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Overview

• Lattice paths


• Partition functions


• An algebraic tool


• Computation of partition functions


• Application to skew Macdonald polynomials
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Theorem [AG, A Gunna ’23]:





where  and  is another “small” conic partition function (with two 
types of paths) which has and explicit expression as a rational function in .

T(v |x; z) = exp* −∑
k>0

vk

k (zk
1 + ⋯ + zk

n +
qk − tk

1 − tk
zk

0) Lk(x1…xk)

exp* A = 1 + A + 1/2!A * A + 1/3!A * A * A + ⋯ Lk(x1…xk)
xi



The shuffle algebra



Consider the vector space of symmetric rational functions:          V = ⨁
k≥0

ℚ(q, t)(x1…xk)𝒮n

The shuffle algebra



Consider the vector space of symmetric rational functions:          V = ⨁
k≥0

ℚ(q, t)(x1…xk)𝒮n

Multiplication of two elements :
F, G ∈ V

F(x1…xk) * G(x1…xl) = ∑
σ∈𝒮k+l/𝒮k×𝒮l

σ F(x1…xk)G(xk+1…xk+l) ∏
i ∈ 1…k

j ∈ k + 1…k + l

(xj − qxi)(xj − t−1xi)
(xj − xi)(xi − qt−1xi)

The shuffle algebra



Consider the vector space of symmetric rational functions:          V = ⨁
k≥0

ℚ(q, t)(x1…xk)𝒮n

Multiplication of two elements :
F, G ∈ V

F(x1…xk) * G(x1…xl) = ∑
σ∈𝒮k+l/𝒮k×𝒮l

σ F(x1…xk)G(xk+1…xk+l) ∏
i ∈ 1…k

j ∈ k + 1…k + l

(xj − qxi)(xj − t−1xi)
(xj − xi)(xi − qt−1xi)

The shuffle algebra  is the subspace in  of elements of the form:


       s.t.:              


𝒜 V

P(x1…xk) =
p(x1…xk)

∏1≤i≠j≤k (xi − qt−1xj)
p(…x, qt−1x, t−1x…) = p(…x, qt−1x, qx…) = 0

The shuffle algebra



Consider the vector space of symmetric rational functions:          V = ⨁
k≥0

ℚ(q, t)(x1…xk)𝒮n

Multiplication of two elements :
F, G ∈ V

F(x1…xk) * G(x1…xl) = ∑
σ∈𝒮k+l/𝒮k×𝒮l

σ F(x1…xk)G(xk+1…xk+l) ∏
i ∈ 1…k

j ∈ k + 1…k + l

(xj − qxi)(xj − t−1xi)
(xj − xi)(xi − qt−1xi)

The shuffle algebra  is the subspace in  of elements of the form:


       s.t.:              


𝒜 V

P(x1…xk) =
p(x1…xk)

∏1≤i≠j≤k (xi − qt−1xj)
p(…x, qt−1x, t−1x…) = p(…x, qt−1x, qx…) = 0

The commutative shuffle algebra is a subspace  such that:
𝒜∘ ⊂ 𝒜

lim
ϵ→0

P(ϵ±1x1, …, ϵ±1xr, xr+1, …, xn) = κ < ∞

Feigin—Odesskii, FHHSY

The shuffle algebra



Commutative shuffle algebra



Commutative shuffle algebra
The simplest elements of  are the factorized elements:  
[Feigin—Odesskii]

𝒜∘ Ek(x; p) := ∏
1≤i<j≤k

(xi − pxj)(xi − p−1xj)
(xi − qt−1xj)(xi − tq−1xj)

, p = q, t−1, tq−1



Commutative shuffle algebra
The simplest elements of  are the factorized elements:  
[Feigin—Odesskii]

𝒜∘ Ek(x; p) := ∏
1≤i<j≤k

(xi − pxj)(xi − p−1xj)
(xi − qt−1xj)(xi − tq−1xj)

, p = q, t−1, tq−1

Let  be a permutation of .   
Another example of elements of  is given by determinants: 
[Izergin]

