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Low temperature, low mass
= nuclear quantum effects important
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Where are nuclear quantum effects important?

® Relation between thermal De Broglie wavelength A and interparticle spacing (

Species T(K) A\ Species T(K) A\
e 300 43.03 Li 300 0.38
H 300 1.00 Li 100 0.66
He 300 0.50 Cu |0 0.69
He 4 4.35




Where are nuclear quantum effects important?

® Relation between thermal De Broglie wavelength A and interparticle spacing (

h
- 2rmkpT

A

High temperature, high mass
= classical Boltzmann statistics are fine

A>1

Low temperature, low mass
= nuclear quantum effects important

Species T(K) A\ Species T(K) A\
e 300 43.03 Li 300 0.38
H 300 1.00 Li 100 0.66
He 300 0.50 Cu |0 0.69
He 4 4.35

® How far from equipartition of energy? (ksT/2 for each vibrational mode)

: : hw
Systems approximately harmonic = o 1= quantum (vibration dominated by ZPE)
B

T=300K corresponds to W=208cm-| = anything above is ZPE dominated
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Figure from M. Ceriotti (https://epfl-cosmo.github.io/gle4md/)
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The time-dependent Schrodinger Equation

Time dependent Schrodinger equation:
o) = Al
1NN — p—
ot

(1)) = exp(—iHt/h)|¥(0)) Z/U(t)NJ(O))

Time evolution

propagator

Project into position space:
(d19@®) = (q'|exp(—iHt/h)[¥(0))
— [ datd|exp(~i1t/)]a) (g B(0)}

position

- / dq(q'| exp(—iHt/h)|q)¥ (g, 0)

Probability of finding particle at (q’,t):

P(q,0;q',t) = |<C]/|(A](t)|9><|i

Must evaluate matrix
— elements of this form




Rotating to imaginary time

® How to do it?! — Can we exploit some kind of isomorphism!?

Alm T

z.t >ReT

1
I

_.“"Wick rotation

-iBhe---
B=1/(kgT) Canonical Density Matrix
=Quantum Statistical Mechanics
) ) I
U(t) = exp(~iHt/h) = exp(=FH) = p(h)

Now must evaluate the following matrix element

p(q,q, B) = (¢'| exp(—BH)|q) = (¢'|p(B)|q)
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Computing the quantum canonical density matrix

® Can we compute these matrix elements without dealing with operators!?

exp(—ﬁj{[) — 6—5[K(p)+‘7(q}] ?é 6_5K(p)6_5V(Q)

\K andV do not commute

® Trotter theorem: ¢41+5 — |im [eA/ neBineAl nm
n—oo

® Using the theorem we get:

pla,d',8) = lim (q/|[e#KO/21e= 0V (/SR 20y )g)

n—o0

with B, = B/n

Bh (imaginary time)
has been divided in n slices

d [e—ﬁnff(p)/%—ﬁnV(Q)e—ﬁnff(p)ﬂ] [e—ﬁnff(p)ﬂe—ﬁnV(Q)e—ﬁnff(p)ﬂ] [e—ﬁnff(p)ﬂe—BnV(Q)e—ﬂnff(p)ﬂ] .



Computing the quantum canonical density matrix

® Now we can introduce n-1 identities (position eigenstates) in p:
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Computing the quantum canonical density matrix

® Now we can introduce n-1 identities (position eigenstates) in p:
pla.q',B) =
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I= /dq\qml

® FEach matrix element can be evaluated:

[e—ﬂnV(Q)/%—Bnk(p)e—ﬂnV(Q)/2] lqe) =

= e P V@-0/20g e P E®)|g e PV (@)/2 =

<Qk:—1|

(qlp) = ——eivaln et / dp " P (g |p) (plaw) =
= ——e€
W Ve < o—BnlV (ah—1)+V (a1))/2
= / dp ePr?”/2mriae-1—ax)p/h _
complete the square < 2mh
= Gaussian integral _

1 (27rm V2 { Ve V@2 i e
Bn

We got rid of the operators!

