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Longest Increasing Subsequence

Given a permutation w: [1,...,n] — [1,...,n],

lis(w) :=max{k : 3i1 < i2 < ... <ig:w(in) <w(i2) < - <wlix)}
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Longest Increasing Subsequence
Given a permutation w : [1,...,n] = [1,...,n],

lis(w) == max{k : i1 < b < ... <ix:w(ir) <w(i) < - < w(ix)}.

Hammersley: There exist 0 < ¢; < ¢ < 2, such that

cv/n < E[lis(w)] < e2v/n
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Longest Increasing Subsequence
Given a permutation w : [1,...,n] = [1,...,n],
lis(w) == max{k : i1 < b < ... <ix:w(ir) <w(i) < - < w(ix)}.
Hammersley: There exist 0 < ¢; < ¢ < 2, such that

cv/n < E[lis(w)] < e2v/n
RSK: w — (P, Q):

5714623 — 3][1]2]5]
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Longest Increasing Subsequence
Given a permutation w : [1,...,n] = [1,...,n],
lis(w) == max{k : i1 < b < ... <ix:w(ir) <w(i) < - < w(ix)}.
Hammersley: There exist 0 < ¢; < ¢ < 2, such that

cv/n < E[lis(w)] < e2v/n
RSK: w — (P, Q):

5714623 — 3][1]2]5]

lis(w) ~ A1, P(N\) = —

()
!

(Plancherel measure)
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Asymptotics of SYT

12]4]
5]

Standard Young Tableaux of shape A: 13]4]
5]

13]5]
4]
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Asymptotics of SYT

Standard Young Tableaux of shape \: [315] [2]4] [2]5]
4] 3]
Hook-length formula [Frame-Robinson-Thrall]:
B\ 5!

#{SYTs of shape A\} = f* =

Hu@,\i,,-Jr)\J{,jJrl:4*3*2*1*1

Greta Panova
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Asymptotics of SYT

Standard Young Tableaux of shape \: 1314] [3]5] [2]4] [2]5]
4] 3]

Hook-length formula [Frame-Robinson-Thrall]:

A1 5!

SYTs of shape A} = f* = =
#{SYTs of shape A} Mo N — i TN —j+1 4x3%2+1x1

D> (F)P =n

Abn

f§

\

Theorem[Vershik-Kerov,  Logan-Shepp
1977

| Under the Plancherel measure Pr[\] =
w (fnﬁ the typical partition A - n looks
7 Y like the picture to the right and for them
A =V/nle= 0V,

Moreover, there exist ci, cg, such that

N

&
s " NEREE

e~ Vy/nl < maxf* < e~ V\/pl.
Abn
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Limit shapes under Plancherel measure

Theorem[Vershik—Kerov—Logan—-Shepp] If (") is chosen wrt

_ ()
to the Plancherel measure P(\) =

+—", then its limit shape
, in the sense of

n!

< Cn /% forsome C> 0,

'% A~ (i)

is given by ¢ : [0,2] — [0,2] — the 135° rotation of (x, y(x)):

y(x) :—%(xarcsin%+\/2—x2), —V2 < x < V2.

Greta Panova
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Limit shapes under Plancherel measure

Theorem[Vershik—Kerov—Logan—-Shepp] If (") is chosen wrt

_ ()
to the Plancherel measure P(\) =

+—", then its limit shape
, in the sense of

n!

< Cn /% forsome C> 0,

'% A~ (i)

is given by ¢ : [0,2] — [0,2] — the 135° rotation of (x, y(x)):

y(x) :—%(xarcsin%+\/2—x2), —V2 < x < V2.

Corollary[lower bound from VKLS, upper bound from Hammersley]:

E[\] = E[lis(w)] ~ 2v/7.
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Limit shapes under Plancherel measure

Theorem[Vershik—Kerov—Logan—-Shepp] If (") is chosen wrt
()

to the Plancherel measure P(\) = -

, in the sense of

, then its limit shape

< Cn /% forsome C> 0,

'% A~ (i)

is given by ¢ : [0,2] — [0,2] — the 135° rotation of (x, y(x)):
2

y(x) ::f(xarcsin%+\/2—x2), —V2 < x < V2!
™

Corollary[lower bound from VKLS, upper bound from Hammersley]:

E[M] = E[lis(w)] ~ 2v/n.
Theorem [Vershik-Kerov, McKay]: The maximal dimension fA for A\ - n, denoted
D(n) satisfies

Vnle—a Vo) < p(p) < /ol =<2 VAlL+o(D)

for some ¢; > ¢ > 0. Moreover A" satisfies f’\(n) >V nle=3V" for some a iff it has
the above shape.

Greta Panova
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Limit shapes under Plancherel measure

Theorem[Vershik—Kerov—Logan—-Shepp] If (") is chosen wrt
A2

to the Plancherel measure P(\) = % then its limit shape

, in the sense of

< Cn /% forsome C> 0,

'% A~ (i)

is given by ¢ : [0,2] — [0,2] — the 135° rotation of (x, y(x)):
2

y(x) ::f(xarcsin%+\/2—x2), —V2 < x < V2!
™

Corollary[lower bound from VKLS, upper bound from Hammersley]:

E[M] = E[lis(w)] ~ 2v/n.
Theorem [Vershik-Kerov, McKay]: The maximal dimension fA for A\ - n, denoted
D(n) satisfies

Vnle—a Vo) < p(p) < /ol =<2 VAlL+o(D)

for some ¢; > ¢ > 0. Moreover A" satisfies f’\(n) >V nle=3V" for some a iff it has
the above shape.