(p, p′￼, p′￼′￼) (q, t−1, tq−1)
𝒜∘ Hk(x; p) := f(x) det

1≤i,j≤k

1
(xi − p′￼xj)(xj − p′￼′￼xi)

 is composed of simple factors  
which fix the poles s.t.:  
f(x)

Hk ∈ 𝒜∘



Commutative shuffle algebra
The simplest elements of  are the factorized elements:  
[Feigin—Odesskii]

𝒜∘ Ek(x; p) := ∏
1≤i<j≤k

(xi − pxj)(xi − p−1xj)
(xi − qt−1xj)(xi − tq−1xj)

, p = q, t−1, tq−1

Let  be a permutation of .   
Another example of elements of  is given by determinants: 
[Izergin]

(p, p′￼, p′￼′￼) (q, t−1, tq−1)
𝒜∘ Hk(x; p) := f(x) det

1≤i,j≤k

1
(xi − p′￼xj)(xj − p′￼′￼xi)

 is composed of simple factors  
which fix the poles s.t.:  
f(x)

Hk ∈ 𝒜∘

A third type of elements given by a symmetrization formula: 
[Negut]

Sk(x) := ck(q, t) ∑
σ∈𝒮k

σ
∑k−1

j=0 (qt−1) jxj+1/x1

∏k−1
j=1 (1 − qt−1xj+1/xj) ∏

1≤i<j≤k

(xj − qxi)(xj − t−1xi)
(xj − xi)(xi − qt−1xi)



Commutative shuffle algebra
The simplest elements of  are the factorized elements:  
[Feigin—Odesskii]

𝒜∘ Ek(x; p) := ∏
1≤i<j≤k

(xi − pxj)(xi − p−1xj)
(xi − qt−1xj)(xi − tq−1xj)

, p = q, t−1, tq−1

Let  be a permutation of .   
Another example of elements of  is given by determinants: 
[Izergin]

(p, p′￼, p′￼′￼) (q, t−1, tq−1)
𝒜∘ Hk(x; p) := f(x) det

1≤i,j≤k

1
(xi − p′￼xj)(xj − p′￼′￼xi)

 is composed of simple factors  
which fix the poles s.t.:  
f(x)

Hk ∈ 𝒜∘

A third type of elements given by a symmetrization formula: 
[Negut]

Sk(x) := ck(q, t) ∑
σ∈𝒮k

σ
∑k−1

j=0 (qt−1) jxj+1/x1

∏k−1
j=1 (1 − qt−1xj+1/xj) ∏

1≤i<j≤k

(xj − qxi)(xj − t−1xi)
(xj − xi)(xi − qt−1xi)

Lemma: The generating functions of  are equal to shuffle-exponentials:


,        

Ek(x; p), Hk(x; p)

E(v |p) =
∞

∑
k=0

vkEk(x; p) = exp* (∑
r>0

(−1)r+1

r
drvrSr(x)) H(v |p) =

∞

∑
k=0

vkHk(x; p) = exp* (∑
r>0

1
r

drvrSr(x))
where: 

 dr =
1 − pr

1 − qr

(t − q)r

(1 − p)r
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Partition functions as elements of 𝒜∘

Expand the partition function  in monomials :
TN(x; z) zλ := zλ0
0 zλ1

1 ⋯zλn
n

TN(x; z) = ∑
λ

zλTλ(x)
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…
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…
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Expand the partition function  in monomials :
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0 zλ1
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Expand the partition function  in monomials :
TN(x; z) zλ := zλ0
0 zλ1
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n
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Partition functions as elements of 𝒜∘
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0 zλ1

1 ⋯zλn
n

TN(x; z) = ∑
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zλTλ(x)
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…
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0 zλ1
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Partition functions as elements of 𝒜∘

Expand the partition function  in monomials :
TN(x; z) zλ := zλ0
0 zλ1

1 ⋯zλn
n

TN(x; z) = ∑
λ

zλTλ(x)
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…
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…
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0
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…
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Expand the partition function  in monomials :
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0 zλ1
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n

