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Two convex optimization problems

¢1 minimization seeks a sparse solution to an underdetermined linear
system of equations: )

?

al--=-.

min ||| s.t. Az =1y

Robust PCA expresses an input data matrix as a sum of a
low-rank matrix L and a sparse matrix S

min ||L|[. + \|S|: s.t. L+S =D




Two noise-aware variants

Basis pursuit denoising seeks a sparse near-solution to an
underdetermined linear system: )

al--=-.

min [lz]|; + 5]lAz — ylf3

22

Noise-aware Robust PCA approximates an input data matrix as a sum of a
low-rank matrix L and a sparse matrix S

min || L], + A|lS|:1 + 2[|IL+ S — D||%




Many possible applications ...

CHRYSLER SETS STOCK SPLIT, HIGHER DIVIDEND

Chrysler Corp said its board declared a three-for-two stock split in the
form of a 50 pct stock dividend and raised the quarterly dividend by
seven pct.

The company said the dividend was ra’
35 cts on a pre-split basis, equal to a 25
basis.

Chrysler said the stock dividend is pa
record March 23 while the cash dividend is
of record March 23. It said cash will be pai

With the split, Chrysler said 13.2 mln sl
in its stock repurchase program that began
now has a target of 56.3 mln shares with t

Chrysler said in a statement the actiol
standing performance over the past few j

about the company’s future.” vz - vz~
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... 1f we can solve these core optimization problems
accurately, efficiently, and scalably.



Key challenges: nonsmoothness and scale

Nonsmoothness: structure-inducing regularizers W -1
such as || - |[1, || - ||+ are not differentiable:

Great for structure recovery ... AN
... challenging for optimization.




Key challenges: nonsmoothness and scale

Nonsmoothness: structure-inducing regularizers W -l
such as || - |[1, || - ||+ are not differentiable:
Great for structure recovery ... AN

... challenging for optimization.

Scale ... typical problems involve 10% — 10° unknowns, or more.

Time = (#iterations for an e-accurate soln.) x (time per iteration)

Classical interior point methods (e.g., SeDuMi, SDPT3): great convergence
rate (linear or better), but Q(#unknowns®) cost per iteration. High accuracy for
small problems.

First-order (gradient-like) algorithms: slower (sublinear) convergence rate, but
very cheap iterations. Moderate accuracy even for large problems.



Why care? Practical impact of algorithm choice

Time required to solve a 1,000 x 1,000 matrix recovery problem:

Algorithm Accuracy Rank |1 E]|o # iterations | time (sec)
IT 5.99e-006 50 101,268 8,550 119,370.3
DUAL 8.65e-006 50 100,024 822 1,855.4
APG 5.85e-006 50 100,347 134 1,468.9
APG, 5.91e-006 50 100,347 134 82.7
EALM, 2.07e-007 50 100,014 34 37.5
IALM, 3.83e-007 50 99,996 23 11.8

Four orders of magnitude improvement, just by choosing the right
algorithm to solve the convex program.

This is the difference between theory that will have impact “someday”
and practical computational techniques that can be applied right now...




This lecture: Three key techniques

In this hour lecture, we will focus on three recurring ideas that allow
us to address the challenges of nonsmoothness and scale:

Proximal gradient methods: coping with nonsmoothness

Optimal first-order methods: accelerating convergence

Augmented Lagrangian methods: handling constraints

For more depth / breadth, please see the references at the end of
these slides or Lieven Vandenberghe’s lectures this afternoon!



Why worry about nonsmoothness?

The best uniform rate of convergence for first-order methods* for
minimizing f € F depends very strongly on smoothness:

Function class F

Minimax suboptimality f(xx) — f(z*)

smooth  f convex, differentiable
~—  |IVf(@)-Vf(@)| < Lljz -

el — o ()

nonsmooth f convex

\/ [f(x) — f(2)] < M|z — ']

* Such as ¢radient descent. See e.g., Nesterov, “Introductory Lectures on Convex Optimization”
8 8 Y P




Why worry about nonsmoothness?

