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The goal

Statistical mechanics: dimer models (lozenge tilings), vertex models etc

Asymptotic Algebraic Combinatorics and Representation Theory: the quest for
understanding structure constants (dimensions, Kostka, Littlewood-Richardson,
Kronecker coefficients)
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Integer partitions

Compositions:

(a1,---,ak) GZEO, such that a3 + -+ ax = n.

eg n=5k=3 (1,1,3),(1,3,1),(3,1,1),(1,2,2),(2.1,2),(2,2,1)
How many?
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Integer partitions

Compositions:
(a1,---,ak) GZEO, such that a3 + -+ ax = n.
eg n=5k=>3 (1,1,3),(1,3,1),(3,1,1),(1,2,2), (2,1,2),(2,2,1)

How many?
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Integer partitions

Compositions:
(a1,---,ak) GZ’;O, such that a; + -+ + ax = n.
eg n=5k=3 (1,1,3),(1,3,1),(3,1,1),(1,2,2),(2.1,2),(2,2,1)
How many?

(n + k — 1)

k—1

Integer partitions A n: A= (A1,...,\), s.t
M>X> 2N >0, A=A+ A+ =n
eg. £=3,n=5: (3,1,1),(2,2,1).
How many?
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Integer partitions

Compositions:
(a1,...,ak) € Z’;O, such that a; + -+ - + ax

eg n=5k=3 (1,1,3),(1,3,1),(3,1,1),(1,2,2),(2.1,2),(2,2,1)
How many?
(n + k — 1)
k—1

Integer partitions A n: A= (A1,...,\), s.t
MZX22X>0 A =M+ +-=n
eg. £=3,n=5: (3,1,1),(2,2,1).

How many?

Hardy-Ramanujan:

pn) = # A )~ eV
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Integer partitions

Compositions:
(a1, ..., ak) GZ’;O, such that a; + -+ ax = n.
eg n=54k=3 (1,1,3),(1,3,1),(311),(1,2.2),(21,2),(2,2,1)
How many?

(n + k — 1)

k—1

Integer partitions A n: A= (A1,...,\), s.t
M2 22X >0, A=A +X+--=n
eg. £=3,n=5: (3,1,1),(2,2,1).
How many?

Hardy-Ramanujan:

1 /I

p(n) .= #{\F n} ~ 4\/§ne
n_(><> 1
Z":p(")q _gl—q"'

Greta Panova



Plane partitions
Young diagram of \ = (5,3,2): [ 1]
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Plane partitions

Young diagram of \ = (5, 3,2): [11]

Greta Panova
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Plane partitions

Young diagram of \ = (5,3,2): } []

oo

1
S d=1]
q' = -
) i l-d
Plane partitions
4T413]1]1]0]..]
413[2]1]0]..]
2[2[1]0]..
1[1]0]..
7 N2 = ZZO' s.t.

77("7./') > 7T(i + 1,_j),7'l’(i,j+ 1) ‘77| = Zﬂ.(i».j)

ij

Greta Panova
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Young diagram of \ = (5,3,2):

artitions
170]..]

lane p
1

1]0]..]
0]..

e
413
3[2
2|1
1[0

P
7
)
2
1

T

:N2 = Zsg, sit.

w(i,j) 2 m(i+1,j),m(i,j + 1)

Symmetric functions

Combinatorial properties
00000000

NILP
000

Plane partitions

S g =
A

oo

I

i=1

q

x| =D (i ))

ij

MacMahon's generating function:

s
;" H(l—q")f
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Plane partitions and dimers
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Plane partitions and dimers

514]4]4|3]|2
5(3]3]2]|2]1
413]2]2]1
3]2]2]1
2|1[1]1
1]1
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Plane partitions and dimers

= o] o wf &
N IS ES

N W oo
== N W[ W] B
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Plane partitions and dimers

ETETLILIN
VETLILIN VLT
VETLTNS SNETAS VLT
ETLTONETLTNVETA NN
ETLTOVETAS N NVETAVAN
VETAS NETAVETAVETA “VAVAN
\/ AR\ /NA\ /A /A /\/
VTS NVETAVETNVEINY
VETAS SVETAVETN

514]4]4|3]|2
5(3]3]2]|2]1
413[2][2]1
3]2]2]1

2|1[1]1
1]1




Plane partitions and dimers

EVETLTANAVETANA
L5 NN N
(2N XINCSONEN N
ETETAVETANAVANAVETAVA
(2L NENXONSONCSINEN NN
IVAVASAVAVAVAVAVAVASAVAVY,
INAVATASAVEVAVEIAVEIN
INAVAVAVANAVAVAVAIAVA
INAVAVAVATASAVAYAY
IVAVAVAVAVAAVEY

514]4]4|3]|2
5(3]3]2]|2]1
413[2]2]1
3]2]2]1
2|1[1]1

1
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Proof I bijection

Hillman-Grassl map ®: Reverse Plane Partitions of shape A to Arrays of shape A:

RRP == [0[1]2] [0 — [0]0]1] — [0]O]1] — [O]O[T] [O]O]O]
T 0[0[3]  [0]0[2] 0[1]'[0

551 W8 8 R P~ 2ot

[=[=

Greta Panova
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Proof I bijection