TN(x; z) = ∑
λ

zλTλ(x)
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 loops of colour  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λ1 1
…
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…
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0

Proof:

…
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Use YB equation
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Lemma: Tλ(x) = Tλ(x1…xN) ∈ 𝒜∘

Partition functions as elements of 𝒜∘

Expand the partition function  in monomials :
TN(x; z) zλ := zλ0
0 zλ1

1 ⋯zλn
n
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zλTλ(x)
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Proof:
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Partition functions as elements of 𝒜∘

Expand the partition function  in monomials :
TN(x; z) zλ := zλ0
0 zλ1

1 ⋯zλn
n

TN(x; z) = ∑
λ

zλTλ(x)

 is the partition function with fixed 
loop content: 

 loops of colour  
 
 loops of colour  

 “empty” loops

Tλ(x)

λ1 1
…
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λ0 = N − (λ1 + ⋯ + λn)

=
…

0

0

0 …0
qx1 qx2
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x2
0

Proof:

…

0

0

0 …0
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0

Remove empty vertex

1)  is a symmetric function in ’s.Tλ(x1…xN) x
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Partition functions as elements of 𝒜∘
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Proof:
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2) Wheel conditions. Set (x1, x2, x3) = (qt−1x, x, t−1x)



Lemma: Tλ(x) = Tλ(x1…xN) ∈ 𝒜∘

Partition functions as elements of 𝒜∘

Expand the partition function  in monomials :
TN(x; z) zλ := zλ0
0 zλ1

1 ⋯zλn
n

TN(x; z) = ∑
λ

zλTλ(x)

 is the partition function with fixed 
loop content: 

 loops of colour  
 
 loops of colour  

 “empty” loops

Tλ(x)

λ1 1
…
λn n
λ0 = N − (λ1 + ⋯ + λn)

Proof:

1)  is a symmetric function in ’s.Tλ(x1…xN) x

2) Wheel conditions. Set (x1, x2, x3) = (qt−1x, x, t−1x)

0

0

0 00
y1 y2

qt−1x

qt−1x

lim
y1→q2t−1x

lim
y2→qx

(y1 − qx)(y2 − qx) × = 0



Lemma: Tλ(x) = Tλ(x1…xN) ∈ 𝒜∘

Partition functions as elements of 𝒜∘

Expand the partition function  in monomials :
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…
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Lemma: Tλ(x) = Tλ(x1…xN) ∈ 𝒜∘

Partition functions as elements of 𝒜∘

Expand the partition function  in monomials :
TN(x; z) zλ := zλ0
0 zλ1

1 ⋯zλn
n

TN(x; z) = ∑
λ

zλTλ(x)

 is the partition function with fixed 
loop content: 

 loops of colour  
 
 loops of colour  

 “empty” loops

Tλ(x)

λ1 1
…
λn n
λ0 = N − (λ1 + ⋯ + λn)

Proof:

1)  is a symmetric function in ’s.Tλ(x1…xN) x

2) Wheel conditions. Set (x1, x2, x3) = (qt−1x, x, t−1x)

3) Proof of  is similar in spirit.lim
ϵ→0

Tλ(ϵ
±1x1, …, ϵ±1xr, xr+1, …, xN) = κ < ∞
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Consider the case of paths of single colour (six vertex case )
n = 1

TN(x; z0, z1) := ∑
α∈{0…1}N

zα1
⋯ zαN

⟨α |WN(x; qx) |α⟩
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Statement 1: Let  be the permutation matrix. There exists a transformation  such that:


          satisfies:  

This implies that computing one matrix element of  is enough to recover all of them.
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N (x)
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PiW̃N(x; y) = W̃N(x; …yi+1, yi…)
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y1 yN

Statement 1: Let  be the permutation matrix. There exists a transformation  such that:


          satisfies:  

This implies that computing one matrix element of  is enough to recover all of them.