The best uniform rate of convergence for first-order methods* for
minimizing f € F depends very strongly on smoothness:

e o @A L Minimax suboptimality f(xx) — f(z*)
smooth f convex, differentiable CLl|wo—a" |2 _ o ( 1 )
~  |Vf(@)-Vi@)| < Llx-| k2 w=
nonsmooth f convex CMl||lxog—x™|| 1

N/ @ -f@)<Mle— wrl = o (%)

For f(xy) — f(x*) < ¢, need k = O(c7?) iter. for worst nonsmooth f

Can we exploit special structure of | - |1, | - |/« to get accuracy
comparable to gradient descent (for smooth functions) ?



What does gradient descent do, anyway?

Consider min f(x), with f convex, differentiable, and V f L-Lipschitz.

Gradient descent: z1 =z, — +Vf(xs)
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flemr) = f(ze) + (Vi(xp), @ —xp) + 5|le — x|
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What does gradient descent do, anyway?

Consider min f(x), with f convex, differentiable, and V f L-Lipschitz.

Gradient descent: z1 =z, — +Vf(xs)

Quadratic approximation to f around T :

flx,zp) = flze)+ (V(xr), @ — xp) + £l — 2
= Lo — (xp — TV (xp)3 + o(k).

Doesn’t depend on x




What does gradient descent do, anyway?

Consider min f(x), with f convex, differentiable, and V f L-Lipschitz.

Gradient descent: z1 =z, — +Vf(xs)

Quadratic approximation to f around T :

flx,zp) = flze)+ (V(xr), @ — xp) + £l — 2
Llle — (zr — V[ (2i))]15 + (k).

Key observation: ®;41 = argming f(x,xx).

At each iteration, the gradient descent minimizes a (separable) quadratic
approximation to the objective function, formed at k.



What does gradient descent do, anyway?

Consider min f(x), with f convex, differentiable, and V f L-Lipschitz.

Gradient descent: z1 =z, — +Vf(xs)

Quadratic approximation to f around T :

flx,zp) = flze)+ (V(xr), @ — xp) + £l — 2
Llle — (zr — V[ (2i))]15 + (k).

Key observation: ®;41 = argming f(x,xx).

At each iteration, the gradient descent minimizes a (separable) quadratic
approximation to the objective function, formed at k.

Rate for gradient descent: f(x;) — f(z*) < CL”m(}c—m*“Q = 0 (%)



Borrowing the approximation idea...

min 3[|Az —yl3 + Al
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Borrowing the approximation idea...

min 3[[Az—yl3 + Alzllp = min f(z) + g(@)

smooth  nonsmooth

—_



Borrowing the approximation idea...
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smooth mnonsmooth

Just approximate the smooth part:

~
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Borrowing the approximation idea...

min 3[|Az—yl3 + Azli = min f(z) + g(=z)

smooth mnonsmooth

Just approximate the smooth part:

~

F(z,zp) = f(zp) + (V(xp), ©—xp) + 5z — x]]* + g(x)
Sl — (@) — £V f(zr))||5 + g(x) + o(xp).



Borrowing the approximation idea...

min 3[|Az—yl3 + Azli = min f(z) + g(=z)

smooth mnonsmooth

Just approximate the smooth part:

~

Fz,xp) = f(ze) + (VF(or), @ — o) + 5l — 2] + g(2)
Sl — (@) — £V f(zr))||5 + g(x) + o(xp).

... and then minimize to get the next iterate:
Li+1 — arg min F(CB, GBk)
xr

= argmin £fla — (@ — 2VF (@)} + (@)

This is called a proximal gradient algorithm.



Proximal gradient algorithm

min f(x) + g(x), with f convex differentiable, V f L-Lipschitz.

Proximal Gradient:

Tl = argming 5|z — (zx — £V F(r))|I3 + 9()

Converges at the same rate as gradient descent:

Flay) — F(a7) < SHzeell — 0 (1)

Efficient whenever we can easily solve the proximal problem
prox,,4(z) = argmin gllz — 2|3 + pg(x)

i.e.,, minimize ¢ plus a separable quadratic.



Prox. operators for structure-inducing norms

prox,,(2) = argmin 3|z — 23 + ug(x)

For g(x) = ||||1, prox,,(z) is given by soft thresholding
the elements of z: S, (2) = sign(z) max{|z| — u, 0}.

