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1 - Electronic hamiltonians

N
~ 1
HN:—ZZ;§V |I‘—Rk| Z

Atomic units: h =1l,e=1,m, = 1,4meg =1

N : number of electrons

M : number of nuclei

2 € N : charge of the £ nucleus
R € R? : position of the £ nucleus

r; : position of the i"" electrons
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N-electron wavefunctions and density matrices

e 1 : N-electron state space

N
Hy = /\ Ha H, = L*(R’,C) (we omit for simplicity)

(oo, xg o) = =W ry e wy, ) €C
VeHy <\p|\p>;:/ ey, o) dry e dry < oo
(R3)N

e )Vy : set of normalized wavefunctions with finite energy (pure states)

N
~ N 1
Wy = {xp e Hy | (W)WY =1, (U|T|W) < oo}, T=-% -V}
1=1
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N-electron wavefunctions and density matrices

e 1 : N-electron state space

N
Hy = /\ Ha H, = L*(R’,C) (we omit for simplicity)

\Ij("',r]‘,"‘,ri,"'):—\IJ("',ri,"‘,rj,"'>€C
VeHy <\p|\p>;:/ ey, o) dry e dry < oo
(R3)N

e )Vy : set of normalized wavefunctions with finite energy (pure states)

N
~ N 1
Wy = {xp e Hy | (W)WY =1, (U|T|W) < oo}, T=-% -V}
1=1

e Dy : set of density operators with finite energy D, (mixed states)

Dy = {flinear op.onHy |[TT=T,0<T <1, Te(T) = 1, Tr(IT) < oo}
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The electronic problem for a fixed nuclear configuration {z;, R,k}1§ <M

N
ﬁ]N = — z; %V Z Z \r — Z self-adjoint op. on H y

1=1 k=1

Theorem (Zhislin ’61): if vV < Z 2. (neutral or positively charged sys-

k=1
tem), then

o(Hy)={Ey, < E\ < Ey---}U[Z, +00).

Ground state Excited states

| /N

| — HHHH%

z Essential spectrum
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The electronic problem for a fixed nuclear configuration {z;, R,;{}1§ <M

N
ﬁ]N = — z; %V Z Z \r — Z self-adjoint op. on H y

1=1 k=1

The bound states are obtained by solving the Schrodinger equation

HyU =FEV, U Wy

The ground state is obtained by solving the minimization problem

Ey = min (\IJ|H ~N|) (pure-state formulation)
veWn

or, equivalently, the minimization problem

Ey = min Tr(H\T) (mixed-state formulation)
FED N
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Electronic densities

¢ Electronic density associated to a wavefunction ¥V € Wy

UV = ngr)=N (W(r, 1y, ,ry)|*dry -+ - dry
(RS)N—l

¢ Electronic density associated to an N-body density operator FeD N

linear

+00 +00
D= AW = npr) = finlr)
=1 =1

Theorem (/V-representability of densities).
We have
(0|30 € Wy st ng =n} = {n |37 € Dy st nrzn} — R,

where

Ry = {n > 0, /Rgn(r) dr = N, /RS IV/n(r)[*dr < oo} .
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Usual splitting the electronic hamiltonian
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Usual splitting the electronic hamiltonian

N
~ 1
HN:_Zl SV Zzu "Ry Z

1=1 k=1 1<i<y<N

T+ Vig+ Vee -
Z—I‘]| ne ce

1-body 2-body
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Usual splitting the electronic hamiltonian

N
~ 1
HN:_Zl SV Zzu "Ry Z

1=1 k=1 1<i<y<N

T+ Vig+ Vee -
Z—I‘]| ne ce

1-body 2-body

Hohenberg-Kohn splitting of the electronic hamiltonian

j_\[N — f + ‘7ee,+, ‘/}ne,
generic specific (to the molecular system considered)

(U|Hy | W) = (U|T + Vie| U) + (U|Vie | W) = (U|T + Vio| W) + / neV
]R?’

Z |I‘—Rk‘

Tr (ﬁ[Nf) :Tr((f+\7 ) F) + Tr (VHGF> :Tl'((f‘l_‘/}ee) f) +/3nfv
R
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2 - Constrained search

Constrained search I: pure state formulation (Levy 79, Lieb ’83)

E, = inf (U|Hx|W
o= it (WIHN|Y)

= mf( inf <\If|ﬁN|\If>>

neRy veWn ‘ ny=n

— inf ( inf (<\If|f+x7eew>+/ ’I”Lq;V))
neRy \VeWy | ng=n R3
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Constrained search I: pure state formulation (Levy 79, Lieb ’83)
FEo= inf (V|Hy|W
o= inf (V] H | V)

= inf

neERy \VeWn |ng=n

— inf ( inf (\If|f+x7ee]xp>+/ ’I”Lq;V))
neRy \VeWy | ng=n R3

(( inf \IJ\T—|—Vee|\If>) / nV).
VeWy | ng=n R3

inf \IJ|HN|\IJ>>

= inf
neR N
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Constrained search I: pure state formulation (Levy 79, Lieb ’83)