Open problem: Show that asymptotically c1 = ¢, i.e. D(n).= V/nl e=¢V/nto(v/n),

Greta Panova
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LIS and the Tracy-Widom distribution

Theorem (Baik-Deift-Johansson)

Let w" denote a uniformly random permutation of [1,...,n]. Then for every x € R we
have that ) n
i -2
P(W gx)an(X) as n — oo.
n

Here F; is the Fredholm determinant, aka the Tracy-Widom distribution of the
maximal eigenvalue of a GUE matrix.

ol (—1)" oo 0 p

n

where

Ai(x) = %/0 cos(1/3t3 + xt)dt

is the Airy function and

AIG)AT ()~ Al (x)Aiy)
A(XJ)_{ , XFEY,

x—y
Ai’(x)? — xAi(x)? x=y.

Greta Panova
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Horizontal lozenges near a flat
boundary:

Question: Joint distribution of {xj’ f_l as N — oo
(rescaled)?
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Behavior near the flat boundary:

Horizontal lozenges near a flat Question: Joint distribution of {x;}}_; as N — oo

boundary: (rescaled)?
1 Conjecture [Okounkov—Reshetikhin, 2006]:
X
L, 1 Ny Fixed boundary: The joint distribution converges to
L X3 ~ L X2 ~ a GUE-corners (aka GUE-minors) process: eigen-
[N DO - values of GUE matrices.
3 2 1

Greta Panova
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Behavior near the flat boundary:

Question: Joint distribution of {XJ’ f.‘:l as N — oo

Horizontal lozenges near a flat

boundary: (rescaled)?
1 Conjecture [Okounkov—Reshetikhin, 2006]:
P/ ! Na Fixed boundary: The joint distribution converges to
L X3 - L X3 ~ a GUE-corners (aka GUE-minors) process: eigen-
X33 7N X23 7N x13 values of GUE matrices.

Proofs: hexagonal domain [Johansson-Nordenstam, 2006],
more general domains [Gorin-P,2012], [Novak, 2014], un-
bounded [Mkrtchyan, 2013], symmetric tilings [P, 2014,
2015], g*°' [Mkrtchyan—Petrov, 2016], 6V. model [Dimitrov]

Greta Panova etc
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Behavior near the flat boundary: GUE

LIS Lozenge tilings, again
0000 0e0000

GUE: matrices A = [Aj]ij: A= AT
ReAj,ImA; —iid. ~N(0,1/2), i #
Aji —iid. ~N(0,1)

Other interesting polynomials
0000

A1 | Az | Az | A (xk Kk k . P
X < xg <o < x[) — eigenvalues of [A; ;]
Ay Ax | Az | Ax inj
Azl Az Asz | Az . L
An Arx Az Awu Interlacing condition: x_ <X <«
Xt x5 x5 x4
x} x3 x3 B
2 2
N X1 ) X3 7
X1

The joint distribution of {x/}1<;<j< is the
GUE—corners (also, GUE-minors) process, =: GUE .

Greta Panova
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Unrestricted (uniform) vs symmetric

Tilings of the hexagon ax bx c X ax b X ¢, s.t.

Unrestricted Vertically symmetric Centrally symmetric
I

Limit behavior: fluctuations near the boundary, limit surface, CLT?

Greta Panova
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Tilings setup
Domain €2 (ny:

positions of the N horizontal lozenges on right boundary are:

AN +N—-1>AN)2+N—-2>--->AN)y

x1+4

A, +3

2
x3+2

A+l

Ns
A(5) = (4,3,3,0,0)
(ﬁQA(N) is not necessarily a fi-

nite polygon as N — oo , e.g.
AN)=(N,N—-1,...,2,1))

c b
<> a X b x c... hexagon.

Greta Panova
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Behavior near the flat left boundary

Theorem
Let Yr = (vf,... 7yk) — horizontal lozenges on kth line
of a uniformly random tiling T € T,. As n — oo the

collection
vi—pn "
{ In " Hn } — GUE,
non .
j=1

weakly as RVs, where
® T, — all tilings of a hexagon
[Johansson-Nordenstam].
| ® Tn = Qx(n) — pn = E(f), on = 5(f),
Line k =3 “F(t) = limnsoo 22" [Gorin-P, 2013].
: ® T, — vertically symmetric lozenge tilings of a
n X m X n.. hexagon, a = limp_s0o m/n, pun = m/2,
2
on =52 [P, 2014].
® T, — centrally-symmetric tilings of a a X b X c...
hexagon with a =2qn, b =2pn, ¢ =2(1 — q)n:
kn =2pgn and on = 2pq(1 — q)(1 + p) [P, 2015+].

Greta Panova 10
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Limit shape (surface)

Theorem (P)
Let Hn(u, v) — height function of a uniformly random tiling from a set Ty, i.e.
1 Lnu] _

Hn(“: V) = ;}’L,WJ v,

where yl.k is the vertical height of the ith horizontal lozenge on the kth vertical line
(left to right). For all1> u> v >0, as n — oo we have that H,(u, v) converges
uniformly in probability to a deterministic function L(u,v) (“the limit shape”), which
can be computed explicitly... when Ty, is

® 7, — polygonal domain [Cohn, Kenyon, Larsen, Propp, Okounkov]
® Tn = Qy(n) for “nice” family X\(n) [Bufetov-Gorin].

® Tn — symmetric tilings [P, 2014].

® T, — centrally symmetric tilings [P, 2015].