This operator shrinks all of the elements of z towards zero:

‘f’ WH' ‘J iy ’hll H

z s<z>

It can be computed in linear time (very efficient).



Prox. operators for structure-inducing norms

prox,,,(z) = argmin gllz — 2|3 + pg()

For g(x) = ||x||1, prox,,(z) is given by soft thresholding
the elements of z: S, (2) = sign(z) max{|z| — u, 0}.

For g(X) = || X||«, prox,,(Z) is given by soft thresholding
the singular valuesof Z: for Z = UXV",

Z) = US,[Z]V*.

prox . (

Again efficient (same cost as a singular value decomposition).

Similar expressions exist for other structure inducing normes.



Summing up: proximal gradient

min f(x)+ g(x), with f convex differentiable, V f L-Lipschitz.

Proximal Gradient:

Ti+1 = argming 5|z — (xx — V£ (@)l + 9()

Converges at the same rate as gradient descent:

Flay) — F(a7) < SHze=zll — o (1)

Efficient whenever we can easily solve the proximal problem
prox,,4(z) = argmin gllz — 2|3 + pg(x)

This is the case for many structure-inducing norms.



What have we accomplished so far?

Function class F Suboptimality f(x) — f(x*)

smooth  f convex, differentiable oL .2
/ / :c02—a: ” — ("') (Lz)
N— IVf(z) = Vf(z')] < Lljz — ' k k
smooth + structured nonsmooth: F =
—_ t f, g convex, 7 = o
IVf(z) = Vf(@)|| < Lljz— '
th convex
onsmeotf CM|zo—a"| _ g (%)
k

\/ [f(x) — f(&')| < M|z — '] vk

Still a gap between convergence rate of proximal gradient,
O(1/k) and the optimal O(1/k*) rate for smooth f.

Can we close this gap?



Why is the gradient method suboptimal?

For smooth f, gradient descent is also suboptimal...
intuitively, for badly conditioned functions it may “chatter”:

Gradient descent

Lrt+1 — Tk — Osz(.’Bk)



Why is the gradient method suboptimal?

For smooth f, gradient descent is also suboptimal...
intuitively, for badly conditioned functions it may “chatter”:

Gradient descent

Lrt+1 — Tk — Osz(:l?k)

The heavy ball method treats the iterate as a point mass with momentum,
and hence, a tendency to continue moving in direction @y — Tp_1 :

Heavy ball

Trpi1 = xp — oV f(xy) + B(xr — Tr—1)



Nesterov’s optimal method

Shares some intuition with heavy ball, but not identical.
Heavyball: 11 =T — oV f(xy) + B(xr — TR—1)

Nesterov : Y = Tk + Br(Tr — Tp—1)
Trt1 =Y — OV [(Yy)
with a very special choice of 3 to ensure the optimal rate:

-1 14 14-4t3 _
Be=3= thp=—F5— a=1/L

Theorem 6 (Nesterov ’83) Let f be a convex function with L-Lipschitz gra-
dient. The accelerated gradient algorithm achieves

CL||zo — =*||3

fle) — fa") < =

(1)

This is optimal up to constants.




What about smooth + nonsmooth?

min  f(x) + g(x)

smooth nonsmooth

Again form a separable quadratic upper bound, but now at Yy, :

~

F(x,y,) = f(yk)+<Vf(yk)7$—yk>‘|‘%||33—yk||2+9(33)



What about smooth + nonsmooth?
min  f(x) + g(x)
smooth nonsmooth

Again form a separable quadratic upper bound, but now at Yy, :

Fay

F(z,y,) = flye) +(Vf(ye) @ —yp) + 5lz =yl + g(z)
Again, replace the gradient step with minimization of the upper bound:

Tpi1 = argminF(xz,y,)
T
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Fay

F(z,y,) = flye) +(Vf(ye) @ —yp) + 5lz =yl + g(z)
Again, replace the gradient step with minimization of the upper bound:
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= argmin 7|z — (y, — V() + 9()
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smooth nonsmooth
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Fay
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What about smooth + nonsmooth?

min  f(x) + g(x)

smooth nonsmooth

Again form a separable quadratic upper bound, but now at Yy, :

Fay

F(z,y,) = flye) +(Vf(ye) @ —yp) + 5lz =yl + g(z)
Again, replace the gradient step with minimization of the upper bound:
Lk+1 = aIg m{gﬂ F(m: Yr)

= argmin 7|z — (y, — V() + 9()

= PTOXL—lg(yk - %Vf(yk))

Making the same special choice Y = Tx + Sk(Tr — Tr—1) , we obtain

an accelerated proximal gradient algorithm.