Ey= inf (U|Hy|D)

veWn
= inf inf \IJ|HN|\IJ>>
neR N veWn ‘ ny=n

— Inf
neR N

— inf ( inf (\If|f+x7ee]xp>+/ ’I”Lq;V))
neRy \VeWy | ng=n R3

(( inf \IJ\T—|—Vee|\If>) / nV).
VeWy | ng=n R3

AN AN

Friln] = inf  (U|T + Voo |V) Levy-Lieb functional.

veWn | ny=n

Let




2 - Constrained search

Constrained search I: pure state formulation (Levy 79, Lieb ’83)

Ey= inf (U|Hy|D)

veWn
= inf inf \IJ|HN|\IJ>>
neR N veWn ‘ ny=n

— inf ( inf (\If|f+x7eew>+/ ’I”Lq;V))
neRy \VeWy | ng=n R3

= inf ( inf  (U|T + Vee|\11>) / nV) .
neER N veWy | ny=n R3
Let
Friln] = inf (|7 + Vao|0) Levy-Lieb functional.
veWn | ny=n
We have

Ey= inf (FLL[R]—F/ RV)
neR R3
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10

Constrained search II: mixed state formulation (Valone ’80, Lieb ’83)

Ey= inf Tr(HyT)

PEDN
= inf | inf
nERN \TeDy| ng=n

= inf | inf
n€RyN \TeDy| np=n

Tr(ﬁ[Nf)>

(Tr ((f + ‘Aée)f> + /R 3 nfv)>

(Tx ((f+@e)f))> +/Rg nv> |

— inf inf
nER N fEDN | ng=n
Let
Fin] = inf Tr ((T + Vee)F) Lieb functional.
['eDy [ np=n
We have
Ey= inf (FL[n] + / nV) .
neER N R3
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Fyng| = Fri|no) if ng is pure-state V -representable, that is if n is the den-
sity associated with a ground state wavefunction for some external poten-
tial V.

F1 is the convex hull of Fi;.

No explicit expressions of the functionals F7, and F1, are available.

Approximations are needed for numerical simulations!
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Density functional theory for non-interacting electrons

Hamiltonian Levy-Lieb Valone-Lieb
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Non-interacting e~ HY =T + Ve TiLn] Ty|n|
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Density functional theory for non-interacting electrons

Hamiltonian Levy-Lieb Valone-Lieb
Interacting e~ Hy = (T\ + ‘Z,e) + Vie Fri|n] Fy|n]
Non-interacting e~ HY =T + Ve TiLn] Ty|n|

Can 71 |[n| be "easily' computed? No.

Can Tj[n| be "easily" computed?  Yes! — (extended) Kohn-Sham model
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One-body reduced density matrix (1-RDM)
e 1-RDM associated to a wavefunction WV € Wy
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R3(N-1)
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One-body reduced density matrix (1-RDM)
e 1-RDM associated to a wavefunction WV € Wy
U yy(r,r’) =N U(r,re, -+ ,ry) W(r,rg, - ,rN)*dry- - dry
R3(N-1)

e 1-RDM associated to an N-body density operator Fre?D N

linear

+00
['= Zfl|\1jl><qjl‘ —> ’}/F r, I‘ Zfl ”y\pl r, I‘
=1

Relation between the 1-RDM and the density

ng(r) = yy(r,r), na(r) = vs(r, r) (in some weak sense).

Expressions of the Kinetic energy as a function of the 1-RDM
~ 1
WITI) =5 [ (Vi) dr
R3
Tr(TF) zi/Rg( Vi, r)|y—) dr
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Janak functional

. |
Tyln]=  inf Tr (Tr) — inf - / (—=V2y(r,r)|v_y) dr
R3

I'eDy |np=n v|3LE€Dy s.t.4p=", np=n 2
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Janak functional

Tyln]= inf Tr (ﬁ) = inf 1/ (=Viy(r, r')|p—y) dr
R3

I'eDy |np=n v|3LE€Dy s.t.4p=", np=n 2

Theorem (/V-representability of mixed-state 1-RDM).

Let Gy = {7 | T e Dy s.t. vp = 7}. We have

+00

QN—{(I'I') ZV@Z ‘O<VZ§12VZ— :

1=1

i0; = 0ij, i | Voil* < oo
| 90] =0, ;v L IVél oo}
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Janak functional

PN 1
Tyln]= inf Tr (TF) = inf —/ (=Viy(r, r')|p—y) dr
R3

I'eDy |np=n v|3LE€Dy s.t.4p=", np=n 2

Theorem (/V-representability of mixed-state 1-RDM).