Symmetric: General:

Greta Panova
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Tilings probability: combinatorics and SSYTs

Lozenge tilings with right boundary \(/V)

<~

Semi-Standard Young Tableaux T of shape A(/V)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions xX =n1,..., 7

<~

SSYTs T whose entries 1..k have shape 7

Greta Panova
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Tilings probability: combinatorics and SSYTs
Lozenge tilings with right boundary \(/V)

<~
Semi-Standard Young Tableaux T of shape A(/V)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions xX =n1,..., 7
<
SSYTs T whose entries 1..k have shape 7
Number of SSYTs of shape v, entries 1...0 =
su(1,...,1).

——

0

, B N—k
Prob{x*(\) = n} — %

Greta Panova 12
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Tilings probability: combinatorics and SSYTs

Other interesting polynomials
0000

Lozenge tilings with right boundary \(/V)

<~

and entries 1,..., N.

at positions xX =n1,..., 7
<~

su(1,...,1).
Rf—/
) K N—k
Prob{x(x) =y} = 2y

)

Semi-Standard Young Tableaux T of shape A(/V)

Tilings with horizontal lozenges on vertical line k

SSYTs T whose entries 1..k have shape 7
Number of SSYTs of shape v, entries 1...0 =

Proposition[Gorin-P] For any variables y1, ..., yx,

the Schur Generating Function of x¥ s

N—k
Sk (Y1seeyK) _ osxUseevioly oo, 1)
sxk(l,...,l) - s\(1,...,1) -
k N
Sa(yts - k)

Greta Panova
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Tn — set of tilings, x/(T) — horizontal
lozenge positions on line j of T € T,

Lfrom [Gorin-P], [P, 2014, 2015]
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0000 000000 0e0000 0000 00000 0000
: -—- M +N-1
The explicit Schur Generating Functions®
- M+ N2
Tn — set of tilings, xj(T) — horizontal
lozenge positions on line j of T € T,
== Ay

S, gy »
ver: | mOb Y e =3 0 ) p k) =y =

sxk(T)(lv-;('vl) M) su(lk)
Y15 yks1
® =S\, ) = W&)”’"— A(n)-
m2 *0(3)" (15eoyi1"7H) o
* =Ly 2 gy a for T, — symmetric tilings of n X m X n....
2
yi)? for T, — centrally symmetric tilings of a x b x c... hexagon.

= 5(3)3/2(}/17"'

from [Gorin-P], [P, 2014, 2015]

Greta Panova



LIS
0000

Lozenge tilings, again
000000

Schur generating functions

00e000

0000

Tilings with multivariate weights Skew SYTs Other interesting polynomials

00000 0000

Tilings probability I1l: MGF asymptotics

Proposition (Gorin-P)

Sy—6, (V155 Yk)

Greta Panova

51/75;((17 R 1)
k

v ~ GUE :exp(

2

1
(YI2+"'+YE)>7
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Tilings probability IIl: MGF asymptotics

Proposition (Gorin-P)

Su—5,(Y1y -+ 5 Yk)

1
v~ GUEL| = exp (—(y2 +~~+y2)> :
Su—s,(1,...,1) 21 k

Compare:

Sk (Y1, -+, Yk)

Sa(V1,- -2 yi) = Egii
)\(yl yk) tiling S (1 )

Proposition (Gorin-P)
For any k real numbers h1, ..., hy and A(N)/N — f we have:

N— o0

h by ( E()_ s~k h4> 1.k
lim Sy (€50, e VAT ) VRS =) e (230

Greta Panova
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Tilings probability IIl: MGF asymptotics

Proposition (Gorin-P)

5V76k(y1: CYK)

1
v ~ GUE, :exp(fy2+--~+y2>7
S0, () 50 i)

Compare:

Sek(Y1y -5 Yk)

Sa(V1,- -2 yi) = Egii
)\(yl yk) tiling S (1 )

Proposition (Gorin-P)
For any k real numbers h1, ..., hy and A(N)/N — f we have:

Vg T ( il Thea) g~
li NS(F) .. NS(F) = - ht ).
Nl—r;noo SA(N) e ’ ) € exp 2 Z: i
Theorem. Let 'Y‘ V) = = {xk ...} —collection of positions of the horizontal
lozenges on lines k,k—1,...,1 of tiling from €2y, then

k
TA(N) — NE(f)

— GUE( (GUE-corners process of rank k).

/NS(F)

Greta Panova
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The limit surface

Counting measure:
L .
1 pi+L—i
miu] = i E g ('T) )
i=1

Random measure on pus: p"(u) (e.g. = Prob{x*(T) = u} for T € T,), m[p] —

pushforward. ( |
Splut, ..., Uk Sk (YW1 -5 Yk 3
Sp(uns. o) = 3 pl) 2t g | BT 7 ()
" g RACPANAGEL
k

Greta Panova
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The limit surface

Counting measure:
L .
1 i+ L—i
== ol ——— |,
mlp] = ;2:1 ( 1

Random measure on pus: p"(u) (e.g. = Prob{x*(T) = u} for T € T,), m[p] —

pushforward.
ul,...,uk) 5xk(T)(}’1»~~~7}’k) .
Sp(un, - =E T ~ Unif(T,
P(ul Zp 1k) SXk(T)(l,.-.,l) ni ( )
——
k

Theorem[Bufetov-Gorin,2014] Suppose that p" is s.t. for every r
. 1 N—ry\ _
Jim i (S 1Y) = Q) - Qu),

uniformly in a C nbhd of (17), Q — analytic. Then the random measures m[p"] converge, as
N — oo, in probability to a deterministic measure M on R with moments

. P 1 5°
/R tPM(dt) = ; (’Z) @) St WP Q' (u)P

Greta Panova
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s, again Schur generating functions Tilir
000e00 (