Accelerated proximal gradient algorithm

min f(x)+ g(x), with f convex, differentiable, V f L-Lipschitz.

Accelerated Proximal Gradient:

Y = Tk + Be(Tr — Th—1)
Repeat )
Lrp+1 = prOXL—lg(yk - fvf(yk))

14++/14+4t2
and tk+1: 2 k

with SBi = b=

B
tht1

Converges at the same rate as Nesterov’s optimal gradient method:

* CL||xo—x*||?
F(ay) — F(z*) < SHeeel = 0(4%)

Again, efficient whenever we can easily solve the proximal problem

prox,,(z) = argmin gz — 2|3 + pg(x)



What have we accomplished so far?

Function class F Suboptimality f(x) — f(x*)
smooth ~ f convex, d1ffe,rent1able | CLlmo—="I” _ g ( 1 )
~—— IVf(@)-Vf(@)| < Lz -2 k2 k2
smooth + structured nonsmooth: F=f+

49 CLjey—et? _ o (L
—_ f. g convex, 12 = 5

IVf(z) = Vf)| < Ll - 2|

nonsmooth convex
/ OM|zo—z"|

N/ @ -s@) < Mle-o| ol = e ()

For composite functions F = f + g, with f smooth,
if g has an efficient proximal operator, we achieve
the same (optimal) rate as if F was smooth.



What about constraints?

Consider the equality constrained problem

min ||z|l; s.t. Az =1y ()

Continuation: solve a sequence of unconstrained problems of form

min ||z|ly + §l|Az — y|3,
with p " 0o. Solutions converge to the solution to (x).
Big downside: conditioning. For f(x) = 4| Az — y||5, the gradient is

L -Lipschitz, with L = u||A*A||. As @ /" oo, the unconstrained

problems get harder and harder to solve.

Is there a better-structured way to enforce equality constraints?



The method of multipliers

min F(x) s.t. Ax =y (%)
The Lagrangian is

L(x,A\) = F(x) + (\, Ax — y)



The method of multipliers

min F(x) s.t. Ax =y ()
The augmented Lagrangian is

Lo(x,A) = F(z) + (A, Az —y) + §||Az — yl[3.

Extra penalty term



The method of multipliers

min F(x) s.t. Ax =y ()
The augmented Lagrangian is

Lo(x,A) = F(z) + (A, Az —y) + §||Az — yl[3.

The method of multipliers solves (*) by seeking a saddle point of £, :
xp+1 = argmin L£,(x, Ag)

Apt1 = g+ p(Axri1 — y).



The method of multipliers

min F(x) s.t. Ax =y ()
The augmented Lagrangian is

Lo(x,A) = F(z) + (A, Az —y) + §||Az — yl[3.

The method of multipliers solves (*) by seeking a saddle point of £, :
xp+1 = argmin L£,(x, Ag)

Apt1 = g+ p(Axri1 — y).

Solves a sequence of unconstrained problems: min £,(x, Ax)
xr

Penalty parameter p > 0 can be constant (avoids ill-conditioning),
or increasing for (faster convergence).



Summing up: Method of multipliers

Solves, e.g.,, min F'(x) s.t. Ax =y, with F' convex, Isc.

Method of multipliers (augmented Lagrangian)
xTp+1 = argmin L,(x, Ag)

A1 = Mg + p(Azp1 — v).

Classical method [Hestenes ‘69, Powell ‘69], see also [Bertsekas ‘82].
Avoids conditioning problems with the continuation / penalty method.

Under very general conditions Aj converges to a dual optimal point,
|Azy —y|| = 0, and F(xy) — inf{ F(z) | Az =y }.
[Rockafellar ‘73, Eckstein “12] .



What have we accomplished so far?