Hillman-Grassl map ®: Reverse Plane Partitions of shape A to Arrays of shape A:

RRP 7= [O[1]2] [0 — [0]0]1] — [O]O[1] —, [O]OT] [O]O[O]
11[3] [@I[3] [0]0[3] [0[0]2] ' [0]0[I] [0]0[0]
- eﬁeﬁﬁ%:m‘w A=d(P)

Weight(r) = |x| =0+1+2+1+1+3+2=10=

:ZA,-yjhook(i,j) =1%x5+1%x24+2%141x%1=: weight(A)

iJ

Greta Panova
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Proof I bijection

Hillman-Grassl map ®: Reverse Plane Partitions of shape A to Arrays of shape A:

1[2] s [OTI]2] s [0]0[T] —s [O]O[T] — [O[OTT] [O]O[0]
I[1[3] '[0[0[3] [0[0]2] [O[0[1]'[0

RRP == [0
1[1[3

|
%ﬁ—)ﬁ—)%ﬁ—:/\ﬂay A= d(P)

Weight(r) = |x| =0+1+2+1+1+3+2=10=

|
%

:ZA,-yjhook(i,j) =1%x5+1%x24+2%141x%1=: weight(A)

iJ
1

Z g™l = Z H g"li)*Aij = H m

TERPP(X) A:Array(X) (i,j)EX (i ))EX

Greta Panova
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Proof I bijection

Hillman-Grassl map ®: Reverse Plane Partitions of shape A to Arrays of shape A:

RRP = [0[1[2]  [O]T[2] s [O]OTT] — [0[0[1] — [O[OT],[0]0[0]
1[13] [I[I[3] [0/0[3] [0[0[2 [O[0[L][0

8515~ 80~ 5B~ R e A A= o0

Weight(r) = |x| =0+1+2+1+1+3+2=10=

= ZA,-yjhook(i,j) =1%x5+1%x24+2%141x%1=: weight(A)
i
o 1
I — h(i.j)*Aij — -
>, 9= X H q /_'H 1= g"i)
7TERPP(X) A:Array(X) (i,j)EX (I )EX
Corollary: MacMahon's formula

> q""—l_[l_[ — 1

TERPP(ab) i=1j= 1

Greta Panova
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The ring of symmetric functions A

An = Formal power series in x1, x2, ... of degree n, s.t.
f(x1,%2,...) = f(Xoy, Xy, . . .) for all permutations o.

dimA, = #{\F n}

Greta Panova
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The ring of symmetric functions A

An = Formal power series in x1, x2, ... of degree n, s.t.
f(x1,%2,...) = f(Xoy, Xy, . . .) for all permutations o.
dimA, = #{\+ n}

Bases of A:
Monomial:

my(x1,x2,...) = Z XPixg2 e

o=perm(A1,\2,...)

E.g. m1y(x1, %, x3) = x1x2 + xax3 4+ x1x3, m(z)(x1,x2,...) = x¢ +x3 + -+

Greta Panova
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The ring of symmetric functions A

An = Formal power series in x1, x2, ... of degree n, s.t.
f(x1,%2,...) = f(Xoy, Xy, . . .) for all permutations o.
dimA, = #{\+ n}

Bases of A:
Monomial:

my(x1,x2,...) = Z XPixg2 e

o=perm(A1,\2,...)

E.g. m1y(x1, %, x3) = x1x2 + xax3 4+ x1x3, m(z)(x1,x2,...) = x¢ +x3 + -+

2 > 2
m2,1,1) (X1, X2, X3, X4, X5) = Xy X2X3 + X3 X1X3 + + + X5X3X4

=m0, xa) + xsma 1y (xa .. xa) + xEm (3, xa)

Greta Panova
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The ring of symmetric functions A
An = Formal power series in x1, x2, ... of degree n, s.t.

f(x1,%2,...) = f(Xoy, Xy, . . .) for all permutations o.

dimA, = #{\+ n}
Bases of A:
Monomial:

my(x1,x2,...) = Z XPixg2 e

o=perm(A1,\2,...)

E.g. m1y(x1, %, x3) = x1x2 + xax3 4+ x1x3, m(z)(x1,x2,...) = x¢ +x3 + -+

2 > 2
m2,1,1) (X1, X2, X3, X4, X5) = Xy X2X3 + X3 X1X3 + + + X5X3X4

=m1,1)(x, - xa) + xsma 1 (x1-xa) +xEema (.

Power sums:
pn(xt,...) = =x{ +x3 +--- P =P Prp
p2(X1,...)=X12+X22+"'

Py (1) = (6 +55 + - )0a +x + )
= m3(X1, .. ) + m(z,l)(xl, O )

Greta Panova
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Homogeneous:

hn(xi, - ..

eg. hy(1,...,1) =
——

Greta Panova
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The ring of symmetric functions A

— a1, 2 ay _
JXN) = E xPtx3? - exp = E my(xi,. ..

aj+---+ay=n AbEn

7XN)

NILP
000
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The ring of symmetric functions A

Homogeneous:

hn(x1, ...y xn) i= Z xflx;2~-~leN:Zm>\(x1,...

apteetay=n AFn
hy = hy hy,
_ (N+4+n—1
eg. ho(1,...,1) = ("7
N
Elementary:
e"(X17"'7XN) = Z X,'l"'X,"7
1< <ip<---<ip <N
€N = €Ny 6N,
_ (N
eg en(l,...,1)=(})
N

Greta Panova
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Relations

px =Y P(\ip)my,

m
where P(a; b) = number of set partitions (B, By, ..., Bk) of
BiUByU---UB,={1,...,£}, such that » "\ = p;.

