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COMPUTATIONAL CHALLENGE

p(d̄ | θ̄, H) ∝ exp [−δf
N

∑
i= 0

2 | d̃( fi) − h̃ (θ̄, fi) |2

Sn( fi) ]

N = fmax − fmin

δf

: data

: parameters

: model assuming signal

: GW waveform

: Power spectral density

: frequency

: in f-domain

d̄
θ̄
Hs
h
Sn
f
˜

Assuming GAUSSIAN NOISE:

What defines    
δf ?

 0 mean; known variance

Evaluated ∼ 107 times 



frequency domain
δfRe [ỹ( f )]

f

Im [ỹ( f )]
f

time domain

t

y(t)

δt

NYQUIST THEOREM

δt ≤ (2fmax)−1 δf ≤ τ−1

~ 2 samples per cycle ~ 1 sample per cycle

δω 2δω
ω

To avoid aliasing

τ ?
What defines    



GW SIGNALS 
from CBCs

tt( f0)

INSPIRAL
τ ∝ ℳ−5/3f −8/3

0

f0

log ( f /Hz)

St
ra

in
[H

z−1
/2

]

chirp-mass

ℳ = (m1 m2)3/5

(m1 + m2)1/5
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HOW CAN WE OVERCOME THIS 
PROBLEM? ?



CONTEXT
MULTI-BANDING MAIN PE ACCELERATION TECHNIQUE

REDUCED ORDER QUADRATURE

e.g.: 

Canizares et al. 2013; 

Canizares et al. 2015; 
Smith et al. 2016

L ∝ exp {4δf
M

∑
i= 0

ci(θ̄)w̄i}
w̄i = 4δf

M

∑
k= 0

d̃( fk)B*i ( fk)
Sn( fk)

ROQ

Very large speed up factors  
(~300 from f0 ~20 Hz)

PE for LISA with 2 bands 
E. K. Porter et al. 2014

gstlal
DETECTION PIPELINE

K. Cannon et al. 
2012

T. Adams et al. 
2016

MBTA
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EFFECTIVE SAMPLING 
NYQUIST THEOREM

CBC SIGNALSand

τ

~ 2 samples per cycle
δt ≤ (2fmax)−1

Because !ere is a function f(t) 
less and less samples are 
needed at lower times

t

h (t)
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EFFECTIVE SAMPLING 
NYQUIST THEOREM

CBC SIGNALSand

τ

~ 1 sample per cycle
δf ≤ τ−1

f0

f

h̃ ( f )

Because !ere is a function t(f) 
more and more samples are 
needed at lower frequency



POSSIBLE IMPROVEMENTS
Nfix = ∫

fmax

f0
δf −1 df

Nmin = ∫
fmax

f0
ttomerg er( f ) df Nmin ∝ ℳ−5/3( f 5/3

max − f −5/3
0 )

Nfix ∝ ( fmax − f0)ℳ−5/3f −8/3
0

∼ 5 (8πf)−8/3 ℳ−5/3

Nfix

Nmin
∼ 5

3
fmax

f0

τ ∼ ttomerg er( f0)
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Multi-banding

τ

δf ≤ τ−1
NYQUIST THEOREM

f0

τ1

α < 1

τ3τ2
τ > τ1 > τ2 > τ3

δf0 < δf1 < δf2 < δf3

δf0 ≲τ−1

δfi = 2δfi−1 τi ≲τi−1/2
Our implementation



Multi-banding

Practical example
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σ

log (L)

ACCURACY REQUIRED FOR PE

δ log (LMB) ≪ σlog L
log L = 1

2 ⟨h − d | h − d⟩

Likelihood 
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WHAT TO DO TO REACH THE 
REQUIRED ACCURACY??

We focus on reducing 
the time required to 

generate the waveform
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INTERPOLATION INT

h̃ ( f ) = A(θ, f )e−iψ(θ, f)

IN
g ( fj + kδf0) ≃ g ( fj) +

g ( fj+ 1) − g ( fj)
fj+ 1 − fj

kδf0

Linear interpolation Δg ( f ) = ∫
f

fj

dg
d ̂f

d ̂f

g ( f ) = ψ( f ), A( f )

g j,k
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h̃ 0( fj) h̃ 0( fj+ 1)



INTERPOLATION INT

h̃ ( f ) = A(θ, f )e−iψ(θ, f)

IN
g ( fj + kδf0) ≃ g ( fj) +

g ( fj+ 1) − g ( fj)
fj+ 1 − fj

kδf0

Linear interpolation Δg ( f ) = ∫
f

fj

dg
d ̂f

d ̂f

g ( f ) = ψ( f ), A( f )

g j,k
Δg j,k

h̃ 0( fj) h̃ 0( fj+ 1)

fj,k

h̃ j,k = (Aj + ΔAj,k)e−i(ψj+ Δψj,k)

h̃ j,k ∼ h̃ 0( fk)

OUT



⟨a |b⟩ ∼ 2δf∑
k> 0

ã*( fk)b̃( fk) + b̃*( fk)ã( fk)
Sn( fk)

inner product

∼
Nparam

2σ

log (L)

