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Non-convex versus Convex Energies

Non-convex energy Convex energy

Some related work: Brakke ‘95, Alberti et al. ‘01, Ishikawa ‘01,
Chambolle ‘01, Attouch et al. ‘06, Nikolova et al. ‘06, Bresson et al. ‘07,
Zach et al. ‘08, Lellmann et al. ‘08, Zach et al. ‘09, Brown et al. ’10,
Bae et al. ‘10, Yuan et al. ‘10,...
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The Mumford-Shah Functional

Let 2 C RY and f,u: 2 — R

E(u) = /|f—u\2dac + A / Vul?dr + vHY(S,)
C\ Sy

Mumford, Shah ‘89, Blake, Zisserman ‘87
Ambrosio, Tortorelli ‘90, Vese, Chan ‘02

1 u(z)
i >
Sy Q2
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The Mumford-Shah Functional

Let 2 C RY and f,u: 2 — R

F(u) —/]f—fu|2dfr + A /\Vfu 2dr + v |Sy|
CQ\ Sy,

Mumford, Shah ‘89, Blake, Zisserman ‘87
Ambrosio, Tortorelli ‘90, Vese, Chan ‘02

Piecewise constant approximation for A — oo : €21

E({S2;, 15 }i) = Z/UC(I) — il % dv + g
1 Q?j

Qi =, and QN Q; =0 Vi#j

Mumford, Shah ‘89, Chan, Vese ‘01, Potts ‘52, Ising 25
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Comparison of Regularizers

E(u) = /|f — u\zda: + !/?,/)(V'u,) dx
Q2

)

Daniel Cremers

\_

v

\_

Q2
i o= (o
w(s) = min(|s?,v) | | w(s) = p(s) = s
v, else
t t t
> > >
Truncated quadratic Potts model Linear/ TV
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Total Variation Denoising

Input image TV-denoised

+ Convex & fast to minimize
Oversmoothing in flat regions (staircasing)

Reduces contrast at edges
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Overview

Minimal partitions

Semantic segmentation Mumford-Shah

Daniel Cremers Convex Optimization and Image Segmentation 8




Overview

..
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Convex multilabel optimization
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Cartesian Currents and Relaxation

u: 2 = [ = [’7’771'2377,: ’)’ma;‘c]

B() = [ p(a,u(@)de + [ |Vu(@)|do (+)
\§ J U J
' Y
nonconvex data term label regularity

Pock , Schoenemann, Graber, Bischof, Cremers ECCYV 08
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Cartesian Currents and Relaxation

u: 2 = [ = [’7’771'2377,: ’)’ma;‘c]

F(u) = /Q plx,u(x))dr + /Q |Vu(z)| dzx (*)

Let v: (=0 x)—{0,1} v(z,7) = 1,>~(x)

A

v(x,v) =0 u(z)

Ishikawa , PAMI ‘03

v(z,vy) =1

Q >

Pock , Schoenemann, Graber, Bischof, Cremers ECCYV 08
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Cartesian Currents and Relaxation

u: 2 = [ = [’7’771'2377,: ’)’ma;‘c]

F(u) = /Q plx,u(x))dr + /Q |Vu(z)| dzx (*)

nonconvex functional
Let v: (=0 x)—{0,1} v(z,7) = 1,>~(x)

Theorem: Minimizing () is equivalent to minimizing

F(o) = [ plan)loyo(e. )| + Vol )l dedy | (o)

convex functional

Solve (*x*) in relaxed space (v : >~ — [0, 1]) and threshold
to obtain a globally optimal solution.

Pock , Schoenemann, Graber, Bischof, Cremers ECCYV 08
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Evolution to Global Minimum
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Global Optima for Convex Regularizers

Let
E(u) = /Qf(az,u,Vu) dx

be continuous in ERd and u, and convex in V.

Theorem:

F(u) can be minimized globally by solving the saddle point problem

min sup o - Do,

where ¢ is constrained to the convex set
K = {¢= (6%, ¢") € Co (2 x R RY x )

d(z, 1) > [*(x, b, " (x, 1)), Vo, t € Q2 x R} .