21mh




Computing the quantum canonical density matrix

® So, the final result is:
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® So, the final result is:
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Computing the quantum canonical density matrix

® So, the final result is:

1 2mm
(2mh)" ( B,

plg,q,8) = lim p,

n—oo

p(a,q',B) =

Wp = 1/(5nh)

harmonic interaction
between neighboring
points of a path

n/2
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with =9 @ =¢

g, q1,92...,q consititute a path q(T),

p(q,q) = / D[q(r)]e*(™)]

where T € [0, Bh]

q(0)=q, q(pn)=q’

Integral over paths

® The partition function Z is:

Zn = Te[p(8)] = / dap(a, q. B) =

B
/Z = lim Z,

n—oo

(2mh)"

Bh imaginary time

2
with ¢» = qo = ¢q

1 2mm n/2 2 2
( ) /dql o dqne_ﬁn > klV(gr)+mws (qk—ak—1)°]



Sampling the partition function

® How to sample the partition function and get ensemble averages?
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Sampling the partition function

® How to sample the partition function and get ensemble averages?

1 (2rm\'/? _ (a2 _ s
7 - %h( ” ) / dai . dge—P SV @ @-a?  Z = lim Z,
dn+1 = q1
Can be sampled by Monte Carlo
® Reintroduce momenta
3 1/2 ,
o (27:;1) / Ao

7, = ! /dp/dqe_ﬁn Zk[%"‘@?L(Qk_Qk—l)Q‘FV(%)] — ! /dp/dqe—ﬁnﬂn

" (2mh)n S (2wh)™

Note that these are fictitious (sampling) masses
Could be set to any value!



Sampling the partition function

® How to sample the partition function and get ensemble averages?

1 (2rm\ " . 2 (o a2 _ s
Zo= o (B2) " [dar . de o S st 2= lim 2y
n+1 — 41
Can be sampled by Monte Carlo
® Reintroduce momenta
B, \ /2 ;
1:( " ) /dpke_ﬁnpkﬂm

2Tm

2

P 2 2 1

d d —Bn D _plz e tmws (qr—aqr—1)"+V (k)] — /d /d —BnHy,
p qe 5 (2 k)" p qe

Note that these are fictitious (sampling) masses
Could be set to any value!

® Partition function of a classical ring polymer with Hamiltonian

Hn—2—+mw ar — ar-1)° + V(ar)]

/

Can be sampled by Molecular Dynamics



Properties and estimators

2 p2
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Properties and estimators

2 2

p
H = f—m + Vi(q) Hy = Z[ﬁ + m7w'r2z(Qk - Qk—1)2 + V(qx)]
ql
Classic Quantum

® Each bead evolves at temperature nT
® n determined by how “quantum” the
. problem is

'. on > Bhwmax

(typically between 10 and 100)

<T2>1/2:A/\/8_7T A =

v 27kaBT



Properties and estimators

2 2
_ b . =S [ Le 2 (. — 2,y
H=2—+V(q) n Z;[Qm +m7wn(qk ar—1)” + V(qr)]

Classic Quantum ® Each bead evolves at temperature nT

® n determined by how “quantum” the

O - — /) \ problem is

® n > [hwmaz
(typically between 10 and 100)

qs
h
=MV A= e
B
® Ensemble averages of operators
1 A u u
(4) = ~Trlpd] it A= A(q) Then: / dp / dq Z Alge) ¢t
Else: complicated — open paths, etc.
(e.g. Lin, Morrone, Car PRL 105, 110602) G =1/n% q
1 3NkBT 1 L& &y Z
Some examples: (V) = = > (V ()} (o) = 5375+ 50 3 Ml ~ ) V(al, el
=1 =1i=1

(From thermodynamic relation)



The Nuts and Bolts of the PIMD simulation

® For a system of N distinguishable particles:
potential,
e.g. from first-principles