JEB;

Greta Panova
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008000
Relations
pr =Y P(Aip)my,
"
where P(a; b) = number of set partitions (B, By, ..., Bk) of
BiUByU---UB,={1,...,£}, such that » "\ = p;.

JEB;
ex=»_ No(\p)myu,  hx=>_ N, p)m,
Iz M

where No(X, 1) = number of 0 — 1 matrices A, such that > A; ; = Aj and
2= Aij = pi (binary contingency tables) and N(A, p) is the number of nonnegative
integer matrices A with same constraints. (contingency tables)

Greta Panova



Symmetric functions

[e]e] lele]e]
Relations
pr =Y P(Aip)my,
"
where P(a; b) = number of set partitions (B, By, ..., Bk) of
BiUByU---UB,={1,...,£}, such that » "\ = p;.

JEB;
ex = No(\m)my,  hy=> N\, p)my
w t
where No(X, 1) = number of 0 — 1 matrices A, such that > A; ; = Aj and

2= Aij = pi (binary contingency tables) and N(A, p) is the number of nonnegative
integer matrices A with same constraints. (contingency tables)

1 1
D> oma(xas )b, ) =D —palxas e, ) = [[———,
X 2\ 1 — Xy
isj
where zy = 1M m12™2my! ... where A= (...,2,...,2,1,...,1).
N—_—— ——
my my

(—1)M=EN)
D> omaGa,. e, ) =Y —————palxa, . )paly, ) = [ (1 + )

X by 2 i

Greta Panova
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The Schur functions

Irreducible (polynomial) representations of the General Linear group
GLy(C) — GL(V):

Weyl modules V) (aka W) ), indexed by highest weights X, £(X) < N.

Greta Panova
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The Schur functions

Irreducible (polynomial) representations of the General Linear group
GLy(C) — GL(V):
Weyl modules V) (aka W) ), indexed by highest weights X, £(X) < N.

Characters or representations p: G — GL(V): xv(g) = Tr(p(g))
{xv : V € Irr(G)} -orthonormal basis of central functions on G(const on conjugacy

classes), xy «— V.

X1 0
— 0 x
SA(XL, -+ XN) = Xy,
Special cases:
S(,,) = h, 5(1") = €n

Greta Panova
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The Schur functions

Irreducible (polynomial) representations of the General Linear group
GLy(C) — GL(V):

Weyl modules V) (aka W) ), indexed by highest weights X, £(X) < N.

Characters or representations p: G — GL(V): xv(g) = Tr(p(g))
{xv : V € Irr(G)} -orthonormal basis of central functions on G(const on conjugacy

classes), xy «— V.

X1 0
0 x
sa(x1, o xXn) = Xy 2
Special cases:
S(,,) = hn 5(1") = én
Weyl character formula: N
det [xAﬁNﬂ]
i ..
— ij=1
S3(rts ) =
Hi<j(X/ - XJ)

Greta Panova
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The Schur functions

Irreducible (polynomial) representations of the General Linear group
GLy(C) — GL(V):

Weyl modules V) (aka W) ), indexed by highest weights X, £(X) < N.

Characters or representations p: G — GL(V): xv(g) = Tr(p(g))
{xv : V € Irr(G)} -orthonormal basis of central functions on G(const on conjugacy

classes), xy «— V.

X1 0
0 x
sa(x1, o xXn) = Xy 2
Special cases:
S(,,) = hn 5(1") = én
Weyl character formula: N
det [xAﬁNﬂ]
i ..
— ij=1
S3(rts ) =
Hi<j(X/ - XJ)

N7k
det [x?(kﬂ)]' )
Sip _ (Xl,...7xk):7"1:: (xi + x;)
k—1,k—2,...,1) TTiss (v — %) ]3 g
Sk

Greta Panova
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Schur functions, continued

Jacobi-Trudi identity:

hx,  has e hxy+k—1
hy, _ h h _
Sy, = det [Mo-1 ™ Np+k—2

hx;+k—j

Greta Panova

ij=1
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Schur functions, continued

Jacobi-Trudi identity:

hx,  hyn e hx k-1

hy,_ h h _
Sapn, = det Ap—1 o Ao+k—2

hxjtk—j i =1

Semi-Standard Young tableaux of shape ) :

2,2 2.2 .22 .2 2 2
s@2,2)(x1,%2,X3) = X0 X5 + X1 X5 + X3 X3 + X{ X2X3 + X1X5X3 + X1X2X3 .