Pock, Cremers, Bischof, Chambolle, SIAM J. on Imaging Sciences '10
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An Efficient Saddle Point Solver

Given the saddle point problem

min max (Av,d) + (g,v) — (h, &)

with closed convex sets C' and K and linear operator A of norm L.

The iterative algorithm
. (bn—l_l — Mg (qﬁn + O‘(A’l_)n N h))

{ Tl

Mo (v — 7(A*¢n 1 + )

ran—ﬁ— 1

\

2 ,Un+1 R

converges with rate O(1/n) to a saddle point for o 7 L° < 1.

Pock, Cremers, Bischof, Chambolle, ICCV ‘09, Chambolle, Pock ‘10
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Reconstruction from Aerial Images

One of two input images

_ Depth reconstruction
Courtesy of Microsoft
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. Reconstruction from Aerial Images
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Overview

Minimal partitions

Daniel Cremers Convex Optimization and Image Segmentation 18




The Minimal Partition Problem

min 3109 + Y [ file) da 2

QO,...,Qn 2 i

s.t. UQichRd, and Q,NQ,; =0 Vi£j |2

Potts '52, Blake, Zisserman ‘87, Mumford-Shah ‘89, Vese, Chan 02

Proposition: ~ With v; = 1¢,, this is equivalent to

m'n—Z/‘DUJ‘F/’“ fidx = mlnSUDZ/v@-dinid:E—I—/fu@-fida?
Q

cB 2 veB IC
jUS 0

where K = {p: (plj...,pn)—r ERnXd V’L <j}

Chambolle, Cremers, Pock ‘08, SIIMS ‘12
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Test Case: The Triple Junction

Input image Lellmann et al. ‘08 Zach et al. '08 our approach

Proposition: The proposed relaxation strictly dominates alternative relaxations.

Chambolle, Cremers, Pock ‘08, SIIMS ‘12
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Four-Region Case

Input image Inpainted

Chambolle, Cremers, Pock ‘08, SIIMS ‘12
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A e Minimal Surfaces in 3D

3D min partition inpainting Photograph of a soap film

Chambolle, Cremers, Pock ‘08, SIIMS ‘12
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The Minimal Partition Problem

b}
vt
M
o

Input color image 10 label segmentation

F

Chambolle, Cremers, Pock ‘08, SIIMS ‘12
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Interactive Segmentation

. w -

Nieuwenhuis, Cremers, PAMI ‘12
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Space-dependent Color Likelihoods

Nieuwenhuis, Cremers, PAMI ‘12
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Interactive Segmentation

Nieuwenhuis, Cremers, PAMI ‘12
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Interactive Segmentation

Nieuwenhuis, Cremers, PAMI ‘12
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Overview

Semantic segmentation
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Semantic Image Segmentation

water

COw

grass

Ladicki et al. ECCV ‘10, Souiai et al. EMMCVPR ‘13
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Convex Relaxation vs. Graph Cuts

linear programs

convex programs

Klodt et al., ECCV 08, Nieuwenhuis et al. PAM| ‘13
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Semantic Image Segmentation

~
b £

3 g i N
L ] r e £ SRR L
Mo e N ey
% 3

Input images
COW COoOWw
grass
grass tree
sheep bird bird
build o
Segmentation with boundary length regularity
water
grass
sheep bird e

grass

Segmentation with label configuration prior
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Semantic Image Segmentation

tree

water grass building
chair

boat
car

road road

Souiai et al. EMMCVPR ‘13
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A Caed General Ordering Constraints

Strekalovskiy, Cremers, ICCV 2011
Related discrete approach: Liu et al. PAMI ‘10
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General Ordering Constraints

Reminder: With v; = 192., the minimal partition problem is: o

m|n_2/|D%|_|_/fU f de = minsupZ/v?;dinida:—l— /Uz.fidaf
' Q

5 2 veb pek T

where K = {p = (p1,-..,pn) € RV |Pj P

<1,|Vi<j}
Consider instead the more general convex set:

Ka={p € R™™ :| (o) — pi,v) < d(i,5,), Vi < j, v € ™1

Penalize transitions depending on label values i, 5 and orientation v.