N , atom\T dex electronic structure
n 2 n
Hn = Z[ 2 +§m]wn(q§€—q?€_1) ] +ZV(qk,qk7---qk )
k=1 j5=1 k=1
bead index

Problem is exactly like (ab initio) molecular dynamics, but involving several
replicas of the system



The Nuts and Bolts of the PIMD simulation

® For a system of N distinguishable particles:

Ho (free ring polymer Hamiltonian)

7\
7 Y
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n (p])Q 1 . ) . n
k=1j=1 k=1
® Hpy can be solved analytically by transforming it into normal modes
N n—1 ~
J
o= LE | ]
j s=0

ws = 2wy, sin(sm/n)

pg; — Zp Cks q; - Z Cks



The Nuts and Bolts of the PIMD simulation

® For a system of N distinguishable particles:

Ho (free ring polymer Hamiltonian)

7\
7 Y

n N j n

2 ' ' 2 1 2 N

H,=> > 2k mjw sa, —ap )’ + > Vg i, -ap)
k=1 j=1 k=1

Ho can be solved analytically by transforming it into normal modes

For a harmonic oscillator at 300K with 32 beads

N n—1
14000}1 6 —
|5, 17

12000} -

ws = 2wy sin(sm/n) —

10000 e ———
I)g__ 2{:]? (jks qg'_-jE: (7ks

~

2m~7

8000f

Ws (cm™)

6000f

. . 4000p=

® Could be painful to integrate the
high frequencies numerically 2000F1; 31"
(would need small time steps)

1000 2000 3000 4000 5000
Wharm (cm)



Integrating PIMD Equations of Motion

® How to integrate the PIMD equations of motion efficiently?

Hn—zz Qm] - mw sa, —a, )+ Viadi,- - ar)

H, = Hy + Hy,
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® How to integrate the PIMD equations of motion efficiently?

n N I\ 2 n
(p)? 1 ' ‘ N
k=1 j7=1 — k=1
H, =Hy+ Hy

® Small digression about the Liouville operator

For a quantity a evolving by
Hamiltonian dynamics (in | D):

da _da. da.
at — dg ' dp?

da daOoH daOH

E_dq Op dp Oq

One can define the Liouville
operator L:

iL=—— 1
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® How to integrate the PIMD equations of motion efficiently?

n N I\ 2 n
(p)? 1 ' ‘ N
k=1 j7=1 — k=1
H, =Hy+ Hy

® Small digression about the Liouville operator

For a quantity a evolving by Such that:
Hamiltonian dynamics (in | D):

"% = iLa—a(t) = ¢a(0)
da da da. =1 a— a(t) =e""a
— =4+ D
dt dq dp We can also split the operator
da dadH daOH 1L =101+ 1L
dt dg Op dp Oq , OH d 9H d

1= ——/ —_
One can define the Liouville dp dg ’ dq dp
operator L: And the pieces do not commute
L+ L
Lo OHd_ond alt) = e +4524(0)
pdq  0q dp [iL1,iLs] # 0



Integrating PIMD Equations of Motion

® How to integrate the PIMD equations of motion efficiently?

2 n
_—p k=1

® Small digression about the Liouville operator

For a quantity a evolving by
Hamiltonian dynamics (in | D):

da _da. da.
it dg? " ap?
da _ dadH dadH
dt dg Op dp Oq

One can define the Liouville
operator L:

iL=""— "

Such that:
da iL
— =1iLa — a(t) = €""a(0)
dt
We can also split the operator
1L =1L+ 1Lo
OH d OH d
Ly =—— S
Op dq dq dp

And the pieces do not commute
a(t) = ef1th24(0)
iLy,iLs] # 0

n
(a), —a)_1)’1+ ) _V(ai i ---ai)

In order to apply it
piecewise, must again
do a Trotter splitting

For microcanical dynamics,

the (second order) Trotter

splitting leads to the Verlet
algorithm



Integrating PIMD Equations of Motion

® How to integrate the PIMD equations of motion efficiently?

n
H, —ZZ 2m] meQ(qi,—qi;_lf] +> V(aj,qi,---ay)

k=1 j=1 k=1
—>

H, = Hy+ Hy

® Hamiltonian dynamics can be evolved with the Liouville operator, which here
can be factorized in the following way:

1LAt e’iLvAt/2eiL0At6iLvAt/2

e‘/T

Involves Hy
Involves Hy Involves Ho
N n—1 ~
j
m w,q
- X |y g

The middle step can be computed analytically
(especially easy in the normal mode representation)
= Resulting dynamics of a free particle would be independent of time step

Attention: In a real system modes couple (resonate) — maximum time step is constrained!