Greta Panova

NILP
000



Partitions Symmetric functions Combinatorial properties
0000 0O0000e 00000000

MacMahon, second time

SSYT shape A = (aP) and entries 0,1,2,...,b+c—1:

0[1]2[3]4] —[0] —
2[3[3]4
4[4[5]6

o
||
N[N
w|w

~

= RPP entries 0,1,...,c

w!

oo
N
N
w
~
S

Greta Panova
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MacMahon, second time

SSYT shape A = (aP) and entries 0,1,2,...,b+c—1:

b

> 4= qf(z)asab(l,q, P, g

TERPP(axbxc)

Greta Panova

0]1[2]374] _[0] — [0]1]2]3]4] = RPP entries 0,1,...,c
2[3[3]4]5 1[2[23]4
4[4]56]6 2]2[3[4]%

NILP
000
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MacMahon, second time

SSYT shape A = (aP) and entries 0,1,2,...,b+c—1:

0]1[2]374] _[0] — [0]1]2]3]4] = RPP entries 0,1,...,c
2[3[3]4]5 1[2[23]4
4[4]56]6 2]2[3[4]%

Il _ —(3)a 2 bic—1
> g™ =g s»(1,9,9°,...,q )
TERPP(axbxc)

Ajtbt+c—i

N (g)a det[q(bJrcfi)(>\j+b+c7j)]l.7q‘tc >\j+b+c—j)
= q =

Hi<j(qb+c—i _ qb+c—j) - i qb+c—i _ qb+c—j

Greta Panova

i,j=1 _q—(g)aH (q - q - ..
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MacMahon, second time

SSYT shape A = (aP) and entries 0,1,2,...,b+c—1:

0]1[2]374] _[0] — [0]1]2]3]4] = RPP entries 0,1,...,c
2[3[3]4]5 1[2[23]4
4[4]56]6 2]2[3[4]%

(b
z q\frl =gq (Z)ESab(l,q, qz,...,qbﬂfl)
TERPP(axbxc)
bt+c—i)(Aj+b+c—j)1b ; . i
O il v SR OR S ot i
Hi<j(qb+c_’ _ qb+c—J) Py qb+C—l _ qb+C—J

Greta Panova
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Standard Young Tableaux (SYT)

SYT of shape A = (\1,. .., Aq): 7= rla*l
T2 {1,...,n} LESTEER) P3N
and

Tij < Tiji1s Tign,j

Tia| T

Greta Panova
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Standard Young Tableaux (SYT)

SYT of shape A = (A1, ..., \k): U UERRE 4
T: 25 {1,...,n} Taq T2
and -
Tij < Tij+1, Tiza,j

Tif

1213 23 [I[24 [1

2[4 125 2[5 [T

[o]
[of

216 [12[6] + 2!

transposed

[of
[of

o]
(]

[of
S|

Greta Panova



Partitions Symmetric functions Combinatorial properties NILP
000000 90000000 000

Standard Young Tableaux (SYT)

SYT of shape A = (\1,. .., Aq): 7= |2 "'r“l
T2 {1,...,n} LESTEER) P3N
and s
Tij < Tijr1, Tiv1

Tia| T
A=
203 1203 (120 (IR [R5 [RE [IRe 2ee 4, o
6] 5] [ 5] 6] 4] 5] 4]
Hook-length formula [Frame-Robinson-Thrall]:

N 6! i

dim Sy = #{SYTs of shape A} = f* = = -
im Sy = #{SYTs of shape A} [locrhu 5%3#3%1xlxl

Hook length of box u = (i,j) € \: hy =X —j+ XN —i+1=#ll e

Greta Panova
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Semi-standard Young Tableaux (SSYT)

SSYT of shape A = (A1,..., Aq): 7= rla*l
T:2—={1,...,N} Toal - Taa
and -

Tij < Tijs1, Tij < Tiaj

Tia| T

Greta Panova
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Semi-standard Young Tableaux (SSYT)

SSYT of shape A = (A1,..., Aq): 7= 12 "'r“i
T:2—={1,...,N} Taq T2
and N
Tij < Tijr1 Tij < Tiy1;

Tia - Thon

A= L n=6 N=3:

T [0 [ [II2 I3 O3 122 123

3] 3] 3] 3] 3] 3] 3] 3]

Greta Panova
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Semi-standard Young Tableaux (SSYT)
SSYT of shape A = (A1,..., Aq): Y LS A% r“l
T:2—={1,...,N} Taq T2
and e
Tij < Tijr1 Tij < Tiy1;
Tia - Thon
A= L n=6 N=3:
I [T [II2] [II2 [IIE 113 122 123
3] 3] 3] 3] 3] 3]

Greta Panova

3] 3] 3]
sa(xi,...,xn) = > 11 X7,

[«

TESSYT(A,N) (i,j)EX
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Semi-standard Young Tableaux (SSYT)

SSYT of shape A = (A1,..., Aq): Y LS A% r“*
T:2—={1,...,N} Taq T2
and ;

Tij < Tijr1 Tij < Tiy1;

Tia - Thon

A= |, n=6, N =3:

I [ A2 O I3 0II3E 1322 123
3] 3] 3]

3] 3] 3]
sa(xt,- .., xn) = > 1T *r,

TESSYT(A,N) (i,j)EX

<
<
<

<

3.2 3, .2 2.3 2.2 2 2.3 3.2 2.3
5(372Y1)(x1,X2,X3) = X{X5X3 + X{ XoX5 + X{ X5 X3 + 2X{ X5 X3 + X{X2X3 + X1X5 X3 + X1X5 X3

k
2

#SSYT (8, k) = s5,(1%) = 2( )

Greta Panova
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The number of SSYTs

Hook-content formula:
Nei—i
wssYTOLN) = [ !