θ

ACCURACY REQUIRED FOR PE
δ log (LMB) ≪ σ

log L = 1
2 ⟨h − d | h − d⟩

Likelihood 

⟨h − h 0 | h − h 0⟩
⟨h 0 | h 0⟩

≪
2Nparam

SNR2 ∼ 10−3

SNR ∼ few × 10
Moderately loud signals



MB-INT ACCURACY
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f0 → ε

Nfix ⋅ ti ≫ NMB ⋅ (tw + δti) Gtemplate = Tstd

TMB−INT
→ tw

ti

for

… CAVEAT

Tstd ∼ Nfix ⋅ tw

TMB−INT ∼ Nfix ⋅ ti + NMB ⋅ (tw + δti)

waveform generation times:

Nfix ∝ f −8/3
0

:

Time required to generate 
waveform at a single Fourier 

component

Time for interpolation

Time for calculate 
Δg
Δf
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RESULTS
 SPEED UP  

WAVEFORM GENERATION



ONE OF THE SIMPLEST 
WAVEFORM MODELS

MORE SOPHISTICATED  
WAVEFORM MODEL



RESULTS
PE TESTS - SET UP

INJECTION PE RUNS
fmax = 2048 Hz

Stationary gaussian noise

Distance prior:

Companion masses prior: 

fmax = 2048 Hz

1 − 3 M⊙

500 Mpcm1 = m2 = 1.4 M⊙

SNRf0= 40Hz = 15so !at:
DL ∼ 200 Mpc

f0 = [20, 30, 40, 60] Hz

Advanced LIGO &
sensitivity

uniform in range 

 uniform in volume up to

Advanced Virgo

J. Veitch Phys. Rev. D, 
91:042003, 2015. 


LALInference

Only TaylorF2
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RESULTS
SPEED UP 

PE



CONCLUSION AND REMARKS

Possible solution inspired by search 
methods: MULTI-BANDING

(+ INTERPOLATION for accuracy)

Already good results with speed-up 
up to ~ 50 for tested sophisticated 

model at lowest tested f0

Current and future instruments
Physics of low mass systems 

mergers

Waveform computation 
for sophisticated models 

One of the main bottlenecks 
of the analysis: 

Important to speed up the 
parameter estimation



CONCLUSIONS AND REMARKS
MB-INT
Flexible: can be easily applied 
to waveforms with higher 
dimensional ity parameter 
space

General validity of the method 
(also outside the GW field)

No set up costs Higher speed up factors
Requires high computational 
and memory set up costs
ROQ + MB-INT could accelerate 

and save memory for initial set up

Compared to  ROQ:

hank you 
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STATIONARY PHASE APPROXIMATION
for h (t) = A(t)cos (ϕ(t))

GW SIGNALS: 
from CBCs

HERE OR BEFORE after GW signal durati!?
h + ,×(t) = A+ ,×(t)cos (ϕ+ ,×(t))

h (t) = At(t) cos (ϕ(t))

h (t) = A(t)cos (ϕ(t))

f′� ∝ f11/3ℳ5/3

A(t)

log A(t)′ � ≪ ϕ′�(t) ∼ f(t)
ϕ′�′�(t) ≪ ϕ′�(t)if

h̃ ( f ) = 1
2 At(t)

dt
df

exp (iψ( f ))
ψ( f ) = 2πftc − ϕ(t) − π/4

!en

wi!

t ∝ f −8/3ℳ−5/3

At(t) ∝ f2/3ℳ5/3

h̃ ( f ) = Af( f )exp (iψ( f ))

NEWTONIAN ORDER

f domain
t
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HERE OR BEFORE after GW signal durati!?
h + ,×(t) = A+ ,×(t)cos (ϕ+ ,×(t))

h (t) = At(t) cos (ϕ(t))

h (t) = A(t)cos (ϕ(t))

f′� ∝ f11/3ℳ5/3

A(t)

h̃ ( f ) = 1
2 At(t)

dt
df

exp (iψ( f ))
ψ( f ) = 2πftc − ϕ(t) − π/4

!en

wi!

ϕ(tc) − ϕ(t) ∝ ℳ−5/3f −5/3

t ∝ f −8/3ℳ−5/3

At(t) ∝ f2/3ℳ5/3

f
h̃ ( f ) = Af( f )exp (iψ( f ))

Af( f ) ∝ ℳ5/6f −7/6

h̃ ( f ) = Af( f )exp (iψ( f ))

NEWTONIAN ORDER

f domain
t
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: Fourier 

Tranform (FT)

x(t)

δ(t − nTs)

Ts 5Ts

t

t
t

y(t)

x̃(ω) ỹ(ω)

ωs = 2π
Ts

ωs

ωωmax ωωs ωs

ωs < 2ωmax

Low pass filter

˜
NYQUIST THEOREM
time domain

δt ≤ (2fmax)−1



δω 2δω

x̃(ω) x(t)

tω τ

NYQUIST THEOREM
frequency domain

δω = 2π/T0

xT0
(t)

tτ T0 2T0

δω = 2π/T0
δf = 1/T0

T0 < τ δf > τ−1

ω

ỹ(ω)



x̃(ω) x(t)

tω τδω

δω = 2π/T0

ω

xT0
(t)

t
τ

T0 2T0

T0 < τ δf > τ−1

ỹ(ω)

δω 2δω

δω = 2π/T0
δf = 1/T0

NYQUIST THEOREM
frequency domain



x̃(ω) x(t)

tω τδω

δω = 2π/T0

ω

xT0
(t)

t
τ

T0 2T0

T0 < τ δf > τ−1

ỹ(ω)

δω 2δω

δω = 2π/T0
δf = 1/T0

δf ≤ τ−1

What does 
determine !e 
duration of a 

signal?    

NYQUIST THEOREM
frequency domain