Pi F

W̃N(x; y) := FN(y)WN(x; y)F−1
N (x)

W̃N

W̃N(x; y)Pi = W̃N(…xi+1, xi…; y)

PiW̃N(x; y) = W̃N(x; …yi+1, yi…)

Statement 2 Denote by  the domain wall partition functions, then:
D(x; y)

W̃ (1k0N−k)
(0N−k1k)(x; y) = ∏

1≤i<j≤N

xi − txj

xi − xj
× W(1k0N−k)

(0N−k1k) (x; y) W(1k0N−k)
(0N−k1k) (x; y) = ∏

i,j>k

yi − xj

yi − txj
× D(x1…xk; yN−k+1…yN)



Computing TN



After simple algebra we get:
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1
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Computing TN

Summing  with the generating parameter gives the shuffle exponential:
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vk

k (zk
1 +

qk − tk

1 − tk
zk

0) Lk(x1…xk)
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The coloured case follows the same logic.



After simple algebra we get:


TN(x; z0, z1) =
N

∑
k=0

zN−k
0 zk

1
(1 − t−1)k

(1 − qt−1)k
Hk(t−1) * EN−k(tq−1)

Computing TN

Summing  with the generating parameter gives the shuffle exponential:


 

TN(x; z0, z1)

T(v |x; z) = exp* −∑
k>0

vk

k (zk
1 +

qk − tk

1 − tk
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0) Lk(x1…xk)

The coloured case follows the same logic.

Including supersymmetric Boltzmann weights leads to a model with mixtures of “bosonic” and “fermionic” paths. In this case: 





where  count fermionic paths.


T(v |x; z) = exp* −∑
k>0

vk

k (−wk
1 − ⋯ − wk

m + zk
1 + ⋯ + zk

n +
qk − tk

1 − tk
zk

0) Lk(x1…xk)

wi



 as a mixed Macdonald Cauchy kernelT(x; w)



Consider the Boltzmann weights of  i.e. all  fermionic paths and set , then:  
Uq(sl1|m) m z0 = 0

T(x; w) = exp* (∑
k>0

1
k (wk
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1
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 as a mixed Macdonald Cauchy kernelT(x; w)

This is a mixed Cauchy kernel [Feigin et. al. ’10]. Expand  in Macdonald polynomials :


 

T(x; w) Pλ(w)

T(x; w) = ∑
λ

Pλ(w)Fλ(x)
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T(x; w) = ∑
λ

Pλ(w)Fλ(x)

 is the “Macdonald function” of . Using rep theory of  [Feigin—Tsymbaliuk ’09, Schiffmann—Vasserot, ’09] we can derive:


                    


where .


Fλ 𝒜∘ 𝒜

evμ/ν (Fλ) ∝ fμ
λ,ν

evμ/ν(xi) = content of i-th box of diagram of μ/ν



Consider the Boltzmann weights of  i.e. all  fermionic paths and set , then:  
Uq(sl1|m) m z0 = 0

T(x; w) = exp* (∑
k>0

1
k (wk

1 + ⋯ + wk
m) Lk(x1…xk))

 as a mixed Macdonald Cauchy kernelT(x; w)

This is a mixed Cauchy kernel [Feigin et. al. ’10]. Expand  in Macdonald polynomials :


 

T(x; w) Pλ(w)

T(x; w) = ∑
λ

Pλ(w)Fλ(x)

 is the “Macdonald function” of . Using rep theory of  [Feigin—Tsymbaliuk ’09, Schiffmann—Vasserot, ’09] we can derive:


                    


where .


Fλ 𝒜∘ 𝒜

evμ/ν (Fλ) ∝ fμ
λ,ν

evμ/ν(xi) = content of i-th box of diagram of μ/ν

Proposition [AG, A Gunna ’23]:


evμ/ν (T(x; w)) = const Pμ/ν(w)



Example



Example

Compute skew Macdonald polynomial of diagram (21)/(1). We have  andev(2,1)/(1)(x1, x2) = (q, t−1)
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