(iJ)EN h(f,j)

Greta Panova
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The number of SSYTs

Hook-content formula:
Nei—i
wssYTOLN) = [ !
1 h:
(pex )

Proof:

#SSYT(A\, N) = sx(1V) = lim sx(1,q,...,4"")
q—1

Greta Panova
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00e00000

The number of SSYTs

Hook-content formula:

N
wssYTOLN) = [ !
(iJ)EN (7.J)
Proof:
#SSYT(A\, N) = sx(1V) = lim sx(1,q,...,4"")
q—1

Weyl's determinantal formula:

o1y det[(qj—l)AﬂrN—i]I’V'

=1
5)\(17q7"'7q . -7’7]
[Ticj(@=t =)
B det[(q)"*N*")j*l]f\”j:l B Hi<j(q)\,v+N7i _ q)\j+N—j)
[Tic(at=—a~1) [Ticj(e=t =g 1)
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The number of SSYTs

Hook-content formula:

N
wssYTOLN) = [ !
(iJ)EN (7.J)
Proof:
#SSYT(A\, N) = sx(1V) = lim sx(1,q,...,4"")
q—1

Weyl's determinantal formula:

o1y det[(qj—l))\ﬂrN—i]I’V'

ij=1
sx(1,9,...,9 H;<J—(qi71—qj*1)
B det[(q)‘r'“"*")ffl];‘y’j:1 B Hi<j(q)\i+N7i Vo))
I e B I C e )
Corollary: Hook-length formula
n!

A= #5YT(\) = ————.
[ jyex haiy

Greta Panova

NILP



Partitions Symmetric functions Combinatorial properties NILP

0000 000000 00®00000 000

The number of SSYTs

Hook-content formula:
Nei—i
#SSYT(LN) = [] %
(i.j)EX ()
Kostka mumbers:
The number of SSYTs of shape A of type v — p1 1s, o 2s etc:

Kxp == #SSYT(\; )

SA(X):ZK)\#’"H hF‘:ZK)\MS/\
7 A
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The number of SSYTs
Hook-content formula:
N
wssYTOLN) = [ !
1 hr
(iJ)EN (i.j)

Kostka mumbers:
The number of SSYTs of shape A of type v — p1 1s, o 2s etc:

Kxp == #SSYT(\; )

() =D Kaumu  hu =) Kius
7 A

Deciding is Ky, > 0 is in P. However, computing the value of K, is #P-complete
when A, pu-binary and [conjecturally] #P-complete when A, p-unary.
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RSK

Theorem

D> ()2 =nl.

AbEn

Theorem (Cauchy’s identity)

1
1—xy;

ZS)\(Xl,X2, )0, ye,..) = H
Iy

ij

Origins: Schur-Weyl duality in representation theory
Combinatorial proof:

Greta Panova
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00080000
RSK
Theorem
> (F)? =nt.
pym
Theorem (Cauchy's identity)
1
sx(xt, %2, )sa(y y2,..0) = :
; A (X1, X2 Ay, y2 1:[ 1=,

Origins: Schur-Weyl duality in representation theory
Combinatorial proof:
The Robinson-Schensted-Knuth (RSK) bijection:

Let A€ Z75".
RSK(A) = (P,Q): P,Q € SSYT()) for some X
and type(P) = (3 Aj1, 3 Az -, type(Q) = () Arjr 35 Ao - - )

3]4[5] 2[3[3]

A= 12 1[1
2[4[4] 2[2(4
[3[5] 13[4]

=N NeNe)
= O = O
—_Ooor
orNO

1

0 RSK,
e

1

0

Greta Panova
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RSK: insertion and recording

o NOoO
OO
NN
[N
N

Combinatorial properties

w

w o

=N

NILP
000



Partitions Symmetric functions Combinatorial properties NILP
0000 000000 0000e000 000

RSK: insertion and recording

—OoOOoR
o N O
o O
1

S

I
=W 4
= Ol
NN
N
N B
—
w
w o
=N
w
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RSK: insertion and recording

0O 0 1 0 1 1
A:g(l)gi(l)%WA_35244l4523

0110 0 1 1 2 2 2 3 3 3 4 4
(0,0) + (‘D (, ) — G)
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RSK: insertion and recording

0 0 1 0 1 i
A= (1’ (1) g f (1’ — wa4=1(3 5 2 4 4 1 4 5 2 3
0110 0 1 1 2 2 2 3 3 3 4 4
@0« (3) @)« () EEIT) « (3)
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RSK: insertion and recording

0 0 1 0 1 1
A= (1’ (1) g f (1’ — wa4=1(3 5 2 4 4 1 4 5 2 3
0110 0 1 1 2 2 2 3 3 3 4 4
@0« (3) @)« () EEIT) « (3)

(EP)-0)
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RSK: insertion and recording

0 0 1 0 1 1
A= (1J (1) g f (1’ - wa=[3 5 2 4 41 4 5 2 3
0110 0 11 2 2 2 3 3 3 4 4
@0« (3) @)« () EEIT) « (3)