The limit surface

Counting measure:
L .
1 i+ L—i
== ol ——— |,
mlp] = ;2:1 ( 1

Random measure on pus: p"(u) (e.g. = Prob{x*(T) = u} for T € T,), m[p] —

pushforward.
ul,...,uk) 5xk(T)(}’1»~~~7}’k) .
Sp(un, - =E T ~ Unif(T,
P(ul Zp 1k) SXk(T)(l,.-.,l) ni ( )
——
k

Theorem[Bufetov-Gorin,2014] Suppose that p" is s.t. for every r
. 1 N—ry\ _
Jim i (S 1Y) = Q) - Qu),

uniformly in a C nbhd of (17), Q — analytic. Then the random measures m[p"] converge, as
N — oo, in probability to a deterministic measure M on R with moments

. P 1 5°
/R tPM(dt) = ; (’Z) @) St WP Q' (u)P

u=1
Our cases: MGF = normalized Schur Sy(,), SO characters, etc.
Asymptotics using [Gorin-P, 2013] for fixed r:
.1 ~
nILmOCZInSA(,,)(ul,...,u,):;nlgm |n5>\ Zd) uj)

Greta Panova
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Limit surface for symmetric tilings

Theorem (P, 2014)

Let n,m € Z, such that m/n — a as n — oo, where
a € (0, +00). Let Hy(u, v) — height function of a
symmetric tiling of n X m X n... hexagon,i.e.

Hp(u,v) = —yLL:“/'JJ v.

Foralll1>u>v>0,asn— oco:

H,(u, v) converges unif. in prob. to a deterministic
function L(u, v) (“the limit surface”).

For any fixed u € (0, 1), L(u, v) is the distribution function of the measure m, given by its

moments: ,
r ~(r 1 it O o et
/R t'm(dt) = ZZ:O (Z) Wu P d,(2) s

z=1

where ®,(e”) = y3 +2¢(y;a) — 2 and...
h(y) = ! ((ey +1) + /(&Y +1)2 +4(a2 + &) (¥ — 1)2)
4
1 1
o) = C 1 (1) = C + 06 — 1)) =G () - C v e - )
2 2 2 2 2
a 1 a 1
- - — — (= — = = Iy =
w2 (2@ =) = C = (0 + = D~ )

Theorem (P, 2015)

The scaled height function H,(u, v) of a centrally symmetric tiling of an a X b X c... hexagon
converges uniformly in probability to a deterministic function L(u, v) — the limit surface, as

n — oo, where n = % and a/n, b/n — approx constant.

The limit surface coincides with the limit surface for the uniformly random tilings of the hexagon
(without symmetry constraints).

Greta Panova
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Asymptotics of Schur functions

N—k
——
savy(xts oy Xk, 1,000, 1) o
Sany(Xts -y xk) 1= 1 I (similarly, othercharacters
SA(N)( oy 1)

Theorem [Gorin-P] For any partition A and any x € C\ {0,1} we have

1= (D) 5
SA(xi N, 1) = (x —1)N= 1277!%1_[ ()‘+N7'))dz7

Greta Panova 17
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Asymptotics of Schur functions

N—k
—
s\ (X5 - Xk, 1,0, 1)

sy (L., 1)
X

Sawy(x1s -, xk) == (similarly, othercharacters

Theorem [Gorin-P] For any partition A and any x € C\ {0,1} we have

) (N1 1 x?
SA(X,N,l)*i( O 127“?46—1_[,1(27()\ TN

Theorem|[Gorin-P] If /\(N — f( ) [under certain convergence conditions], for all
fixed y # 0:

1
lim N InSxny(e”; N, 1) = ywo — F(wo) — 1 —In(e” — 1),

N—oo

where F(w; f) = [ In(w — £(t) — 1+ t)dt, wo — root of 2 F(w:f)=y.
A(N) — f( ) ["other” conv. cond.], for any fixed h € R:

Sam (e YV N, 1) = exp (mE(f)h + %S(f)hQ + o(l)) ;

1 1
where E(f):/ F(t)dt, S(f):/ (F(t) — t +1/2)%dt — 1/6 — E(F)2.
0 0

Greta Panova

Other interesting polynomials



LIS Lozenge tilings, again Schur generating functions Tilings with multivariate weights Skew SYTs Other interesting polynomials
0000 000000 O0000e 0000 00000 0000

Asymptotics of Schur functions

——
savy(xts oy Xk, 1,000, 1) o
Sany(Xts -y xk) 1= (similarly, othercharacters
sxvy (L, -+, 1)
N —
N
Multivariate: [Gorin-P ] Let D; 1 = xj5— ax , A— Vandermonde det, then
k
1
) det [D:j,l ] e k

Sl ) = H T ) 3

Corollary[Gorin-P]

In (S)\(N)(X; N, 1)) .

If N W(x) unif. on a compact M C C. Then for any k
In(S X1.4..,Xk,N.1
i (20 D )+t ()
N— o0 N

uniformly on M¥. More informally, under various regimes of convergence for A(N) we
have (Xl ..... Xk) ~ S)\( )( ) S)\ (Xk)

Greta Panova
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Factorial Schur functions
Factorial Schur functions:

det[(x; — a1)(xi — a2) -+ (xi = apk—)1Fjos

Hi<j(xi = Xj)

su(Xt,. ., xklat, ..., an) =

Greta Panova

Other interesting polynomials
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0000 000000 000000 0000 00000 0000
Factorial Schur functions
Factorial Schur functions:

det[(x; — a1)(xi — a2) -+ (xi = apk—)1Fjos

Hi<j(xr' = xj)

su(xt, oy xklat, ... an) =

Excited diagrams:

E(\/p) ={D C X: obtained from p via Hﬂ - EE h

FH) P o i

Greta Panova
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Factorial Schur functions
Factorial Schur functions:

det[(x; — a1)(x; — a2) - (xi — ak—j)]F

[Ticj(xi =)

su(Xt,. ., xklat, ..., an) =

Excited diagrams:

E(\/p) ={D C X: obtained from p via Hﬂ - EE h

FH) P o i

Theorem (lkeda-Naruse, Kreiman—+Knutson-Tao, Knutson-Miller-Yong)

LetpCACdx(n—d). Letvin—d+1—i)=X+(n—d+1—1i)and
v(j):d+j7)\1’,. Then

SOV Y@V Yn1) = S T Guta—ivn) = vora+n)
De&(N/p) (i.j)ED

Greta Panova
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Factorial Schur functions
Factorial Schur functions:

det[(x; — a1)(x; — a2) - (xi — ak—j)]F

[Ticj(xi =)

su(Xt,. ., xklat, ..., an) =

Excited diagrams:

E(\/p) ={D C X: obtained from p via Hﬂ - EE h

FH) P o i

Theorem (lkeda-Naruse, Kreiman—+Knutson-Tao, Knutson-Miller-Yong)

LetpCACdx(n—d). Letvin—d+1—i)=X+(n—d+1—1i)and
v(j):d+j7)\1’,. Then

SOV Y@V Yn1) = S T Guta—ivn) = vora+n)
De&(N/p) (i.j)ED

]
d

.
14

Greta Panova
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Multivariate local weights

weight 23 — ys3

Total weight = H (xi —yj)
< (i)

(x1 = y1) (2 — y3) (3 — y5)(x3 — y2) (x5 — y5).

Greta Panova



Tilings with multivariate weights
0800

Multivariate local weights

weight 29 — y3
5 7
,

Total weight = H (xi —yj)
<>at (i.j)

(x1 —y1)(x2 — y3)(x3 — y5)(x3 — ¥2) (x5 — ¥s5).

Simulation: base = NN:

< at (i j)= 2N — (i +))

Greta Panova



Tilings with multivariate weights
0800

Multivariate local weights

weight 29 — y3
5 7
,

Total weight = H (xi —yj)
<>at (i.j)

(x1 —y1)(x2 — y3)(x3 — y5)(x3 — ¥2) (x5 — ¥s5).

Simulation 2: base p = §,

<>at(i,j):4nf(i+j)

Greta Panova
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Lozenge tilings with multivariate weights
Plane partitions with base p, height d

weights of horizontal lozenges = z; — y;

Greta Panova

Other interesting polynomials
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Lozenge tilings, again Schur generating functions
00000 0000

000000 000000 [e]o] le]

Lozenge tilings with multivariate weights
Plane partitions with base p, height d

weights of horizontal lozenges = z; — y;

X
YA
X
XX

”V

/X
0%
N
X

Q)

y

0
X
W

i
9

T3 —Ys

P>< <]

Theorem (Morales-Pak-P)
Consider tilings with base p and height d, we have that

ST TT i — ) = detlA; j(u, )74,

TeQ q ()T

where
(xi=y1) (X —Yare(u)—j) .
i) O X0y’ when j = £(u) +1,...,¢(p) +d,
A j(p, d) = { GG ) when j=i—d,... 0(u),

(xi—xiy1) (X —xd 1)’

0, when j < i —d.

Greta Panova

Other interesting polynomials
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Corollary (Krattenthaler, Stanley etc)

Consider the set PP(u,d) of plane partitions of base u and entries less than or equal
to d. Then their volume generating function is given by the following determinantal

formula
Z q\P\ — qE, rpy det[Ci,j]fjﬁp
PEPP(u,d)
where
(71)d+efiq(d—i)(d+f—j)—7(d_i+£)(‘12_i_1{_1) hen i — ¢ i d
G P , whenj=4£0+1,...,0+4d,
Cj= (_1)d+j—/q(d7i)(ﬂj+d)*7(dﬂ7’)(d27/7171) . '
@Dar— , when j=1i—d,... ¢,
0, when j < i—d,

where (q; q)m = (1 — q)--- (1 — g™) is the g—Pochhammer symbol.

Eg pn=(2,1),d=1:

> dPl=d+d +2¢+
PePP((2,1),1)

Greta Panova
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0000 @0000

Counting skew SYTs: formulas

Outer shape A, inner — p,

2[3]6]
58
Skew SYT: [1[7]10
409
sl

Greta Panova

eg. for A\ =(5,4,4,2,1),p=(2,2,1) :

Other interesting polynomials
0000
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Skew SSYT of content (13,22,33,43):

)
|

—

W[ N
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Counting skew SYTs: formulas
Outer shape A, inner — u, e.g. for A=(5,4,4,2,1),p=(2,2,1):

2[3]6] 1[1]3]
58 2[3
Skew SYT: [1]7]10 Skew SSYT of content (13,22,33,43): [2]4[4
419 1[3
L1 14]

Jacobi-Trudi[Feit 1953]:

e
FMN B = | \/p|! - det ! ]

(Ai — W _i"".j)l ;’jzl'

Greta Panova
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Counting skew SYTs: formulas
Outer shape A, inner — u, e.g. for A=(5,4,4,2,1),p=(2,2,1):

2[3]6] 1[1]3]
58 2[3
Skew SYT: [1]7]10 Skew SSYT of content (13,22,33,43): [2]4[4
419 1[3
11 4

Jacobi-Trudi[Feit 1953]:

1 :|Z()\)

FM B = |\/p|! - det {—
A (A = pj — i+ J)!

ij=1
Littlewood-Richardson:

A=y f"
v

Greta Panova
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Counting skew SYTs: formulas
Outer shape A, inner — u, e.g. for A=(5,4,4,2,1),p=(2,2,1):

2[3]6] 1[1]3]
58 2[3
Skew SYT: [1]7]10 Skew SSYT of content (13,22,33,43): [2]4[4
419 1[3
11 4

Jacobi-Trudi[Feit 1953]:

1 :|Z()\)

FM B = |\/p|! - det {—
A (A = pj — i+ J)!

ij=1
Littlewood-Richardson:

A=y f"
v

5[6]
1]9
A= 0ns2/6n: 2[7 ~+8>3<4>2<7>1<9>5<6
8
fon+2/6n = E, 1 — Euler numbers: 2,5,16,61....:
2 3 4

X

X
1+51X+52§+E33!