Consider the robust PCA problem
min ||L|[« + A||S]1 st. L+S=D

Augmented Lagrangian

Lo(L, S, A) =||L|[ + A|S[l1 + (A, L+ S - D)+ §|[L+ S — D||,

The method of multipliers is

(Lior, Siir) = argming s | Ll + A|S| + (Ag, L+S~ D) + 8| L+ S DJ};
Ak:—l—l = A, + p(Lk + S — D)

Each iteration is a large nonsmooth optimization problem...

Is there special structure we can exploit to simplify the iterations?



Special structure: Separable objectives

min [|L|. + A|S|; st. L+S=D

Aug. Lagrangian: L,(L,S,A)=|L|+A|S|h+(A,L+S—-D)+5|L+S—D|%

Minimizing L, with respectto S is easy:

argmgnﬁp(L,S,A) = argm§n||L||*+)\||S||1+(A,L+S—D)+§HL+S—D||}



Special structure: Separable objectives

min [|L|. + A|S|; st. L+S=D

Aug. Lagrangian: Lo(L,S,A)=||L||l«+A|S|H +(A,L+S—-D)+ E||L+S— D|%

Minimizing L, with respectto S is easy:
argmgnﬁp(L, S,A) = argmgn IL[l. + A||S]1 + (A,L+S - D)+ £|L+S—D|7
= argmin \|S|ly + §1S — (D = L = JA)|[z + (L, D, A)



Special structure: Separable objectives

min [|L|. + A|S|; st. L+S=D

Aug. Lagrangian: Lo(L,S,A)=||L||l«+A|S|H +(A,L+S—-D)+ E||L+S— D|%

Minimizing L, with respectto S is easy:
argmgnﬁp(L, S,A) = argmgn IL|l« + AlS|li +(A,L+S - D)+ 2|L+S - D|%
= argmin \|S|ly + §1S — (D = L = JA)|[z + (L, D, A)
- prox)\pfln_”l(D—L—p_lA).



Special structure: Separable objectives

min [|L|. + A|S|; st. L+S=D

Aug. Lagrangian: L,(L,S,A)=|L|+A|S|h+(A,L+S—-D)+5|L+S—D|%

Minimizing L, with respectto S is easy:

arg msifnﬁp(L, S, A) = pI‘OX)\pflll_”l(D — L — p_lA).



Special structure: Separable objectives

min [|L|. + A|S|; st. L+S=D

Aug. Lagrangian: £,(L,S,A)=||L||. + A|S|1 +(A,L+S—D)+£|L+S - D|%
Minimizing L, with respect to S is easy:
argm&nﬁp(L, S, A) = pI‘OX)\pflll_”l(D —L—p_lA).

Minimizing L, with respect to L is also easy:

argrngnﬁp(L, S,A) = prox,— ., (D—-8- pA).



Special structure: Separable objectives

min [|L|. + A|S|; st. L+S=D

Aug. Lagrangian: Lo(L,S,A)=||L||l«+A|S|H +(A,L+S—-D)+ E||L+S— D|%

Minimizing L, with respect to S is easy:

argm&nﬁp(L, S, A) = pI‘OX)\pflll_”l(D —L—p_lA).

Minimizing L, with respect to L is also easy:

argrngnﬁp(L, S,A) = prox,— ., (D—-8- ptA).
Why not just alternate?
Lt’c—l—l = arg H]gﬂﬁp(L, Sk)Ak) = prOX,O_l”‘H*(D — Sk — p_lAk)'
Sk-l—l = arg mSin £p(Lk+la S, A-k:) = pI'OX)\p_1||_||1 (D — L;{;+]_ — p_lAk).
Apt1 = A+ p(Liy1 + S+ — D)




More generally: Alternating Directions MoM

min f(x)+ h(z) st. Ax+ Bz=1y

Aug. Lagrangian: L,(z,z,\) = f(z) + h(z) + (\, Az + Bz —y) + £|Az + Bz — y||%

Alternating Directions Method of Multipliers (ADMM)
1 = argming L,(x, 2k, Ak)
Zk41 = argming L,(Tr+1, 2, Ag)
Ait1 =X + p(Azps1 + Bzry1 — y)