(218
EE
ol
N——
T
VR
N A
N——

Epe)-0 (@
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RSK: insertion and recording

0 0 1 0 1 1
A= 2 (1) g f (1’ —~ wa=|[35 2 4 4 1 4 5 2 3
0110 0 11 2 2 2 3 3 3 4 4
@0« (3) @)« () EELIT) « (%)

A
W[
SES
sl
[
N =
N
~——
A~
R
Nl

(218
EE
ol
N——
T
VR
N A
N——

Epe)-0 (@
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0000 000000 0000e000 000

RSK: insertion and recording

001 0 1

A= 2 (1) g f (1’ ~ wa=|[3 5 2 4 4 1 4 5 2 3

511 0 o 1 1 2 2 2 3 3 3 4 4

/ 3 5 3[5] [1]1 2
00« (3) @)« () EELLL) « (2

2[5 [1]1] (_(4> 214][1]1 <_(4) 2[4[4][1]1]2] (_(1>
3] 2 3[5[2]2 2 3 2 3
1]4[4][1]1]2] 1[4]4]4] [1]1]2]3] 1[4]4[4[5][1]1]2]3]3]
2[5] 212, 2[5 2[2] 25 2]2]

3] 3] 3] 3] 3] 3]
1[2[4[4]5] [1[1]2[3]3] 1[2[3[4]5][1[1]2[3]3] (P, Q)

24 12]2] 244 2[2]4]

35 314] 305 3[4]
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Growth diagrams

A=A <p(a=<p: B >a; > By Vi)
p1 = max(v1, p1) + a;

For i =2 — min(€(u), £(v)) + 1:

pi = max(p;, v;) + min(p;_1,vi1) — N\i—1;
ol = lul + ] - [\ + a
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Growth diagrams
A=A < p(a=<pB: B > ap > Biv Vi)

w p p1 = max(v1, p1) + &
‘ 2 Fori=2— m|n(€(,u?,€(u)) +1:
pi = max(p;, v;) + min(p;_1,vi1) — N\i—1;
A v lol = lul+ v] = [A[ +a
0
2 1 0
0
1 1 2
1]
1 2 1
0 0 0
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Growth diagrams
A=A < p(a=<pB: B > ap > Biv Vi)

© P p1 = max(v1, p1) + &
‘ 2 Fori=2— m|n(€(,u?,€(u)) +1:
pi = max(pi, vi) + min(pi—1,vi-1) — Ai—1;
A v lol = lul+ v] = [A[ +a
0
2 1 0
0
1 1 2
0 m]
1 2 1
0 0 0
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Growth diagrams
A=A < p(a=<pB: B > ap > Biv Vi)

© P p1 = max(v1, p1) + &
‘ 2 Fori=2— m|n(€(,u?,€(u)) +1:
pi = max(pi, vi) + min(pi—1,vi-1) — Ai—1;
A v lol = lul+ v] = [A[ +a
0
2 1 0
0
1 1 2
0 o
1 2 1
0 0 0
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Growth diagrams
A=A < p(a=<pB: B > ap > Biv Vi)

w p p1 = max(v1, p1) + &
‘ 2 Fori=2— mln(E(,u?,é(u)) +1:
pi = max(p;, v;) + min(p;_1,vi1) — N\i—1;
A v lol = lpl+v| — [Al + a
0 mm|
2 1 0
0 o aa
1 1 2
0 o 00 —— mEm
1 2 1
0 0 0 U]
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Growth diagrams

A=A <p(a=<p: B >a; > By Vi)
P p1 = max(v1, p1) + &
For i =2 — min(€(u), £(v)) + 1:
pi = max(p;, v;) + min(p;_1,vi1) — N\i—1;
v 1ol = il + 121 — 17| + 2

2 1 0

) —— D — F0 — -
1 1 2

1] O [0 —— S
1 2 1
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Growth diagrams
A=A <Lp (=B Bi > aj > Bipa Vi)
w p p1 = max(v1, p1) + &
‘ 2 Fori=2— mln(f(,u?,E(u)) +1:
pi = max(pi, vi) + min(pi—1,vi-1) — Ai—1;
A v lol = lpl+v| — [Al + a

2 1 0

0 —— o — [0 — =
1 1 2

0 O 00 —— S
1 2 1
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Growth diagrams

A=A <p(a=<p: B >a; > By Vi)
p1 = max(v1, p1) + &

For i =2 — min(€(u), £(v)) + 1:

pi = max(p;, v;) + min(p;_1,vi1) — N\i—1;
lol = lul+ v] = [A[ +a

0

0 —— o — [0 — =

Insertion tableau: P
Top row:

@<—<l'<@ﬂ
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000



Partitions
0000

Greta Panova

Symmetric functions Combinatorial properties
000000 00000800
Growth diagrams
A= A<Lp (< Bi > a; > Bin Vi)
H—" p1 = max(v1, p1) + a
‘ 2 Fori=2— mln(Z(,u?,é(u)) +1:
pi = max(pi, vi) + min(pi—1,vi—1) — Aji—1;
A v ol = |l +1v] — Al + a

Insertion tableau: P

- N _ T :
’ - - ngEPj (2)0-52-<r-<@1|:

P=
0 —— o — [0 — = Fy
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Growth diagrams