+ E4% + ... =sec(x) + tan(x).

Greta Panova
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Skew SYTs
0O@000

Hook-Length formula for skew shapes

Theorem (Naruse, SLC, September 2014)

A=l ST

pet/myueinpo M)

where E(A\/p) is the set of excited diagrams of A/ .
Excited diagrams:

E(\/p) ={D C A: obtained from p via EH - EB }

Greta Panova
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Hook-Length formula for skew shapes

Theorem (Naruse, SLC, September 2014)

A=l ST

DEE(N/ 1) uE[N\D h(u)

where E(M\/) is the set of excited diagrams of A/ p.
Excited diagrams:

E(M/p) ={D C X\: obtained from p via B} - EH }
l

Greta Panova
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Hook-Length formula for skew shapes

Theorem (Naruse, SLC, September 2014)

SCEVZIED SRR ) s

De&(N/p) ue[X]\D
where E(\/ ) is the set of excited diagrams of A/ p.

Excited diagrams:

E(N/p) ={D C X\ : obtained from p via Bﬂ - EB h

— Hook lengths inside A:
7

[] [] \ \
\ \

I P N I P q ¢

1 1 1 1 1
£(4321/21) _ 7 + + + + =61
14.3%  13.33.5  13.33.5 12.33.52  12.32.52.7

Greta Panova 23
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Hook-Length formula for skew shapes

| |
—— ¢ S q @
3 5
> _ 1Tl _ q g
sa/u(lig,q5..) = > q " 53 T2 X 3 33 5
TESSYT(4321/21) -9 -4q) G RN )

Theorem (Morales-Pak-P)
For skew SSYTs, we have that

Af—i
syuulad, )= >  4¢d= > IT [q}

. 1-— qh("J)
TESSYT(A /) De&(N/u) (i.J)EMN\D

Greta Panova
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Hook-Length formula for skew shapes

Other interesting polynomials

0000

P 7 P 4 ¢
sl d’, .. = > gl = il 2 x e +
Tessy T/ (1—q)*(1—¢%)? (1—aPl—-¢*)P1-9)
Theorem (Morales-Pak-P)
For skew SSYTs, we have that
Ni—i
qJ
sunbad )= 3 dT= 3 ] [w}
TESSYT(A/n) DEE(N /1) (I))EIN\D q

53.2)/1)(1,q, G, ) = qPTOTOTL  gOFIHOFL g gIF3H043 4 glaliats 4.

0[0] 0[1] 1[3]

1

1]

[0]1 [o[1 [0]3

203

Greta Panova
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Other interesting polynomials
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Hook-Length formula for skew shapes

L g 7 P 4 ¢
3 5
sxu(lig g, ..) = gl = il 2 x g +
vl D N L T A P e o
Theorem (Morales-Pak-P)
For skew SSYTs, we have that
N—i
q J
sunbad )= 3 dT= 3 ] [1_“)}
TESSYT(A/n) DEE(N /1) (I))EIN\D a"

Theorem (Morales-Pak-P)

For (reverse) plane partitions of skew shape A/ p.:

> t- S0

TERPP(X/ ) SEPD(M\/p) ues

h(U) ]

where PD(\/p) :={S C [A\]: S C [A\]\ D, for some D € E(\/p)}.

Other proofs by [M. Konvalinka], other new results in [Naruse-Okada, Grinberg-Korniichuk- Molokanov-Khomych]

Greta Panova
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Proofs of NHLF

® Equivaraint Schubert Calculus [Naruse, generalized in MPP1] via Schubert class
localization formulas at Grassmannian permutations, i.e. certain evaluation of
Schubert polynomials = Factorial Schur functions.

Greta Panova
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Proofs of NHLF

® Equivaraint Schubert Calculus [Naruse, generalized in MPP1] via Schubert class
localization formulas at Grassmannian permutations, i.e. certain evaluation of
Schubert polynomials = Factorial Schur functions.

® Bijection: Hillman-Grassl ( generalized RSK) on nonnegative integer arrays of
certain shapes. [MPP2]

Greta Panova
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Proofs of NHLF

® Equivaraint Schubert Calculus [Naruse, generalized in MPP1] via Schubert class
localization formulas at Grassmannian permutations, i.e. certain evaluation of
Schubert polynomials = Factorial Schur functions.

® Bijection: Hillman-Grassl ( generalized RSK) on nonnegative integer arrays of
certain shapes. [MPP2]

® Non-intersecting lattice paths.

24
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Non-intersecting lattice paths

Theorem[Lascoux-Pragacz, Hamel-Goulden] If (61, ...,0x) is a Lascoux—Pragacz
decomposition (i.e. maximal outer border strip decomposition) of \/u, then

k
Sx/p = det [Sgi#gj ]i,j:l'

where sz = 1 and So,#0; = 0 if the 0;#0; is undefined.