Let Gy = {7 | T e Dy s.t. vp = 7}. We have

+00

QN—{(rr) ZV@Z ‘O<V2§12VZ— :

1=1
b =5 E:y- Vi|* < oo b.
R3¢Z¢j 1,79 - 7 R3| ¢z‘ OO}

"Explicit" expression of the Janak functional

+00
lnf{ ZVZ |V¢Z“2,O§Vi§1,ZVZ':N,
R3
1=1
+00
s ¢z’¢; = 0i 4, Z V¢!¢z’(r)\2 = n(r)}
1=1



3 - Kohn-Sham and extended Kohn-Sham models 16

Exchange-correlation functional

Fin]= inf  Tr ((f + \7) f) — T4/n] + Epartree] + Exeln]

fEDN | nf:n
where

e T)n|: Janak functional

1 /
® Filartree|n] = = / / n(r)n(r) dr dr': classical Coulomb interaction
2 Jgs Jrs |r — 1|

o F..[n| .= FLIn] — Tn] — Exatrec|n|: €exchange-correlation functional.

Local Density Approximation (LDA):

BN = [ e (n(n)) o

ellEG(m): exchange-correlation energy density of a homogeneous electron

gas of uniform density 7.
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Extended Kohn-Sham LDA model (orbital formulation)
+00
ELXPA — inf {ELDA({% vi}),0< <1, Y v=N,
i=1
* 1 <= 2
3 ¢z¢j — 52',]', 5;% . \ngﬂ < OO}

¢;: i'" Kohn-Sham orbital
v;+ occupation number of ¢;

1 +00
ELDA({@» V@}> = 5 Z Vi/ ‘v¢i|2+/ n{%vz’}v—'_EHartree[[n{¢i,Vi}]+/ GECEGO?’{%V@}(I')) dr
—  Jrs R3 R3
+00

g} (L) = Z V@'|¢i<r>|2

1=1
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Extended Kohn-Sham LDA model (density operator formulation)

+00

density matrix ~(r,r’) Z V(1) (' < A= Z vilo:)(p;| density operator
1=1

EIPA —inf {€'PA®F), 7 € S(LARY), 0<F <1, Tr(§) = N, Tr(—AF) < oo}

1
EPAF) = Tr (—iv%) + / n5(r)V (r) dr+ Enartree |75+ / el G (ns(r)) dr,
R3 R3

ns(r) = y(r,r) in some weak sense.

The minimization set {7 € S(L*(R’)), 0 <5 <1, Tr(y) = N, Tr(—A7) < oo}
is convex and so are the first three terms of the LDA functional. On the
other hand, the LDA exchange-correlation functional is concave.



A
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19

Extended Kohn-Sham LDA equations (first order optimality conditions)

"= vl (oil.

7

KS
H

(4
Hifos ¢i = €i;

§ and
. ¢z¢] — 5z‘j

1
—§A+V+n0*|-|_1+

W(er) = 3 v oir')’,

v, =11f¢g; < EF,
0<y <lifeg; =e¢yp,
v; =0if g; > EF,

d eHEG

XC

- —(n)

I

I
II

Z
L”J]

V(e ) =) vilei(r)”

7

ZVZ':N

REI

|
o
-

[ |

i
N
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Some comments

1. For the exact exchange-correlation functional, the Kohn-Sham and ex-
tended Kohn-Sham models give the same ground state energy.

2. For approximate exchange-correlation functionals, the two models agree
for "insulators'', but may differ from ""'metals"'.

3. The extended Kohn-Sham is the one actually simulated when smearing
techniques are used to fasten SCF convergence: it is the limit when T’
goes to zero of the finite-temperature Kohn-Sham model.

4. The density operator formulation of the (extended) Kohn-Sham model
is very useful for the numerical simulation of very large systems (Kohn’s
"'shortsightedness'' principle = decay of +(r,r’) when |r — r'| — 0).
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DFT for crystals: some theoretical and practical issues

For each model (TFW, Hartree, LDA, GGA-PBE, B3LYP, ...),

1. Existence (and uniqueness) of the ground state density for molecules

2. Thermodynamic (bulk) limit for perfect crystals

Neutral finite cluster p2", p, 7

- i / P = / oy = Te(3y) = NI*

When L — oo, p7"° converges to some R-periodic charge density o7

per?
e does p!) have a limit?
e is this limit some R-periodic density pper
e can pper be characterized as a solution of some variational problem?
e can this problem be solved numerically?
e same questions for the limit 7). of 7}
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3. Thermodynamic limits for crystals with local defects and screening effect

Formal definitions of the total charge of the defect

R3 R3

¢ and also for Kohn-Sham models, m — Tr(@m’gF)
R3

Tr(@mfF) =+ ng P — charge screening!
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24

State of the art of the mathematical analysis for 1, 2 and 3

Molecules Perfect crystals | Charge screening
TF Lieb-Simon ’77 Lieb-Simon ’77 | Lieb-Simon ’77
TFW Lieb ’81 CLL ’98 E.C.-Ehrlacher ’11
DIOF Blanc-E.C. ’05 - -
DDOF ? ? ?
Hartree Solovej ’91 CLL ’01 E.C.-Lewin ’10
LDA Anantharaman-E.C. 09| non convex non convex
GGA ?? ?? ??
B3LYP ?? ?? ??
Schrodinger Zhislin ’61 ?? ??7?
Fefferman 85
HLS ’11

CLL: Catto-LeBris-Lions, HLS: Hainzl, Lewin, Solovej