A=A <p(a=<p: B >a; > By Vi)
w—n" p1 = max(v1, p1) + &
‘ For i =2 — min(€(u), £(v)) + 1:

pi = max(pi, vi) + min(pi—1,vi—1) — Aji—1;
A 1ol = lul + 2] — || + a

AN

Insertion tableau: P

- N _ T :
’ - - ngEPj (2)0-52-<r-<@1|:

P=
0 —— o — [0 — = Fy

Recording tableau: Q

Q=
1 2 1

(Z)<—<F<EEEEF|:|:
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000
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Growth diagrams

A=A <p(a=<p: B >a; > By Vi)
— P p1 = max(v1, p1) + &
For i =2 — min(€(u), £(v)) + 1:
pi = max(p;, v;) + min(p;_1,vi1) — N\i—1;
lol = lul+ v] = [A[ +a

AN

Insertion tableau: P

@_-_'_ﬁEEEFD Top row:

0 < mmmm < g < @:ﬂ:
2 1 0
P=
§ —— o — §T0 — -
1 1 2 Recording tableau: Q
0 < o < g < EEEEFD:
0 m] [T —— EEEE
Q=
1 2 1
0 0 0 0 Corollary: Symmetry of the RSK:

RSK(A) = (P, Q) <= RSK(AT) = (Q, P)
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Corollary: Cauchy identity

n
1 ..
H ﬁ = Z H(X,-yj)A/,j = Z X'OW(A)ycoI(A)
v P aengxn i AENDX"
RSK ||

Z sx(x)sa(y) = Z Z xyPe(P), type(Q)
by

A P,Q,sh(P)=sh(Q)=\

Greta Panova 10
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Corollary: Cauchy identity

Il =

Py 1-— X,y_,

Z H X“yJ)A/j — Z Xraw(A)ycoI(A)

AENpX™ 1) AeNg*"

RSK ||

S an0) =3
A

Z xtype(P) y

A P,Q,sh(P)=sh(Q)=\

Growth diagrams:
skew Cauchy:

— Xiyj

Zsp/u(x)sp/u(y) = H

Greta Panova
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Corollary: Cauchy identity

n

Il =

ij=1

Z H X,yJ)A/j — Z Xraw(A)ycoI(A)

nxn j, nxn
AENg J AENg
RSK ||

Z sx(x)sa(y) = Z Z xyPe(P), type(Q)
by

X P,Q,sh(P)=sh(Q)=\

1—X,y_,

Growth diagrams:
skew Cauchy:

Zsﬂ/u(")sﬂ/v(}’) = H

Skew Schur functions:
R

s = S D= g g
TESSYT(a/B) 1

<Zs,u,/>\(y V/A(X)>

— XiYj

Greta Panova
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Greene's theorem

Let w = wy ... wy be a word.
Increasing subsequence of w:
Wi SW,'Z S-“SW,'k forip <ip < -+ <

Greta Panova ~Connection: Last Passage Percolation
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Greene's theorem

Let w = wy ... wy be a word.

Increasing subsequence of w:

Wi SW,'Z S-“SW,'k forip <ip < -+ <

Longest increasing is;(w) := max{k : 31 < -+ <ip,wy; < - <y 1

E.g. w = 637548192, is longest, so is(w) = 4.

Greta Panova ~Connection: Last Passage Percolation
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Greene's theorem

Let w = wy ... wy be a word.
Increasing subsequence of w:
Wi SW,'Z S-“SW,'k forip <ip < -+ <

Longest increasing is;(w) := max{k : 31 < -+ <ip,wy; < - <y 1
E.g. w = 637548192, is longest, so is(w) = 4.
isj(w) : = max{ky + ko + - - + k; :
b, 0l =0V # | = ke, Wy, Wy, wy; — increasing subsequences}

Greta Panova ~Connection: Last Passage Percolation

20



Partitions Symmetric functions Combinatorial properties NILP
0000 000000 0O000000e 000

Greene's theorem

Let w = wy ... wy be a word.
Increasing subsequence of w:
Wi SW,'Z S-“SW,'k forip <ip < -+ <

Longest increasing is;(w) := max{k : 31 < -+ <ip,wy; < - <y 1
E.g. w = 637548192, is longest, so is(w) = 4.
isj(w) : = max{ky + ko + - - + k; :
b, 0l =0V # | = ke, Wy, Wy, wy; — increasing subsequences}

Theorem (Greene)
If rsk(w) = (P, Q) and sh(P) = sh(Q) = X, then isj(w) = A1 +--- + ).