01 — border strip following the inner border of A;

0; — inner border of A\ (01 U---U#6;_1) etc until x is hit,

then — border strips from each connected part etc.

Ordering: corners.

Strip 0;#0; := shape of 01 between the diagonals of the endpoints of 6; and 6;.

0.0502 01
FIrIRal ir==l
1] 111
TP =]
>=H [T T
Bl [ = [T o det
= ]
==
H A=

Greta Panova 25
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NHLF for border strips

Lemma (MPP)
For a border strip 8 = \/u with end points (a, b) and (c,d) we have

N—i
2 q’
s9(1,9,9%,...,) = 1= ghli)
y(ab) o (e.d), (e~ 7
YEA

&3 4

g
(1,4, P, .. )= (-a)a-aha-F)-g)a-?) | (-a(1-e?)21-a*)(1—¢%)
)= =(3.1),3.2),2:2).2.3)..3

q! qa P
4 1—9-a?20-a3)1-a") 4 (1-92(=c)1-¢"? | (1-a?0—a>)(1—3")?

Proofs: induction on |\/pl|, or [multivariate] Chevalley formula for factorial Schurs.

Greta Panova 26
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NHLF for border strips

Lemma (MPP)
For a border strip 8 = \/u with end points (a, b) and (c,d) we have

;.
q/\j—l

2 _
s9(1,9,9%,...,) = 1 i)

v:(a,b)=(c,d), (ij)€v
YEA

Excited diagrams for A\/p <+ Non-Intersecting Lattice Paths:

=] ] [l
5] [Te] Eallza
l—-‘F—!—'\ l--'HI:I 1 LI}
=1 - - A ]
[¢] [INES
] l |
- fammad] =1 [3 ]
5] el KN | il
= | ] 1 ]

Greta Panova
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NHLF for border strips

Lemma (MPP)
For a border strip 0 = \/p with end points (a, b) and (c, d) we have

59(17q7q27"'7): Z H ]_7qh("1

v:(a,b)—(c,d), (i.j)ev
YCA

Excited diagrams for A\/p. <+ Non-Intersecting Lattice Paths:

==l nr==aller:==x

inn| i S =il

pe [T [

- - - 7 )

fi imFa

=] [T
- =allur==r: ]

s

¥ 4] ]

_ k =
SX/pLascoux-Pragacz det [50,-#0j ]i,j:l SBorder Strip det [ § H

Other interesting polynomials
0000

— qhu

v:(aj,bi) = (g, ,)“EW

Lindstrom— Gessel— Viennot E H E(N/ ;A) NILP § H
— qhu

NILP:vy,... u€1U.. DEE(N /1) uep L

Greta Panova
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Other interesting polynomials

1. Hall-Littlewood polynomials:

1 A 2 X; — tX;
Py(x1,.. ., Xnit) = = w | xM.oxAn A
) s Xn H:’:l[ml()\)]lt Wezsn 1 n ’1;!: Xi = Xj

P(x;0) = sx(x); Pa(x; 1) = mx(x)

sa(x) = D Kau(t)Pulxit),

where K3, (t) € Z>o[t] are the Kostka-Foulkes polynomials.

Greta Panova
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Other interesting polynomials

1. Hall-Littlewood polynomials:

1

IO S A1 A Xi — B
Pl i) = s 2 e 1

WES, i<j
P(x;0) = sx(x); Pa(x; 1) = mx(x)

sa(x) = D Kau(t)Pulxit),

where K3, (t) € Z>o[t] are the Kostka-Foulkes polynomials.

2. Macdonald polynomials Py(x; q, t)

Greta Panova

Other interesting polynomials
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Other interesting polynomials

1. Hall-Littlewood polynomials:

1

IO S A1 A Xi — B
Pl i) = s 2 e 1

WES, i<j
P(x;0) = sx(x); Pa(x; 1) = mx(x)

sa(x) = D Kau(t)Pulxit),
i
where K3, (t) € Z>o[t] are the Kostka-Foulkes polynomials.
2. Macdonald polynomials Py(x; q, t)

3. Schubert polynomials Gy (x1, ..., Xxn).

Greta Panova

Other interesting polynomials
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Other interesting polynomials

1. Hall-Littlewood polynomials:

1

IO S A1 A Xi — B
Pl i) = s 2 e 1

WES, i<j
P(x;0) = sx(x); Pa(x; 1) = mx(x)

s\ (x) = > Kau(t)Pu(xi 1),
i
where K3, (t) € Z>o[t] are the Kostka-Foulkes polynomials.
2. Macdonald polynomials Py(x; q, t)
3. Schubert polynomials Gy (x1, ..., Xxn).

4. Grothendieck polynomials &, (x1,. .., Xn).

Greta Panova

Other interesting polynomials
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Schubert polynomials
Schubert polynomial for a permutation w € Sp: Sw(x1,...,Xn)

Origins: cohomology cycles of Schubert classes in flag varieties.

Greta Panova

Other interesting polynomials
0@00
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Schubert polynomials
Schubert polynomial for a permutation w € Sp: Sw(x1,...,Xn)

Origins: cohomology cycles of Schubert classes in flag varieties.