Integrating PIMD Equations of Motion

® The actual scheme for integrating then becomes:

At 8V(q,}:, ...,q,iv)
2 o’

P < P, —

mn
~j ' Textbook ti luti
p{}g — Zpicks qs Z C] Ckzs extboo Ime evolution
k_

for set of uncoupled
harmonic oscillators

ﬁg cos(wsAt) —mjws sin(wsAt) 7
q = L sin(wsAt) cos(wsAt) q

mjws
. n—1 ' n—1
p]i Z k:sp] q]i — Z Cksqg
5=0 s=0
: - AtOV(qi, ..., q)
D), < Pp — P

2 Oq?



Integrating PIMD Equations of Motion

® The actual scheme for integrating then becomes:

pi; < thermostat (A#/2)

Dy < Py, 5 dq

n
=) J Textbook time evolution
Py = Zpkcks @ = Z T tChs for set of uncoupled

harmonic oscillators

ﬁg cos(wsAt) —mjws sin(wsAt) 7
= L sin(wsAt) cos(wsAt) q

To sample the
ensemble efficiently,
attach (massive)

q ) W s
5 mjw thermostats to beads
. n—1 . ' n—1 .
P=D_ Culh @i =2 Chsdl
s=0 s=0
| . AtOV(ql, ... qY

2 Oq?

pi < thermostat (A#/2)



Some last considerations: reduce computational cost

® How can we reduce the number of beads needed for computation?

® Ring polymer contraction

Markland, Manolopoulos, CPL 464, 256 (2008)

® Using higher order integrators (and better estimators)

Jang, Jang,Voth, |CP 115, 7832 (2001)

® Smart thermostatting of internal modes (generalized Langevin
equation based colored noise thermostats)

Ceriotti, Parinello, Markland, Manolopoulos, JCP 133, 124104 (2010)
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Approximating dynamical observables

® PIMD uses ring polymer trajectories to calculate exact (static) averages of the

form A
(A) = =Trle P A]

® But many important quantities are actually given by time dynamic (time

dependent) averages:
Time correlation function

cap(t) = Tr[e P2 A(0) B(#)]

Diffusion coefficient IR spectrum (dipole adsorption cross section)
1 [ TW _ Bhw
D(T) = 3 / Cvv(t) dt nwlalw) = grp (1= e ) Cp(w)
0 velocity . 0 s
Crunle) = 5 / et (1) dt
- \dipole

® PIMD does not give access to real time (propagation is in imaginary time)
Approximate these quantities - easier to approximate Kubo transforms

B N A
Ean(t) = % /0 Ap(t) Ap(t) = Tefe~ VA 4(0)e B(r)



Path integral approximations for real time dynamics

* Normal mode transformation of free ring polymer Hamiltonian:

inzl[ 5 2 ,)2] ws = 2wy, sin(sm/n)
mw q;

i wy, = nkyT' /h

s=0 = centroid mode; s¥0 = internal modes

[1] Craig and Manolopoulos, JCP 121,3368 (2004)
[2] Cao and Voth, JCP 100, 5093 (1994)
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* Ring polymer molecular dynamics (RPMD)!!]
* m’ = m, Newtonian dynamics, no thermostat

* Issue: beads resonate with physical frequencies
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Path integral approximations for real time dynamics

* Normal mode transformation of free ring polymer Hamiltonian:

inzl[ 5 . m]w (q.)2] ws = 2wy sin(sm/n)

i, wy, = nkyT' /h

s=0 = centroid mode; s¥0 = internal modes

* Ring polymer molecular dynamics (RPMD)!']
* m’ = m, Newtonian dynamics, no thermostat
* Issue: beads resonate with physical frequencies

High T centroid
* Centroid molecular dynamics (CMD)[2

* m’=0m (O<I for non-centroid modes),
thermostatted

* Centroid moves in the effective potential given

by the internal modes Low T centroid

* Issues: "curvature problem”, and needs very small
time steps.