Greta Panova ~Connection: Last Passage Percolation
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Greene's theorem

Let w = wy ... wy be a word.
Increasing subsequence of w:
Wi SW,'Z S-“SW,'k forip <ip < -+ <

Longest increasing is;(w) := max{k : 31 < -+ <ip,wy; < - <y 1
E.g. w = 637548192, is longest, so is(w) = 4.
isj(w) : = max{ky + ko + - - + k; :
b, 0l =0V # | = ke, Wy, Wy, wy; — increasing subsequences}

Theorem (Greene)
If rsk(w) = (P, Q) and sh(P) = sh(Q) = X, then isj(w) = A1 +--- + ).

rsk(236145) = , @%@)

236145 — isy(w) = 4 - M =4
236145 — isy(w) = 3 + 3 S AMth=6

Greta Panova ~Connection: Last Passage Percolation
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Greene's theorem

Let w = wy ... wy be a word.
Increasing subsequence of w:
Wi SW,'Z S-“SW,'k forip <ip < -+ <

Longest increasing is;(w) := max{k : 31 < -+ <ip,wy; < - <y 1
E.g. w = 637548192, is longest, so is(w) = 4.
isj(w) : = max{ky + ko + - - + k; :
b, 0l =0V # | = ke, Wy, Wy, wy; — increasing subsequences}

Theorem (Greene)
If rsk(w) = (P, Q) and sh(P) = sh(Q) = X, then isj(w) = A1 +--- + ).

() — - shape = [TTT]
2] 1] o0 1]
§ — o - g -
EEENEN

) —0O— OO0 - Em

12 1]

p—0—0—20

[
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Greta Panova - Connection: Last Passage Percolation

000000 0O000000e 000

Greene's theorem

Let w = wy ... wy be a word.
Increasing subsequence of w:
Wi SW,'Z S-“SW,'k forip <ip < -+ <

Longest increasing is;(w) := max{k : 31 < -+ <ip,wy; < - <y 1
E.g. w = 637548192, is longest, so is(w) = 4.

isj(w) : = max{ky + ko + -+ k;j :

b, 0l =0V # | = ke, Wy, Wy, wy; — increasing subsequences}

Theorem (Greene)
If rsk(w) = (P, Q) and sh(P) = sh(Q) = X, then isj(w) = A1 +--- + ).

() — - shape = [TTT]
2] 1] o0 | 1]

) —m- —

‘ 1 ‘ 1 2 ‘ AMM=14+24+1424+0=6
) — O — OO - Em

1l 3 |1

p—0—0—20

[
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Greene's theorem

Let w = wy ... wy be a word.
Increasing subsequence of w:
Wi SW,'Z S-“SW,'k forip <ip < -+ <

Longest increasing is;(w) := max{k : 31 < -+ <ip,wy; < - <y 1
E.g. w = 637548192, is longest, so is(w) = 4.
isj(w) : = max{ky + ko + - - + k; :
b, 0l =0V # | = ke, Wy, Wy, wy; — increasing subsequences}

Theorem (Greene)
If rsk(w) = (P, Q) and sh(P) = sh(Q) = X, then isj(w) = A1 +--- + ).

shape = {{%ll

A2+A1:(2+1+2+0)+(1+1+2+1):10

Brmes— e S

[

Greta Panova ~Connection: Last Passage Percolation 20
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Greene's theorem

Let w = wy ... wy be a word.
Increasing subsequence of w:
Wi SW,'Z S-HSW,'k forip <ip < -+ <

Longest increasing is;(w) := max{k : 31 < -+ <ip,wy; < - <y 1
E.g. w = 637548192, is longest, so is(w) = 4.
isj(w) : = max{ky + ko + - - + k; :
b, 0l =0V # | = ke, Wy, Wy, wy; — increasing subsequences}

Theorem (Greene)
If rsk(w) = (P, Q) and sh(P) = sh(Q) = X, then isj(w) = A1 +--- + ).

shape = {{%ll

Mt A=Q+1+2+0)+(1+1+2+1)=10
MAA A= +F14+240)+(1+1+2+1)+(1)

Brmes— e S

[

Greta Panova ~Connection: Last Passage Percolation 20



Partitions
0000

Symmetric functions
000000

Combinatorial properties
00000000

Dimer models and lattice paths

NILP
@00

Greta Panova




Partitions Symmetric functions Combinatorial properties NILP
0000 000000 00000000 @00

Dimer models and lattice paths
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Dimer models and lattice paths
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Dimer models and lattice paths

5 vertex model
<-> non-intersecting lattice paths

BUA

!

J.,L,,,.*.
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Dimer models and lattice paths

B+C

(©Vadim Gorin, Lectures on Random Tilings
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Dimer models and lattice paths

B+C

(©Vadim Gorin, Lectures on Random Tilings

Non-Intersecting Lattice Paths (NILP):

(P1,P2,...)
P1:A1~)Bl; P2:A24)Bg;

Theorem[Karlin-McGregor-Lindstrém—Gessel-Viennot]
(Number of) Nonintersecting Lattice Paths:

NILP(A; = Bj; i =1..£) = det[(A; — B))]f ;_;
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@00

Dimer models and lattice paths

By

Az A

B+C

(©Vadim Gorin, Lectures on Random Tilings

Non-Intersecting Lattice Paths (NILP):

(P1,P2,...)
P1:A1~)Bl; P2:A24)Bg;

Theorem[Karlin-McGregor-Lindstrém—Gessel-Viennot]
(Number of) Nonintersecting Lattice Paths:

NILP(A; = Bj; i =1..£) = det[(A; — B))]f ;_;
Proof: Sign reversing involution on intersecting pairs
(A,‘1 — B; A,‘2 — sz) <> (A,‘1 — B; A,’2 — le)

J1o J2
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Non-intersecting lattice paths

A3+£—3 AM+l—1
A +4—2

=
o

O R N WA OO O N 0 O

012345678 910
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