several other machine learning approaches have been
applied to MCMC, for statistical mechanics systems, syn-
thetic distributions, and simple lattice quantum field
theories. Self-learning Monte Carlo (SLMC) methods
have been applied fairly successfully to one- to three-
dimensional Ising and fermionic systems. These meth-
ods construct, by a variety of techniques, an e↵ective
Hamiltonian for a theory that can be more easily sam-
pled than the original Hamiltonian [25–29]. The e↵ective
Hamiltonian is learned using supervised learning tech-
niques based on training data drawn from a combination
of existing MCMC simulations, randomly-mutated sam-
ples, and the accelerated Markov chain itself (hence the
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C o n c l u s i o n s

•Simulation-based inference is a great fit for gravitational wave astronomy 

• Amortized inference has many advantages 

• There are possibilities for hybrids where fast inference with surrogate is 
calibrated with more forward simulations or used to accelerate MCMC 

•The product of inference doesn’t need to be samples from the posterior 

• With NPE you can actually convey and evaluate the posterior  

• If you want to do population level inference, it may be better to isolate 
individual terms the likelihood (avoid double counting the prior)  

• You can skip explicit inference of latents associated to individual objects

p(θ ∣ x)
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