Strekalovskiy, Cremers, ICCV 2011
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General Ordering Constraints

' i fi Iu
| | -
_- _ [ G

Input Data term Mln partltlon Orderlng
Strekalovskiy, Cremers, ICCV 2011
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General Ordering Constraints

Strekalovskiy, Cremers, ICCV 2011
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Input Min. partition Ordering
Strekalovskiy, Cremers, ICCV 2011

Daniel Cremers Convex Optimization and Image Segmentation 37




Overview

Mumford-Shah

Daniel Cremers Convex Optimization and Image Segmentation 38




Piecewise Smooth: Scalar Case

E(u) =/\/(f—u)2da:+/\vu|2da:+yH1(su) (%)
Q2 Q\ Sy

Mumford, Shah ‘89

For u € SBV(2,R), Q2 C R", (%) can be written as

-~

E(u) = sup ©D1y,
SOGKQXR
with a convex set
K':{QOGCO(QXR;RRXR)Z 3 S - -

S ¢, 1)°

Pyt = T A - J@)?, {/:wmcz g%}

Alberti, Bouchitte, Dal Maso '04
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Piecewise Smooth: Scalar Case

Input image piecewise constant piecewise smooth

Pock, Cremers, Bischof, Chambolle ICCV 09
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A Piecewise Smooth: Scalar Case

noisy input restoration surface plot

Pock, Cremers, Bischof, Chambolle ICCV 09
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The Crack Tip & Open Boundaries

fixed boundary values inpainted crack tip surface plot

Pock, Cremers, Bischof, Chambolle ICCV 09
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The Vectorial Mumford-Shah Problem

For u € SBV (€2, Rk) we consider the functional

E(u) = /\f ul?de + A / Z |V ug| 2d -I-
o\S,'=1

Proposition: For v = 1y = (luyq, ..., Ly, ), we have:

k
B(u) = F(v) i= 322,; | ity Doy, t)

1 2 xR

with the convex set:

(ta~"Fi(2))?,

VI<i<k x€Q,t; <t }

1/

J 1 , 2
oi(w. t;) > zxlof (x,t;)]7 —
/'j o (x,s)ds

y

k
=
Strekalovskiy, Chambolle, Cremers, CVPR ‘12
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An Efficient Reformulation

Proposition: The constraint set (’)(n% s e n%)

— {a|(af,a§) c O (2 x R; R"™ x R),

ot (x,t;) > Zxlof (z, t)|2 — (t; — fi(x))?,

k .t/
[ Y
j=1

/ / o (x,s)ds
L
is equivalent to the constraint set O(n% T n%)
K= {(o;m)| (of 01) € C(Q x R R" x R),

) 1 > >
oi(x,t;) = 7|07 (z,4:)|° — (& — fi(z))~,

t! k
ft-@ oi (x,s) ds

<m;(z), > mj(z) < y}v’z’, reQ,t <t }
i j=1

<u,] ‘v’lgigk,xeﬂ,t'<t; }

== | Same complexity as channel-wise processing.
Strekalovskiy, Chambolle, Cremers, CVPR ‘12
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The Vectorial Mumford-Shah Problem

Input image TV denoised Vectorial Mumford-Shah

Strekalovskiy, Chambolle, Cremers, CVPR ‘12
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Channelwise versus Vectorial

[,_i\ \Y

Input image Channelwise MS Vectorial MS

Jump set Sy Jump set S5y
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Channelwise versus Vectorial

i

Input image Channelwise MS Vectorial MS

Strekalovskiy, Chambolle, Cremers, CVPR ‘12
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Piecewise Constant Color Segmentation

Mg

b
|

ﬁ*’g A
Q §

@

AT A% s
Input image A=oc0, v =0.05

’ ‘ t ’ s ’
oL - . -
ay " Yy -
. >
J.'ri ..n*i
A=oc,v=2~0.1 A=oc, v =20.2

Strekalovskiy, Chambolle, Cremers, CVPR ‘12
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Conclusion

Convex relaxations for real-valued estimation
problems can be derived by discretizing the

space of permissible values.

In the scalar-valued case we obtain provably

optimal solutions for convex regularizers.

For nonconvex regularizers (Mumford-Shah
and min. partition) we get near-optimal

solutions independent of the initialization.
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