Alternating Directions MoM

min f(x)+ h(z) st. Ax+ Bz =y

Aug. Lagrangian: L,(z,z,\) = f(z) + h(z) + (\, Az + Bz —y) + 2| Az + Bz — y||%

Alternating Directions Method of Multipliers (ADMM)
1 = argming L,(x, 2k, Ak)
Zk41 = argming L,(Tr+1, 2, Ag)
Ait1 = A + p(Azp41 + Bz — y)

Convergence: if f,h closed, proper, convex functions, and £ has a
saddle point, then ... A converges to a dual optimal point,

Azp + Bz =y and f(xg) + h(zg) — inf{ f(x) + h(z) | Ac+ Bz =y }.

Convergence rate O(1/k), in a certain sense [He+Yuan “11].



Linearized Alternating Directions MoM

min f(x)+ h(z) st. Ax+ Bz=1y

Aug. Lagrangian: L,(z,z,\) = f(z) + h(z) + (\, Az + Bz —y) + £|Az + Bz — y||%
ADMM: Lk+1 — arg ma%n ‘Cp(aja 2k Ak)
= argmin f(z) + §|| Az + Bz —y + 23

Complicated if A, B # I

Linearized ADMM: just take a proximal gradient step...

Tpi1 = argmain f(x) + &z — (xp, — TA*(Azy, + Bz, — y + %Ak))”%

— proxzf(a:k — TA*(ACUk + Bz —y — %Ak))
P

Much more efficient if / has a simple proximal operator.



Linearized Alternating Directions MoM

min f(x)+ h(z) st. Ax+ Bz=1y

Aug. Lagrangian: L,(z,z,\) = f(z) + h(z) + (\, Az + Bz —y) + 2| Az + Bz — y||%

Linearized ADMM
Tht1l = pl“OXzf(CBk — TA*(A{L‘k + Bz, — vy + %/\k))

P *
Ze+1 = pl“OX%h(zk — TB (Awk—i—l -+ sz — Y + %Ak))
Ak+1 = Ak + p(AZp 1 + Bzgr1 — y)

See, e.g., [S. Ma 2012]. Convergent if 7 < min{|| A%, | B|I*}.
Handles problems with more than two terms, e.g., Z@ fi(x;).

Now can take advantage of two types of special structure ...
separability of the objective and prox capability of f, .



Finally, what have we accomplished?

Time required to solve a 1,000 x 1,000 robust PCA problem:

Algorithm Accuracy Rank 1E]|o # iterations | time (sec)
IT 5.99e-006 50 101,268 8,550 119,370.3
DUAL 8.65e-006 50 100,024 822 1,855.4
APG 5.85e-006 50 100,347 134 1,468.9
APG, 5.91e-006 50 100,347 134 82.7
EALM, 2.07e-007 50 100,014 34 37.5
IALM, 3.83e-007 50 99,996 23 11.8

THIS
LECTURE

|

Four orders of magnitude improvement, just by choosing the right

algorithm to solve the convex program:

Proximal gradient = Accelerated proximal gradient = ALM = ADMoM



Recap and Conclusions

Key challenges of nonsmoothness and scale can be mitigated by using
special structure in sparse and low-rank optimization problems:

Efficient proximity operators = proximal gradient methods

Separable objectives = alternating directions methods

Efficient moderate-accuracy solutions for very large problems.
Special tricks can further improve specific cases (factorization for low-rank)

Techniques in this literature apply quite broadly.
Extremely useful tools for creative problem formulation / solution.

Fundamental theory guiding engineering practice:

What are the basic principles and limitations?
What specific structure in my problem can allow me to do better?



To read more...

Problem complexity and lower bounds:
Nesterov — Introductory Lectures on Convex Optimization: A Basic Course 2004
Nemirovsky — Problem Complexity and Method Efficiency in Convex Optimization

Proximal gradient methods:

Accelerated gradient methods:
Nesterov — A method of solving a convex programming problem with convergence rate O(1/k"2), 1983
Tseng — On Accelerated Proximal Gradient Methods for Convex-Concave Optimization, 2008
Beck+Teboulle — A Fast Iterative Shrinkage-Thresholding Algorithm for Linear Inverse Problems, 2009
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