[1] Craig and Manolopoulos, JCP 121,3368 (2004)
[2] Cao and Voth, JCP 100, 5093 (1994)




Model Application: IR spectrum of OH molecule

Rossi, Ceriotti, Manolopoulos, |. Chem. Phys. 140, 234116 (2014)

* Model OH molecule with interatomic interactions given by:

k 2
6= 5 (r—r0)° ¢ =Dy |1—e )
Harmonic (parameters from JCP 130, 194510 (2009)) Morse (parameters from real molecule)
exact exact exact
harmonic\ anharmonic\ /mrmonic
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Model Application: IR spectrum of OH molecule

n(®)o(w) (arb.u.)

Rossi, Ceriotti, Manolopoulos, |. Chem. Phys. 140, 234116 (2014)
* Model OH molecule with interatomic interactions given by:

Ky
¢ = 5(7“ —r9)°
Harmonic (parameters from JCP 130, 194510 (2009))

6= Do[1—eetro)]”

Morse (parameters from real molecule)
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Path integral approximations for real time dynamics

* Normal mode transformation of free ring polymer Hamiltonian:

inzl[ 5 . me (q.)2] ws = 2wy sin(sm/n)

i, wy, = nkyT' /h

s=0 = centroid mode; s¥0 = internal modes

Rossi, Ceriotti, Manolopoulos, |. Chem. Phys. 140,234116 (2014)
* Thermostatted Ring Polymer Molecular Dynamics (TRPMD)

* m’=m, white noise Langevin thermostat applied to internal modes of the ring polymer
only (centroid obeys Hamiltonian dynamics)

* Maintains all exact limits of RPMD (classic, harmonic, etc.)!

* Time step needed is the same as in usual Pl simulations
* Equations of motion:

d 5 _ 2500 _ 0 4 2 eon da® = 50/,
dt = —m;w qz + Bn €’L dt — pz /m“
* Optimal damping (harmonic oscillator): ’Y( )= wy

* Issue: no mathematical way to fix damping parameter, artificial broadening of peaks



Model Application: IR spectrum of OH molecule

¢ = %(T ~19)”

Rossi, Ceriotti, Manolopoulos, |. Chem. Phys. 140, 234116 (2014)
* Model OH molecule with interatomic interactions given by:

Harmonic (parameters from JCP 130, 194510 (2009))

exact

6= Do[1—eetro)]”

Morse (parameters from real molecule)
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Model Application: IR spectrum of OH molecule

Rossi, Ceriotti, Manolopoulos, |. Chem. Phys. 140, 234116 (2014)
* Model OH molecule with interatomic interactions given by:

6= Do [1—emo)] i

| | |
o- O "(l;l;/IPIl)VID _ Morse (parameters from real molecule)
A= A Classical | exact exact
anharmonic\ /mrmonic
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IR Spectrum of the Zundel lon

* Simulations on CCSD(T) parametrized potential of Huang, Braams, Bowman, JCP 122, 044308
(2005)

00K ‘ 300K
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: ; — Experiment
N/ - Asmis et al, Science 299,13[75 (2003) Yeh, et al, JCP 41, 7319 (1989)
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IR Spectrum of Liquid Water

 Simulations on the g-TIP4Pf potential energy surface at 300K (box with 216 molecules)
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IR Spectrum of Liquid Water

 Simulations on the g-TIP4Pf potential energy surface at 300K (box with 216 molecules)

Diffusion Coefficients
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