(XLo X X415 +0X0) = F(XLs e 5Xi 10X 5241 Xn)
Xi = Xit1 ’
Set wp := n(n—1)...21, adjacent transpositions s; = (i, + 1):

Definition via 9;f(xq, ..., xn) = -

n—1,n-2

Gup(x1,-. -, %n) =X x5 “Xp—1

Sw(x1,...,Xxn) = 0i Sus;(x1, ..., Xxn) whenever w; < w1

Greta Panova

Other interesting polynomials
0@00

28



LIS Lozenge tilings, again Schur generating functions Tilings with multivariate weights Skew SYTs
0000 000000 000000 0000 00000

Schubert polynomials
Schubert polynomial for a permutation w € Sp: Sw(x1,...,Xn)
Origins: cohomology cycles of Schubert classes in flag varieties.
(x1,4..,x,»,x,~+1,4.4,x,,)—f(x1,...,x,url,x,»,...,x,,):

X —Xit1
Set wp := n(n—1)...21, adjacent transpositions s; = (i, + 1):

Definition via 9;f(xq, ..., xn) = -

n—1_n—2
Gup(X1, -y xn) ==X "Xy " Xp1
Sw(x1,...,Xxn) = 0i Sus;(x1, ..., Xxn) whenever w; < w1

Special case:
w — Grassmannian, i.e. 3ld, s.t. wy > wy4q

Other interesting polynomials
0@00

- GW(Xl,. ..7X,7) = S/\(Xl7 .. .,Xd) where >\,’ = Wg4+1—i +i— (d+ 1)

Greta Panova

28



LIS Lozenge tilings, again Schur generating functions Tilings with multivariate weights Skew SYTs Other interesting polynomials
0000 000000 000000 0000 00000 o] lele)

Schubert polynomials
Schubert polynomial for a permutation w € Sp: Sw(x1,...,Xn)

Origins: cohomology cycles of Schubert classes in flag varieties.

(XLo X X415 +0X0) = F(XLs e 5Xi 10X 5241 Xn)
Xi = Xit1 ’
Set wp := n(n—1)...21, adjacent transpositions s; = (i, + 1):

Definition via 9;f(xq, ..., xn) = -

n—1,n-2

Gup(x1,-. -, %n) =X x5 “Xp—1

Sw(x1,...,Xxn) = 0i Sus;(x1, ..., Xxn) whenever w; < w1

Pipe dreams (RC graphs):
DA EDEDEERPEY)

(T(T(T (] (1
-

NS
Jf

+

e

U

S = X pe(im L

Greta Panova
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Schubert polynomials
Schubert polynomial for a permutation w € Sp: Sw(x1,...,Xn)

Origins: cohomology cycles of Schubert classes in flag varieties.

(XLo X X415 +0X0) = F(XLs e 5Xi 10X 5241 Xn)
Xi = Xit1 ’
Set wp := n(n—1)...21, adjacent transpositions s; = (i, + 1):

Definition via 9;f(xq, ..., xn) = -

n—1,n-2

Gup(x1,-. -, %n) =X x5 e Xp—1

Sw(x1,...,Xxn) = 0i Sus;(x1, ..., Xxn) whenever w; < w1
Some formulas:
Macdonald’s identity
1
Gw(1,1,...,1) = — Z rnry---rp.
(r15--5re)ER(w)

where R(w) = {(r1,...,re) : s -+ 5r, = w} with £(w) = inv(w).
Cauchy identity:

Z GW(X) wao(y) = H (Xl+yj)

weS, i+j<n

Greta Panova
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u(n) max Gw(1™)

Conjecture (Stanley, “Schubert Shenanigans”)
There is a limit

. 1
n|~|>n(1x> = log u(n)
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0000

U(n) := Z Sw(1™)(= # RC graphs)

wES,

Conjecture (Stanley, “Schubert Shenanigans”)

There is a limit

X 1 X 1
i oBun) = fig, g tee Uln)-
Theorem (Stanley)
1 | | 1
L iming 082400 g 0B u(n) 1
4 n—oo 2 n— oo 2

Proof:

Z 6”(1,7) 6uwc,(]-") = 2(,21)

ueS,
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u(n) == max Sw (1) U(n) := Z Sw(1")(= # RC graphs)
" wESy

Conjecture (Stanley, “Schubert Shenanigans™)

There is a limit

. 1 . 1
I|moo§|og u(n) = menﬁlog U(n).

n— n

Layered (Richardson) permutations L,:
w(by, bx_1,...,b1) =
(wo(bx), bk + wo(bk—1), - - s n— b1 + wo(b1))

Theorem (Morales-Pak-P)

Let v(n) := max & (1"). Then there is a limit
weLp

1

lim = log, v(n) = BN 0.2932362762,

n—oo n2 log 2

where v ~ 0.2032558981 , and the maximum value v(n) is achieved at
w(..., by, by), where bj ~ o' }1—a)n as n— oo,

for every fixed i, and where o =~ 0.4331818312 is a universal constant.
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u(n) == max S (1) U(n) := Z S (1")(= # RC graphs)
wen weS,

Conjecture (Stanley, “Schubert Shenanigans”)
There is a limit

.1 L1

"ILn;o =l log u(n) = nln;o =l log U(n).
v(n) := max &,(1")

wel, o’

lim 5 logy v(n) = —— ~ 0.2932362762,

n—oo n log
Corollary .

nI_l»m — logy u(n) > 2 ~ 0.293
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u(n) == Vr:weag: Gw(1™) U(n) = M%; Sw(1")(= # RC graphs)

Conjecture (Stanley, “Schubert Shenanigans”)
There is a limit

.1 o1
n|_|>n;o = log u(n) = n|—|>n;o = log U(n).

v(n) = max Gw(17).
welL, 1
lim = logyv(n) = —— ~ 0.2932362762,
n—oo n2 log 2

Corollary a

~ 0.293...
In2

lim L1 >
Jim 5 logy u(n) =

Proposition (Cor to Lam-Lee-Shimozono, Weigandt, 2018-2019)
We have the following upper bound:

3 + 1 ! ﬂz og(n
u(n) < #ASM, = H ((n'+,))' o 2037740 +0(o8(n)
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